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Abstract

This paper presents a Hoare-style logic for reasoning about the

frequency response of control systems in the continuous-time domain.

Two properties, the gain (amplitude) and phase shift, of a control

system are considered. These properties are for a sinusoidal input of

variable frequency.

1 Introduction

Many man-made dynamical systems such as cars, planes, CD-players and

nuclear reactors are augmented with a control system in hardware or soft-

ware. The physical system is typically refered to as the plant. Some plants

are inherently unstable in the absence of a control system (e.g. many �ghter

aircraft), and the systems are often safety critical or mission critical.

Most control systems are con�gured as a closed loop (a feedback loop)

in which the outputs or current behavior of the plant are measured and

subtracted from a reference input (a control value such as desired cruising

speed of a car). The resulting di�erence is used as input to a controller

which in turn produces signals to control the plant. There may also be a

control component in the feedback path. Thus, a typical control system has

the form illustrated in Figure 1.

Control systems may be modelled in the continuous time domain or in

the discrete time domain. In the former, signals are continuously varying
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Figure 1: Typical shape of a control system

with time modelled as a real number. In the latter, the signals are sampled at

discrete time intervals and so the value of a signal may be discontinuous and

time can be modelled using integers. A discrete-time signal can be related

to continuous-time signals by holding the sampled value constant until the

next sample is taken. A discrete-time model is required for implementation

using a digital circuit or software. It is common for a continuous-time model

to be developed initially, which is then adapted to the discrete domain prior

to implementation.

Numerical modelling, simulation, and analysis of control systems are

supported by computer software. For example Mathworks Simulink [13]

provides a graphical representation of a control system as the standard en-

gineers' block-diagram, which is obtained as the Laplace transform of the

original dynamical system.

While there is a wealth of academic literature on the design of control

systems [16], less attention has been paid to design validation, especially of

software systems. In practice visual inspection of numeric plots is widely

used: for example, suites of Bode and Nichols plots are used to specify and

discharge design requirements for 
ight control [17], expressed in terms of

phase and gain of an input signal.

The use of formal methods and computational logic in the analysis of

control systems is of increasing importance, but has thus far largely been

con�ned to hybrid systems and statechart-like models. The widespread use

of Simulink suggests that e�ective formal veri�cation techniques for block

diagrams could have signi�cant impact. In general terms one might expect

to annotate points in a diagram with assertions stating what was true at that

point, for example a property of phase or gain, and use a logic to reason
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about the assertions. Thus, for example, one might hope to replace the

plotting described above with an automated analysis using computational

logic.

In a this study we develope a Hoare-style logic and a veri�cation condi-

tion generator for a restricted class of block diagrams, essentially those with

a tree structure. Hoare logics [23] were originally studied by Hoare, Floyd

and others to give an axiomatic basis for programming, and continue to be

used for a variety of applications, for example Java byte-code veri�cation

[24]. As far as we know our work is the �rst to investigate Hoare-style logics

for feedback systems. We attached assertions to nodes in the diagram: the

key observation was that phase and gain were compositional, and hence we

could reason about them locally, and propagate our reasoning through the

diagram to deduce properties of a classical frequency-response analysis. Fol-

lowing Gordon's approach [25] the logic has been mechanised in the HOL98

theorem proving system, allowing goal-directed reasoning, machine assis-

tance in the details of the proof, and automatic generation of veri�cation

conditions, the logical formulas that must ultimately be proved to justify an

assertion in the Hoare logic. The VCs themselves are pure predicate logic

formulas, that is, they do not involve the constructs of our logic.

These ideas also enabled us to prototype an automated alternative to

Nicholls plots [26], which replaced numeric plots with symbol manipulation

in the computer algebra system Maple and the theorem prover PVS (we

could also have used quanti�er elimination). This in turn exploited Got-

tliebsens PVS continuity checker [27].

To simplify matters we chose initially to work with continuous-time

rather than discrete models, with a single input and a single output. Since

the behaviour of continuous-time models is simpler than that of discrete

models, we have begun by investigating the former. Section 9 discusses

brie
y how the ideas might be adapted to the discrete time domain. We

also restrict consideration to systems with a single input and a single out-

put. To a certain extent, multi-input/multi-output systems can be forced

into our restricted system by the use of multiplexing. A more general anal-

ysis would use state space models.

In practice the stability, time and frequency response of control systems

are often analysed: we chose the latter, which treats the amplitude and phase

shift of the output signal when the system is presented with a sinusoidal

input with a range of frequencies. The key observation, on which the rest

of the paper is built, is that gain (amplitude) and phase are properties

that behave compositionally as larger control systems are constructed from

subsystems. This allows us to build a logic for properties of control systems
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in the style of Hoare logics.

In the rest of this paper we present gain and phase, our language Cosy

for representing block diagrams, our Hoare logic, a simple worked example

showing analysis of gain and phase, brief details of our implementation in a

theorem proving system, and directions for further work.

2 Background and related work

Control engineering is a large subject: we intend to focus on those aspects

which are to a control engineer fairly standard and widely used in practice

[16]. Optimal control assumes that a model of the system is available and

one wants to optimise its behaviour, using the calculus of variations and

so forth: for example pre-computing a desired 
ight-path for a spacecraft.

Feedback control compensates for uncertainty in the model by using feedback

to correct for deviations for desired behaviour: for example if the spacecraft

strays o� course. Models vary according to the application: for example

di�erential equations are used when modelling a continuous signal, but these

are replaced by di�erence equations when modelling a sampled signal as

used in digital systems. In reasoning about such systems we are interested

not only in the solutions, but in their properties. These include the time

response, stability, frequency response and behaviour under perturbation.

The time response considers features such as the time taken for a property of

the system (e.g. the cruising speed of a car) to reach the desired value, and by

how far it overshoots before settling at the desired value. Stability analysis

considers whether the system will always settle into a steady state following a

change to the input(s). An output of an unstable system may increase out of

control or oscillate. Frequency response considers the amplitude and phase

shift of the output signal when the system is presented with a sinusoidal

input. The analysis considers input signals with a range of frequencies.

In practice systems are rarely linear: non-linear systems are generally

treated locally by linearising at points of interest, but global behaviour is

subject of much research and raises subtle questions in di�erential and al-

gebraic geometry.

In classical control a Laplace transform is applied to a linear system to

obtain a representation as a transfer function, a rational function over the

complexes. Analysis of properties, such as frequency and response of the

control system, is in terms of the position of its roots and poles in the com-

plex plane. So called modern control considers a state-space representation,

which replaces a single di�erential equation with a system of simultaneous
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equations in the state variables, and analyses the system via properties of

the eigenvalues of a related matrix. Both frameworks can be extended from

SISO (single input) to MIMO (multiple input) systems.

Block diagrams are often used to represent systems with feedback graph-

ically, for example in classical control a block diagram is a directed graph

whose edges are labelled by rational functions over the complexes. They also

allow more general representation of components described only by their in-

put/output behaviour.

Software such as the widely used Mathworks Simulink [13], the industry

standard in avionics and automotive applications, supports numerical tests

and simulations. A number of standard tests are used for prediction and

analysis: for example the Nichols plot is a numerical test which investigates

stability. It displays the steady state behaviour of a classical control system

in terms of the phase and gain of a sinusoidal input. The control require-

ments of �ghter aircraft are speci�ed in terms of acceptable paths in this

plot [17].

In practice man-made control systems are typically digital embedded

software systems, which use sampled, rather than continuous time. These

can be modelled as discrete dynamical systems (di�erence equations), which

again admit a transform representation via the z-transform, and an analo-

gous state-space representation, investigated as before using matrix algebra.

The design of a digital controller, for example in avionics applications, typ-

ically involves analysis as above in continuous time: it is then passed to a

software team for implementation as a discrete digital system. It has been

suggested that this process is a likely source of error: indeed apparently

similar continuous and discrete systems may have very di�erent stability

properties. The ubiquity of such embedded controllers, for example in cars

and domestic appliances, has led to increased interest in methods of gener-

ating assured code straight from a high level design [3].

Our main focus is engineering applications: however biology provides

a wealth of control mechanisms to explore. Here the process is reversed:

we want to infer the model from knowledge of its properties. Typically

in investigating transcriptional control (the cellular regulation of genes and

proteins), microarray analysis is used to gather data on response to pertur-

bations, for example in temperature or concentration of a substance.

Our thesis is that a control system can be regarded directly as a compu-

tational process, of which the various mathematical descriptions, whether

of a continuous or discrete system, can be regarded as a high-level speci�ca-

tion or representation. Thus it is natural to think of this process in logical

form, and to extend and apply familiar computer science techniques to un-
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derstand, model and reason about it. In general terms one might expect to

annotate a representation, for example nodes in a block diagram, with as-

sertions, and use a logic to reason about the assertions. Thus, for example,

the numeric plotting described above can be viewed as an assertion about

the output from a given real input to a complex function: one might hope

to replace it with an automated analysis of properties of more general state

variables.

The study of control in the context of computer science is an emerging

area: we identify some strands of work which complement our own:

� The most well developed is the �eld of hybrid systems, which models

certain control systems as automata with discrete transitions which

are then amenable to model checking [11] and theoretical analysis [12].

Alur and Dill [2] introduced timed automata, state-transition diagrams

annotated with timing constraints using �nitely many real-valued clock

variables which can be used to model discrete dynamical systems

� In the 1970s Arbib and Manes [1] studied categorical models of lin-

ear control: more recently various categories with feedback have been

much studied, especially traced monoidal [9] categories, which are

models for linear logic. These seem to obey similar algebraic laws

to our feedback diagrams, though as far as we know the connection

has not been developed formally. Tourlas [19] has studied reasoning

about general diagram languages.

� Less attention has been paid to the classical dynamical systems rep-

resentations. Perhaps the closest foundational work is Edalats [6] ex-

tension of classical domain theory to analysis and dynamical systems.

Tiwari [18] allows abstraction of dynamical systems to a level where

model checking can be used.

� Our own work on light formal methods for mathematical systems [4, 5]

was a precursor to this proposal: NAG Ltd funded us to devise an

assertion language and lint-like checker for their AXIOM system.

� The widespread use of Simulink suggests that e�ective formal veri-

�cation techniques for block diagrams could have signi�cant impact.

The Clawz system of Arthan et al [3], developed for Qinetiq, is a �rst

step: it translates discrete-time models, described using Simulink, into

formal speci�cations in Z. A controller implementation in an Ada-like

programming language can then be veri�ed against these Z speci�ca-

tions using the ProofPower mechanised proof assistant. Qinetiq used
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Clawz in a case study of the braking systems of the Euro�ghter, and are

addressing issues of concurrency in this framework using CSP/FDR.

Mahony [14] has used similar ideas in his DOVE system.

3 Composition of Gain and Phase

Most control engineering is done using Laplace transforms. A signal may

be represented as a function f of time t. The Laplace transform maps f to

a new function F that has a complex frequency value as its argument. The

variable s is typically used to denote the argument. The Laplace transform

is given by the following integral:

F (s) =

Z 1

0
f(t)e�st dt

where f(t) is assumed to be zero for negative values of t.

As well as mapping signals to their transforms, components in a con-

trol system are also represented using Laplace transforms. The Laplace

transforms have nice properties, e.g. the transform for two components in

sequence is the product of the transforms of the components. Similarly, the

output signal of a component is represented by the product of the transform

of the input signal and the transform of the component. Laplace trans-

forms apply to the continuous time domain. A di�erent kind of transform

is used for discrete systems. For more about Laplace transforms, see any

introductory text on control engineering, e.g. [16].

In frequency analysis, we are interested in the behaviour of sinusoidal

signals. The analysis is done using Fourier transforms. It turns out that

the Fourier transform can be obtained from the Laplace transform by sub-

stituting j! for the variable s, where j is
p
�1 and ! is the (real-valued)

frequency of the signal:1

F (j!) =

Z 1

0
f(t)e�j!t dt

=

Z 1

�1
f(t)e�j!t dt because f(t) = 0 for t < 0

The Fourier transform gives us a complex number which we can write

in the form rej�. When the transform represents a sinusoidal signal, r is its

amplitude and � is its phase. When the transform represents a component in

the control system, r is the gain (the factor by which the component increases

the amplitude) and � is the change in phase caused by the component.

1Control engineers conventionally use j rather than i and we follow that practice here.
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3.1 Sequencing of Components

Now suppose we have a control (sub)system constructed from two compo-

nents in sequence:

G1(s) G2(s)- - -

where G1(s) and G2(s) are the Laplace transforms of the components. As

stated above, the Laplace transform for the combined system is given by the

product G1(s)G2(s) of these two transforms. Hence, the Fourier transform

is G1(j!)G2(j!):

G1(j!)G2(j!) = r1e
j�1r2e

j�2

= (r1r2)e
j(�1+�2)

From this it is clear that the gain of the combined system is the product

of the constituent gains, and the phase shift of the combined system is the

sum of the constituent phase shifts.

So, for sequencing of components, gain and phase compose in a straight-

forward manner. But, there are other structures to be found in the models

of control systems, most notably feedback loops and summing points.

3.2 Feedback Loops

Consider the following closed loop system:

��
��
+
�

G1(s)

G2(s)

- - -s

�

6

The Laplace transform for the entire closed loop system is:

C(s) =
G1(s)

1 + G1(s)G2(s)
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and G1(j!) and G2(j!) are given by:

G1(j!) = r1e
j�1 = r1(cos �1 + j sin �1)

G2(j!) = r2e
j�2 = r2(cos �2 + j sin �2)

So,

C(j!) =
r1e

j�1

1 + r1ej�1r2ej�2
=

r1e
j�1

1 + r1r2ej(�1+�2)

The imaginary part of the denominator can be eliminated by multiplying

top and bottom by the complex conjugate of the denominator:

C(j!) =
r1e

j�1(1 + r1r2e
�j(�1+�2))

(1 + r1r2ej(�1+�2))(1 + r1r2e�j(�1+�2))

=
r1(e

j�1 + r1r2e
�j�2 )

1 + 2r1r2 cosh(j(�1 + �2)) + r21r
2
2

[e� + e�� = 2 cosh �]

=
r1(e

j�1 + r1r2e
�j�2 )

1 + 2r1r2 cos(�1 + �2) + r21r
2
2

Hence, the gain of the closed loop is given by

jC(j!)j =
r1jej�1 + r1r2e

�j�2 j
1 + 2r1r2 cos(�1 + �2) + r21r

2
2

=
r1

q
(ej�1 + r1r2e�j�2 )(e�j�1 + r1r2ej�2 )

1 + 2r1r2 cos(�1 + �2) + r21r
2
2

=
r1

q
1 + r1r2ej(�1+�2) + r1r2e�j(�1+�2) + r21r

2
2

1 + 2r1r2 cos(�1 + �2) + r21r
2
2

=
r1

q
1 + 2r1r2 cos(�1 + �2) + r21r

2
2

1 + 2r1r2 cos(�1 + �2) + r21r
2
2

=
r1q

1 + 2r1r2 cos(�1 + �2) + r21r
2
2

and the phase shift is2

arg(C(j!)) = arctan(=(C(j!))=<(C(j!)))

= arctan

 
=(ej�1 + r1r2e

�j�2 )

<(ej�1 + r1r2e�j�2 )

!

= arctan

�
sin �1 � r1r2 sin �2

cos �1 + r1r2 cos �2

�
2Some side conditions may be required on the use of arctan.
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So, the gain and phase shift of a feedback loop can be expressed purely

in terms of the gains and phase shifts of its subsystems, but in contrast to

sequencing, in this case the gain and phase shifts become inter-dependent.

As a consequence, in reasoning about frequency response, the gain and phase

shift must be taken together.

3.3 Summing Points

Apart from feedback loops, the other signi�cant structure in control systems

is a summing point:

��
��
+
+

?
-

6

For single-input, single-output systems, it can be assumed that the two

signals to be summed ultimately come from the same source:

G1(s)

G2(s)

��
��
+
+

s

-

-

?

6

-

The Laplace transform expressing the relationship between the output and

input of this system is:

C(s) = G1(s) + G2(s)

where G1(s) and G2(s) are the transforms for the subsystems between the

common input and the summing point. Once again expressing the complex

numbers G1(j!) and G2(j!) as r1e
j�1 and r2e

j�2 , respectively, the gain and

phase shift of the full system in terms of the gains (r1 and r2) and phase

shifts (�1 and �2) of the subsystems can be determined via the transform of

the full system:

C(j!) = r1e
j�1 + r2e

j�2
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The gain is the modulus of C(j!), which is equal to the square root of the

product of C(j!) and its conjugate:

jC(j!)j =
q
(r1ej�1 + r2ej�2)(r1e�j�1 + r2e�j�2 )

=
q
r21 + r1r2ej(�1��2) + r1r2e�j(�1��2) + r22

=
q
r21 + 2r1r2 cos(�1 � �2) + r22

The phase shift is given by

arg(C(j!)) = arctan(=(C(j!))=<(C(j!)))

= arctan

 
=(r1ej�1 + r2e

j�2)

<(r1ej�1 + r2ej�2)

!

= arctan

�
r1 sin �1 + r2 sin �2

r1 cos �1 + r2 cos �2

�

4 Cosy: A Simple Language for Control Systems

The sequencing, feedback loop, and summation constructs presented in Sec-

tion 3 are suÆcient, either directly or by means of equivalence-preserving

transformations, to represent a wide range of control systems. All the con-

structs have a single input and a single output and are described in terms

of subsystems that also have this property. Hence, they give rise to a simple

language for control systems, which we shall call Cosy. The abstract syn-

tax of this language is given in Figure 2, alongside the corresponding block

diagrams.

In addition to the compound constructs, there are two atomic forms:

Unit, which simply represents a wire, and Fcn, which represents a transfer

function with gain dr and phase shift d�. The names dr and d� are used

instead of r and � to emphasize that these values represent the changes in

amplitude and phase caused by the transfer function. Expressions for dr

and d� can be obtained from the expression for the transfer function, so the

latter could have been used in the Fcn form. In presenting an axiomatic

semantics for Cosy, it is, however, simpler to have dr and d� represented

explicitly. The gain and phase shift of Unit are 1 and 0, respectively. C1

and C2 are arbitrary subsystems.

As far as we can see, loops cannot be represented in terms of sequencing

and summation because of the feedback which introduces a cycle in the

block diagram. (A block diagram can be viewed as a graph.) In any case,
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- Unit

- - Fcn(dr; d�)

C1 C2
- - - Seq(C1; C2)

n+

�

C1

C2

- - -r

�

6 Loop(C1; C2)

C1

C2

n+

+

r
-

-

?

6

- Sum(C1; C2)

Figure 2: The Cosy language constructs
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feedback loops are suÆciently common that they deserve to be a primitive

structure of the language.

As an example, consider the following block diagram:

- - -n+

�

- r
6

The abstract syntax tree for the Cosy representation of this system is:

Loop

Seq Unit

Fcn(. . . ) Fcn(. . . )

�
�

@
@

�
�

@
@

A textual representation for the same is:

Loop(Seq(Fcn(: : :); Fcn(: : :)); Unit)

Observe how Unit is used for a subsystem that is just a wire. It is not

strictly necessary to have Unit in the language | Fcn(1; 0) could be used

instead | but Cosy expressions are more elegant using Unit.

With this language, it is possible to write a Hoare-style logic for fre-

quency response properties.

Thus far we have said nothing about which block diagrams can be repre-

sented in this way. Those which can will be called tree-structured. How-

ever a wider class can be represented due to the existence of block diagram

equivalences: these essentially correspond to the block diagram representa-

tion of the distributive laws. In text-books [16] these are generally studied

in an ad-hoc way: they can be given a more formal treatment through the

study of the algebraic structure of feedback diagrams, and have intriguing

links with similar equivalences in category theory [9]. There are examples of

block diagrams are not equivalent to tree-structured diagrams, but the only

ones we know of have a complicated nested structure which seems unlikely

to occur in practice.
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5 Hoare Rules for Cosy

The rules of a Hoare logic usually operate on triples consisting of a precondi-

tion (a predicate logic formula), a statement of the programming (or other)

language, and a postcondition. In the Hoare logic for Cosy, an additional

component is added: a pair consisting of the gain and phase shift induced

by the control system represented by the Cosy expression.

More precisely, fPgC<dr; d�>fQg means component C (be it atomic

or compound) causes a gain of dr and a phase shift of d�, and if property

P holds at the input, then property Q holds at the output. P and Q

assert properties of gain and phase. In the original Hoare logic [10], the

properties were for states involving a 
exible number of program variables.

For an analysis of frequency response of a control system, there are only

two "variables" of interest: gain and phase. (Note, however, that these two

variables are actually functions of a global universally quanti�ed variable for

frequency.)

In what follows, P [r n R; � n �] means the property P with references

to the gain r replaced by the expression R, and references to the phase �

replaced by the expression �, e.g. (r < 2)[r n r � 3] means r � 3 < 2.

5.1 De�nitions

The expressions for the gain and phase shift of loops and summations appear

a lot within the Hoare rules, so it is worthwhile de�ning abbreviations for

them:

lr(dr1; d�1; dr2; d�2) =
dr1q

dr21dr
2
2 + 2dr1dr2 cos(d�1 + d�2) + 1

lt(dr1; d�1; dr2; d�2) = arctan

�
sin d�1 � dr1dr2 sin d�2

cosd�1 + dr1dr2 cosd�2

�

sr(dr1; d�1; dr2; d�2) =
q
dr21 + 2dr1dr2 cos(d�1 � d�2) + dr22

st(dr1; d�1; dr2; d�2) = arctan

�
dr1 sin d�1 + dr2 sin d�2

dr1 cos d�1 + dr2 cos d�2

�

As can be seen, these de�nitions use the results obtained in Section 3.

5.2 Axioms and Rules for the Primitive Forms

Presented below are an axiom or rule for each of the Cosy language con-

structs. For loops and summations, there are many variations the rules

14



could take. The rules given in this section are not the most general, but

are arguably more natural than some of the other possibilities in that they

make a connection between predicates appearing in the hypotheses based on

the physical structure of the system. So, for example, the rule for loops has

the same predicate Q for both the postcondition of C1 and the precondition

of C2, re
ecting the physical connection between the output of C1 and the

input of C2.

The Unit Axiom

Unit has no e�ect on the signal, so the postcondition is the same as the

precondition. The gain is 1, and the phase shift is 0.

` fPgUnit<1; 0>fPg

The (Transfer) Function Axiom

The axiom for transfer functions is analogous to the Assignment Axiom for

imperative programming languages. If P is true at the input having had

the variables r and � (gain and phase) replaced by the values they have at

the output, then P is true at the output. The value of r at the output is

equal to the product of the value of r at the input with the function's gain

dr. Similarly, the value of � at the output is the sum of � at the input and

the function's phase shift d�.

` fP [r n r � dr; � n � + d�]gFcn(dr; d�)<dr; d�>fPg

The Sequencing Rule

The sequencing rule simply states that gain and phase compose as shown

in Section 3. Note the connection between the postcondition of C1 and the

precondition of C2.

` fPgC1<dr1; d�1>fQg ` fQgC2<dr2; d�2>fRg
` fPgSeq(C1; C2)<dr1 � dr2; d�1 + d�2>fRg
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A Loop Rule

The following rule for feedback loops re
ects the physical connection between

the two subsystems, through the common predicate Q.

` fPgC1<dr1; d�1>fQg ` fQgC2<dr2; d�2>fRg
` fP [r n r � lr(dr1; d�1; dr2; d�2); � n � + lt(dr1; d�1; dr2; d�2)]g

Loop(C1; C2)<lr(dr1; d�1; dr2; d�2); lt(dr1; d�1; dr2; d�2)>

fR[r n r � (dr1 � dr2); � n � + (d�1 + d�2)]g

Accepting that the aim in this rule is to have some instance of P as the

precondition of the conclusion, and some instance of R as the postcondition,

the actual substitutions required can be derived by reference to the following

diagram:

��
��
+
�

C1

C2

- - -s

�

6

U X Y

Z

Using the diagram, together with the hypotheses of the rule and the com-

position properties of gain and phase, the following reasoning can be made,

where P @ X means the predicate P is true at point X in the diagram:

R @ Y , R[r n r=dr2; � n � � d�2] @ Z

( Q[r n r=dr2; � n � � d�2] @ Y

( P [r n r=dr2; � n � � d�2] @ X

, (P [r n r=dr2; � n � � d�2])[r n r=dr1; � n � � d�1] @ Y

= P [r n r=(dr1 � dr2); � n � � (d�1 + d�2)] @ Y

, P [r n r � lr(dr1; d�1; dr2; d�2)=(dr1 � dr2);
� n � + lt(dr1; d�1; dr2; d�2)� (d�1 + d�2)] @ U

The aim is to know something about R at the output of the loop, i.e. at Y.

The reasoning proceeds by �rst moving through C2 to Z using the transfer

function axiom. Then the two hypotheses are used to move backwards in

the signal 
ow to point X. That is done to obtain a predicate in terms of P .

16



The gain/phase relationship between point U (the input to the loop) and

point X has not been worked out. So, it is easier to move forwards through

C2 and then use the gain/phase relationship between U and Y that has been

worked out.

Finally, in order to avoid division and subtraction appearing in the rule,

some of the gain/phase changes in the precondition are shifted into the

postcondition. A general rule for this maneuver is presented below.

A Sum Rule

The following rule for summations can be derived in a similar way to the

loop rule above, but here the two hypotheses share the same precondition:

` fPgC1<dr1; d�1>fQg ` fPgC2<dr2; d�2>fRg
` fP [r n r � sr(dr1; d�1; dr2; d�2); � n � + st(dr1; d�1; dr2; d�2)]g

Sum(C1; C2)<sr(dr1; d�1; dr2; d�2); st(dr1; d�1; dr2; d�2)>

fQ[r n r � dr1; � n � + d�1] ^ R[r n r � dr2; � n � + d�2]g

5.3 Logical Rules

The Hoare logic for Cosy features the traditional Hoare rules for strength-

ening a precondition and weakening a postcondition, but it also has two

other logical rules. Arbitrary amounts of gain and phase shift can be moved

between the precondition and postcondition and vice versa. There are two

rules for this, one for each direction. The only restriction is that the gain

factor moved between the two conditions must be non-zero to avoid division

by zero problems.

Precondition Strengthening

` P 0 ) P ` fPgC<dr; d�>fQg
` fP 0gC<dr; d�>fQg

Postcondition Weakening

` fPgC<dr; d�>fQg ` Q) Q0

` fPgC<dr; d�>fQ0g
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The Shift Right Rule

` r0 6= 0 ` fP [r n r � r0; � n � + �0]gC<dr; d�>fQg
` fPgC<dr; d�>fQ[r n r=r0; � n � � �0]g

The Shift Left Rule

` r0 6= 0 ` fPgC<dr; d�>fQ[r n r � r0; � n � + �0]g
` fP [r n r=r0; � n � � �0]gC<dr; d�>fQg

5.4 Other Rules

The Component Rule

The transfer function axiom can be generalised to cover any system. If the

gain and phase shift of the system are known, the system can be treated in

the same way as an atomic transfer function. The following rule achieves

that:
` fQgC<dr; d�>fRg

` fP [r n r � dr; � n � + d�]gC<dr; d�>fPg
It is a rule rather than an axiom (i.e. it has a hypothesis) because the gain

and phase shift must be deduced somehow. Observe that the precondition

Q and postcondition R of the hypothesis are completely arbitrary and in-

dependent of each other and of the precondition and postcondition of the

conclusion. Only the values of dr and d� are required from the hypothesis;

the precondition and postcondition are thrown away.

A Generalised Loop Rule

The following rule is more general than the loop rule given above. It makes

no connection between the postcondition of C1 and the precondition of C2.

Though arguably less intuitive, it is the version required to mechanise the

logic in the form of a veri�cation condition generator. As before, the substi-

tutions in the precondition and postcondition of the conclusion have been

normalised to avoid division and subtraction. In this case, it also allows the

same substitution to be used for both P and R.

` fPgC1<dr1; d�1>fQg ` fRgC2<dr2; d�2>fSg
` f(P ^ R)[r n r � lr(dr1; d�1; dr2; d�2); � n � + lt(dr1; d�1; dr2; d�2)]g

Loop(C1; C2)<lr(dr1; d�1; dr2; d�2); lt(dr1; d�1; dr2; d�2)>

fQ[r n r � dr1; � n � + d�1] ^ S[r n r � dr2; � n � + d�2]g
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A Generalised Sum Rule

` fPgC1<dr1; d�1>fQg ` fRgC2<dr2; d�2>fSg
` f(P ^ R)[r n r � sr(dr1; d�1; dr2; d�2); � n � + st(dr1; d�1; dr2; d�2)]g

Sum(C1; C2)<sr(dr1; d�1; dr2; d�2); st(dr1; d�1; dr2; d�2)>

fQ[r n r � dr1; � n � + d�1] ^ S[r n r � dr2; � n � + d�2]g

5.5 Justi�cation for the Form of the Rules

It is worth commenting on the addition of the gain/phase pair to the conven-

tional Hoare triple. Ideally, the rules of the Hoare logic would manipulate

preconditions and postconditions without any need to consider the phase

and gain values explicitly, except when dealing with an atomic block. In a

Hoare logic for an imperative programming language, only the rule (actually

an axiom) for assignment statements explicitly mentions the values of the

program variables. The rules for compound forms do not make such explicit

reference. We have not been able to �nd such rules for Cosy, at least not

without abstracting so much as to render the logic impotent.

In an imperative programming language, everything boils down to a

sequence of assignment statements. If-then-else statements evaluate to ei-

ther the then-branch or the else-branch, and while-loops are an iterated

sequence of the body of the loop. In Cosy, there is something more going

on. Feedback loops and summations are not equivalent to some sequence of

the constituent blocks. Rather, their behaviour is determined by the way in

which sine waves combine when superimposed.

Consider the systems C1 and C2 in isolation, and suppose the predicates

P , Q, and R (properties of gain and phase) hold at the points indicated

below:

C1 C2
- - - -

P Q Q R

Because Q holds at the output of C1 and also at the input of C2, it can

be deduced that P and R hold as precondition and postcondition on the

sequence of the two components:

C1 C2
- - -

P R
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This works because of the simple way in which gain and phase behave for

sequencing. The same approach cannot be taken for a loop. The summing

point prevents properties of the subsystems in isolation from being used

to deduce properties for the loop without taking into account the way the

summing point a�ects the gain and phase:

��
��
+
�

C1

C2

- - -s

�

6

P Q

QR

In the above, Q is the postcondition of the loop, but what is the precondi-

tion? How is it related to P and R? The relationship is determined by the

superposition of sine waves. That is the motivation for explicitly including

the gain and phase in the rules of the Hoare logic. The question, then, is

how best to include them.

At one extreme, the predicates could be omitted so that the rules ma-

nipulate only the gain and phase. This would be equivalent to only being

able to talk about properties of the form r = : : :^ � = : : :, which would not

be very interesting. At the least, inequalities on r and � should be allowed.

A less extreme approach would be to include predicates, but not permit

the property to change other than to re
ect the changing values of gain and

phase. This raises the question of whether the property has to be expressed

explictly in the rules. Could it not be treated as a global entity outside of

the explicit representation of the proof? Indeed, one can argue that the logic

would be no more than a way to compute the gain and phase, which would

then be tested to see if they have the required property. A Hoare logic is

not needed to achieve that.

No, it should be possible for the property to change within the proof, in

addition to the gain and phase changing, e.g. by means of the precondition

strengthening and postcondition weakening rules. This o�ers more 
exible

reasoning, e.g. having proved properties of two large subsystems, it is not

necessary to have an exact match between the postcondition of one and the

precondition of the other in order to establish a property of the whole; a

logical implication is suÆcient.
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Having decided that gain and phase should be included explicitly in the

logic, and that the preconditions and postconditions should be able to vary

in ways other than those induced by the changes in the gain and phase, there

is another choice. The gain and phase could be computed using a separate

system from the main logic, to be introduced only as required. They would

not then have to appear in the Hoare `triples'. Instead, some of the Hoare

rules would have extra hypotheses asserting values of gain and phase for the

subsystems, e.g.:

` fPgC1fQg ` GainPhase(C1) = (dr1; d�1)

` fQgC2fRg ` GainPhase(C2) = (dr2; d�2)

` fP [r n r � lr(dr1; d�1; dr2; d�2); � n � + lt(dr1; d�1; dr2; d�2)]g
Loop(C1; C2)

fR[r n r � (dr1 � dr2); � n � + (d�1 + d�2)]g

The gain and phase could be deduced using a separate set of rules,

or, since the derivation is entirely deterministic, by some more algorith-

mic means. The argument against this separation is that it is likely to

involve a lot of redundant reasoning/computation because obtaining values

for a compound component involves obtaining values for the subcomponents.

The latter will also have to be calculated when Hoare rules are applied to

the subcomponents. Of course, there are ways around this duplication of

e�ort, but doing the gain/phase calculation in the main rules of the logic

seems to be a cleaner approach.

5.6 Example Proof

As a very simple example, suppose there are two components in sequence, a

controller and a plant, and the phase shift of the combined system is required

to be greater than �145Æ, as follows:

f� = 0gSeq(Fcn(dr; d�); Fcn(2;�100Æ))<: : :>f� > �145Æg

The gain and phase shift of the controller have been left as symbolic entities

dr and d�. The aim is to determine constraints on them using the Hoare

logic. The proof, using the function axiom and sequencing rule, can be

illustrated like this:
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Fcn(dr; d�) Fcn(2;�100Æ)- - -
f� = 0g f� > �145Æg

f� � 100Æ > �145Æg by the Function Axiom

6

f(� + d�)� 100Æ > �145Æg by the Function Axiom (again)

6

More formally, the �rst step is to establish theorem Th1 by the function

axiom applied to the second component:

Th1: ` f� � 100Æ > �145ÆgFcn(2;�100Æ)<2;�100Æ>f� > �145Æg

Then, taking the precondition of Th1 as the postcondition for the �rst

component, the function axiom gives:

Th2: ` f(� + d�) � 100Æ > �145ÆgFcn(dr; d�)<dr; d�>f� � 100Æ > �145Æg

Applying the sequencing rule to Th1 and Th2 yields:

Th3: ` f(� + d�) � 100Æ > �145Æg
Seq(Fcn(dr; d�); Fcn(2;�100Æ))<dr � 2; d� � 100Æ>
f� > �145Æg

Now, if it can proved that (� = 0)) ((�+d�)�100Æ > �145Æ), precondition
strengthening can be used to get:

Th4: ` f� = 0g
Seq(Fcn(dr; d�); Fcn(2;�100Æ))<dr � 2; d� � 100Æ>
f� > �145Æg

Th4 is only a theorem under the above condition on �. The condition is

true if and only if d� > �45Æ. This is a constraint on the controller.

In this example, the constraint on d� could have been determined from

the compound gain and phase shift <dr � 2; d� � 100Æ>, but for large ex-

amples, the expressions for the overall gain and phase shift may become too

complex to be practical. In contrast, the precondition and postcondition

can be simpler, because they do not have to state equalities for r and �, but

need only place bounds on them.
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6 Tactics and Veri�cation Conditions

The Hoare rules are usable for small proofs, but for proofs of any size, rea-

soning forwards (i.e. bottom-up) is painful. Nor do the rules lend themselves

directly to automation of proof. The usual approach to automating Hoare

logics is to produce a veri�cation condition generator. Veri�cation conditions

are the logical formulas that must ultimately be proved in a proof within

the Hoare logic. The veri�cation conditions themselves are pure predicate

logic formulas, that is they do not involve the constructs of the language (in

this case Cosy).

Following Gordon's approach to mechanising Hoare logic [7], we have

produced tactics for the Hoare logic for Cosy. Tactics are procedures in

a mechanised theorem proving system that implement backward reasoning.

In a sense, tactics invert the inference rules. They allow one to start with

the formula to be proved, and decompose it into simpler formulas. The

decomposition continues until the formulas produced can be proved directly.

Programs in the theorem proving system manage the decomposition process

and the construction of a proof for the original formula from the proofs

of the simpler formulas. Veri�cation conditions are generated by recursive

application of the tactics.

6.1 The Tactics

The tactics for Cosy are presented below. A tactic for summations would be

similar to the tactic for loops, but we have not yet worked out the details.

The notation for tactics consists of a Hoare-logic formula above a double

line, and one or more Hoare-logic or predicate-logic formulas below the line.

In applying the tactic, the formula above the line is matched against the

formula to be proved and the resulting substitution is applied to the formulas

below the line to produce the new formulas.

In some circumstances there is insuÆcient information in the formula

to determine how to decompose it. In these situations, the formula must

be annotated with additional information. To this end, two constructs are

added to the Cosy language: Assert and GainPhase. Assert asserts that

some property (predicate) holds at a point in the control system, while

GainPhase asserts values for the gain and phase shift of a component. These

two new constructs can be added to a system without changing its behaviour

with respect to gain and phase. They exist only as a means of annotation

for use by the veri�cation condition generator.

Where division occurs in the tactics, it may be necessary to add other
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formulas below the double line stating that the divisors are non-zero. Such

formulas have been omitted in the presentation below, but see Section 7 for

a discussion of this in the context of mechanisation.

The Unit Tactic

The tactic for the Unit construct is straightforward. Variables dr and d�

are used in the formula above the line so that it matches any Hoare-logic

formula for Unit. The new formulas to be proved say that the instantiations

of dr and d� must be equal to 1 and 0, respectively. The precondition and

postcondition above the line are also as general as they can be. It must be

shown that P logically implies Q so that precondition strengthening can be

used along with the unit axiom to justify the original formula.

fPgUnit<dr; d�>fQg
dr = 1 d� = 0 P ) Q

The (Transfer) Function Tactic

The tactic for transfer functions is analogous to the tactic for Unit, only a

bit more general.

fPgFcn(dr; d�)<dr0; d�0>fQg
dr = dr0 d� = d�0 P ) Q[r n r � dr; � n � + d�]

The Sequencing Tactic (multiple cases)

The tactic for sequencing consists of several cases. When one or both of the

components is an atomic transfer function, there is no need for the formula

to be annotated. One transfer function provides enough information for the

tactic to know how to decompose the formula. However, when neither com-

ponent is a transfer function, annotations must be present. There is no need

to have cases in which one of the components is a Unit, because a sequence

involving a Unit can be simpli�ed, e.g. Seq(Unit; C) can be simpli�ed to

C. The tactic also assumes that the formula has been normalised so that

Asserts are associated with the second component.

fPgSeq(C1; Fcn(dr2; d�2))<dr; d�>fQg
fPgC1<dr=dr2; d�� d�2>fQ[r n r � dr2; � n � + d�2]g
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fPgSeq(Fcn(dr1; d�1); C2)<dr; d�>fQg
fP [r n r=dr1; � n � � d�1]gC2<dr=dr1; d� � d�1>fQg

fPgSeq(C1; Seq(Assert(R); GainPhase(C2; (dr2; d�2))))<dr; d�>fQg
fPgC1<dr=dr2; d� � d�2>fRg fRgC2<dr2; d�2>fQg

fPgSeq(GainPhase(C1; (dr1; d�1)); Seq(Assert(R); C2))<dr; d�>fQg
fPgC1<dr1; d�1>fRg fRgC2<dr=dr1; d�� d�1>fQg

The Loop Tactic (multiple cases)

Like the tactic for sequences, the tactic for loops has multiple cases. For

loops, the cases where one of the components is Unit have to be consid-

ered explicitly because the Cosy expression does not reduce. No Asserts

are required, but the cases for two non-atomic subcomponents have to be

annotated with a GainPhase construct. In those cases, two new formulas

are created by application of the tactic. The second formula is required

only to prove gain and phase shift values for C2, so the precondition and

postcondition are each the trivial predicate true.

fPgLoop(C1; Unit)<dr; d�>fQg
fP [r n r=dr; � n � � d�]g
C1<lr(dr; d�;�1; 0); lt(dr; d�;�1; 0)>
fQ[r n r=lr(dr; d�;�1; 0); � n � � lt(dr; d�;�1; 0)]g

fPgLoop(C1; Fcn(dr2; d�2))<dr; d�>fQg
fP [r n r=dr; � n � � d�]g
C1<lr(dr; d�;�dr2; d�2); lt(dr; d�;�dr2; d�2)>
fQ[r n r=lr(dr; d�;�dr2; d�2); � n � � lt(dr; d�;�dr2; d�2)]g

fPgLoop(Unit; C2)<dr; d�>fQg
fP [r n r=dr; � n � � d�]g
C2<1=lr(dr; d�;�1; 0);�lt(dr; d�;�1; 0)>
fQ[r n r � lr(dr; d�;�1; 0); � n � + lt(dr; d�;�1; 0)]g
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fPgLoop(Fcn(dr1; d�1); C2)<dr; d�>fQg
fP [r n r=dr; � n � � d�]g
C2<1=lr(dr; d�;�1=dr1;�d�1);�lt(dr; d�;�1=dr1;�d�1)>
fQ[r n r � lr(dr; d�;�1=dr1;�d�1); � n � + lt(dr; d�;�1=dr1;�d�1)]g

fPgLoop(C1; GainPhase(C2; (dr2; d�2)))<dr; d�>fQg
fP [r n r=dr; � n � � d�]g
C1<lr(dr; d�;�dr2; d�2); lt(dr; d�;�dr2; d�2)>
fQ[r n r=lr(dr; d�;�dr2; d�2); � n � � lt(dr; d�;�dr2; d�2)]g ^
ftruegC2<dr2; d�2>ftrueg

fPgLoop(GainPhase(C1; (dr1; d�1)); C2)<dr; d�>fQg
fP [r n r=dr; � n � � d�]gC1<dr1; d�1>fQ[r n r=dr1; � n � � d�1]g ^
ftruegC2<1=lr(dr; d�;�1=dr1;�d�1);�lt(dr; d�;�1=dr1;�d�1)>ftrueg

6.2 Derivation of Gain and Phase Expressions for the Loop

Tactic

The expressions for the gain and phase shift in the loop tactic are derived by

the same process as used in Section 3.2. Here, the aim is to �nd expressions

for one of the subcomponents in terms of the gains and phase shifts of the

loop and the other subcomponent, e.g. r1 in terms of r, �, r2, and �2.

Recall that

C(s) =
G1(s)

1 + G1(s)G2(s)

Therefore,

G1(s) =
C(s)

1� C(s)G2(s)
=

C(s)

1 + C(s)(�G2(s))

This expression for G1(s) has the same shape as the earlier expression for

C(s). So, by analogy,

jG1(j!)j = lr(r; �;�r2; �2)

and

arg(G1(j!)) = lt(r; �;�r2; �2)
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Unfortunately, obtaining expressions for r2 and �2 in terms of r, �, r1,

and �1 is not so simple. Rearranging the equation for C(s) again, this time

to isolate G2(s), gives:

G2(s) =
1

C(s)
� 1

G1(s)

It is better, however, to derive an expression for the inverse of G2(s) because

that yields the familiar shape:

1

G2(s)
=

G1(s)C(s)

G1(s)� C(s)
=

C(s)

1� C(s)

G1(s)

=
C(s)

1 + C(s) 1
�G1(s)

Now,
1

�G1(j!)
=

1

�r1ej�1
=

�e�j�1
r1

=

��1
r1

�
ej(��1)

Hence, ���� 1

G2(j!)

���� = lr(r; �;�1=r1;��1)

and

arg

�
1

G2(j!)

�
= lt(r; �;�1=r1;��1)

But, for a complex number z, j1=zj = 1=jzj, and arg(1=z) = � arg(z). So,

jG2(j!)j =
1

lr(r; �;�1=r1;��1)

and

arg(G2(j!)) = �lt(r; �;�1=r1;��1)

6.3 Example Justi�cation Proof

Now consider as an example the second case of the loop tactic. A theorem

for the formula above the lines can be obtained from a theorem for the

formula below the lines as follows. The initial theorem is:

` fP [r n r=dr; � n � � d�]g
C1<lr(dr; d�;�dr2; d�2); lt(dr; d�;�dr2; d�2)>
fQ[r n r=lr(dr; d�;�dr2; d�2); � n � � lt(dr; d�;�dr2; d�2)]g

(1)
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Another theorem can be obtained by using the transfer function axiom on

Fcn(dr2; d�2) with true as the postcondition:

` ftrue[r n r � dr2; � n � + d�2]gFcn(dr2; d�2)<dr2; d�2>ftrueg

This simpli�es to:

` ftruegFcn(dr2; d�2)<dr2; d�2>ftrueg (2)

Applying the generalised loop rule to (1) and (2) gives:

` f(P [r n r=dr; � n � � d�] ^ true)

[r n r � lr(lr(dr; d�;�dr2; d�2); lt(dr; d�;�dr2; d�2); dr2; d�2);
� n � + lt(lr(dr; d�;�dr2; d�2); lt(dr; d�;�dr2; d�2); dr2; d�2)]g

Loop(C1; Fcn(dr2; d�2)) < lr(lr(dr; d�;�dr2; d�2); lt(dr; d�;�dr2; d�2); dr2; d�2);
lt(lr(dr; d�;�dr2; d�2); lt(dr; d�;�dr2; d�2); dr2; d�2) >

f(Q[r n r=lr(dr; d�;�dr2; d�2); � n � � lt(dr; d�;�dr2; d�2)])
[r n r � lr(dr; d�;�dr2; d�2); � n � + lt(dr; d�;�dr2; d�2)] ^

true[r n r � dr2; � n � + d�2]g
(3)

Now,

lr(lr(dr; d�;�dr2; d�2); lt(dr; d�;�dr2; d�2); dr2; d�2) = dr (4)

lt(lr(dr; d�;�dr2; d�2); lt(dr; d�;�dr2; d�2); dr2; d�2) = d� (5)

So, (3) simpli�es to:

` f(P [r n r=dr; � n � � d�])[r n r � dr; � n � + d�]g
Loop(C1; Fcn(dr2; d�2))<dr; d�>

f(Q[r n r=lr(dr; d�;�dr2; d�2); � n � � lt(dr; d�;�dr2; d�2)])
[r n r � lr(dr; d�;�dr2; d�2); � n � + lt(dr; d�;�dr2; d�2)]g

Combining the substitutions on the predicates yields:

` fP [r n (r � dr)=dr; � n (� + d�)� d�]g
Loop(C1; Fcn(dr2; d�2))<dr; d�>

fQ[r n (r � lr(dr; d�;�dr2; d�2))=lr(dr; d�;�dr2; d�2);
� n (� + lt(dr; d�;�dr2; d�2))� lt(dr; d�;�dr2; d�2)]g

And, �nally, some simple arithmetic makes the substitutions trivial, giving

a theorem for the formula above the line in the tactic:

` fPgLoop(C1; Fcn(dr2; d�2))<dr; d�>fQg
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This proof constitutes a formal justi�cation of the second case of the loop

tactic. The other cases are similar given the following equations:

lr(dr1; d�1; 1=lr(dr; d�;�1=dr1;�d�1);�lt(dr; d�;�1=dr1;�d�1)) = dr(6)

lt(dr1; d�1; 1=lr(dr; d�;�1=dr1;�d�1);�lt(dr; d�;�1=dr1;�d�1)) = d�(7)

Equations (4), (5), (6), and (7) follow from the previously derived relation-

ships between dr1, d�1, dr2, d�2, dr, and d�.

7 Mechanisation in HOL

The Hoare logic for Cosy has been mechanised in a version of the HOL

system, speci�cally the Taupo-5 version of HOL98. HOL is similar to the

Proof Power tool used in the ClawZ work described in the introduction [3],

and the mechanisation could readily be adapted to work with Proof Power,

provided the latter had all the necessary infrastructure such as a theory of

transcendental functions.

A recursive type representing the abstract syntax of the Cosy language

has been de�ned in the logic of the HOL system, and the behaviour of gain

and phase de�ned over that type. The type includes constructors for the

assertions Assert and GainPhase. (Assert has the same gain and phase

shift as Unit.) The functions lr, lt, sr, and st are de�ned using square root

and trigonometric functions from HOL's theories of the real numbers and

transcendental functions. It is then simply assumed that lr, etc., are the

correct expressions for the gain and phase shift of loops and summations.

A more thorough formalisation would derive them from a theory of Laplace

transforms.

Let [[C]] denote the gain and phase shift of C (as a pair). Then a state-

ment of the Hoare logic is formalised using the constant Spec, de�ned as:

Spec P C (dr; d�) Q = ([[C]] = (dr; d�)) ^ (8r �: P (r; �)) Q(r � dr; �+ d�))

In HOL, functions may take their arguments in a curried fashion, i.e., one

at a time, written separated by spaces. Note also that the precondition and

postcondition, P and Q, explicitly take a gain/phase pair as an argument.

Substitutions on a predicate can then be written as a function composition

between the predicate and a mapping from one gain/phase pair to another,

e.g. P [r n r � dr; � n � + d�] is formalised as:

P Æ (�(r; �): (r � dr; �+ d�))
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The conjunction on predicates used in some of the rules and tactics can

be de�ned by `lifting' the usual logical `and' to the level of predicates, i.e.:

AND P Q = �x: P (x) ^Q(x)

For our purposes, x in the above de�nition is a gain/phase pair, but the

de�nition can be more generic.

The Hoare logic axioms and rules are proved as HOL theorems using the

de�nitions of [[ ]] and Spec. Some theorems of real arithmetic are also re-

quired in these proofs. The theorems for rules take the form of implications,

e.g. the theorem for sequencing looks like this:

Spec P C1 (dr1; d�1)Q ^ SpecQC2 (dr2; d�2)R ) Spec P (Seq C1 C2) (dr1�dr2; d�1+d�2)R

Having proved the axioms and rules as theorems in HOL, functions in

the meta-language (a programming language) of HOL can be written to

automate forward reasoning. The rules are then used in the justi�cation

proofs of tactics. The tactics are also meta-language functions and imple-

ment backward reasoning. A signi�cant amount of expression simpli�cation

is required in the implementations of tactics due, amongst other things, to

the representation of substitutions as function composition.

The presence of annotations complicates the implementation of tactics

somewhat. The justi�cation of each tactic uses the corresponding rule to

construct a theorem for the original formula. For some of the tactics, how-

ever, the original formula had to include annotations. The result of applying

the corresponding rule is an equivalent formula but without the annotations.

For example, the target formula of one of the sequencing tactic cases is

fPgSeq(C1; Seq(Assert(R); GainPhase(C2; (dr2; d�2))))<dr; d�>fQg

but the sequencing rule produces the following assertion-free formula:

fPgSeq(C1; C2)<dr; d�>fQg

For a proper implementation of the tactic, a theorem for the formula involv-

ing annotations must be obtained from the theorem without annotations.

The formulas are equivalent in the sense that the annotated and unanno-

tated control systems have the same gain and phase shift. To implement the

tactics, then, a special procedure has been written to prove the equivalence

with respect to gain/phase. This uses theorems for congruence properties

of the gain/phase function with respect to the constructs of Cosy.
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If the Cosy constructs had been represented directly by their meanings

as in Gordon's work [7], instead of as a recursive type over which the gain

and phase are de�ned, the special procedure would have been unnecessary.

Another issue is that wherever a division appears in a tactic, the divisor

must be shown to be non-zero. This is a consequence of the way in which

real numbers are formalised in the HOL theories. In the implementation,

these extra proof obligations are presented to the user along with any other

formulas that could not be discharged automatically.

The individual cases of the sequencing tactic are combined into a sin-

gle sequencing tactic called Seq TAC by trying each case in turn until one

matches. The same applies to the loop tactic. Some care is required in the

order in which the cases are tried. The more general cases should be tried

later to prevent them from being applied when a more speci�c case should

be used.

Here is a fragment of a HOL session in which a formula of the Hoare

logic is decomposed into simpler problems:

> val it =

Proof manager status: 1 proof.

1. Incomplete:

Initial goal:

Spec (\(r,th). r = 2) (Seq (Fcn (2,pi / 2)) Unit) (2,pi / 2)

(\(r,th). r < 5)

: proofs

- e (REPEAT (Seq_TAC ORELSE Fcn_TAC ORELSE Unit_TAC));

OK..

4 subgoals:

> val it =

!r. (r / 2 = 2) ==> r < 5

pi / 2 - pi / 2 = 0

2 / 2 = 1

~(2 = 0)

: goalstack

The ML function REPEAT repeatedly applies its argument tactic to the orig-
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inal formula and any new formulas generated. ORELSE (an in�x function)

is used to try a number of tactics until one is found to be applicable. The

residual formulas are the veri�cation conditions (VCs). By including a lin-

ear arithmetic decision procedure in the compound tactic, two of the VCs

can be proved automatically, so that only two remain:

- e (REPEAT (Seq_TAC ORELSE Fcn_TAC ORELSE Unit_TAC ORELSE

RealArith.REAL_ARITH_TAC));

OK..

2 subgoals:

> val it =

!r. (r / 2 = 2) ==> r < 5

2 / 2 = 1

The VCs remaining after applying the tactics often belong to the theory

of real arithmetic including addition and multiplication (elementary real al-

gebra). This theory is known to be decidable, so such veri�cation conditions

could, in theory, be discharged automatically. Harrison [8, Chapter 5] pro-

duced an implementation of a decision procedure for elementary real algebra

in his version of HOL, but it is questionable whether it is eÆcient enough to

be of use. It is worth noting, however, that this procedure was for the full

theory with both universal and existential quanti�ers. The veri�cation con-

ditions do not involve existential quanti�ers, so a more eÆcient procedure

may well be achievable. A state-of-the-art tool that could be used for decid-

ing (full) elementary real algebra is QEPCAD. Tiwari at SRI International

has linked this tool to the PVS theorem prover.3

8 A Larger Example

Consider the following closed-loop system:

Gc Gp
- - -n+

�

- r
6

3
http://www.csl.sri.com/users/tiwari/qepcad.html
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where the controller and plant are given by the following transfer functions:

Gc(s) =
7s+ 2

s
Gp(s) =

1

s2 + 6s� 1:25

The gains rc and rp, and the phase shifts �c and �p are given by the

following expressions in terms of the frequency !:

rc = jGc(j!)j =

p
49!2 + 4

!

�c = arg(Gc(j!)) = arctan

��2
7!

�

rp = jGp(j!)j =
1p

!4 + 38:5!2 + 1:5625

�p = arg(Gp(j!)) = arctan

�
24!

4!2 + 5

�

The aim is to prove the following Hoare logic formula:

fr = 1 ^ � = 0g
Seq(Fcn(rc; �c); Fcn(rp; �p))<dr; d�>

f(�215Æ < � ^ � < �145Æ)) (r < 1
2 _ r > 2)g

This formula describes the open-loop behaviour of the system. It asserts

that within a region close to a �180Æ phase shift, the gain is either small or

large relative to unit gain (0dB).4

Applying one of the cases of the sequencing tactic to the target formula

yields

fr = 1 ^ � = 0g
Fcn(rc; �c)<dr=rp; d�� �p>

f(�215Æ < � + �p ^ � + �p < �145Æ)) (r � rp < 1
2
_ r � rp > 2)g

together with the requirement that rp 6= 0. Then, applying the transfer

function tactic to the residual Hoare logic formula produces three formulas

of pure predicate logic:

rc = dr=rp

�c = d� � �p

(r = 1 ^ � = 0))
((�215Æ < (� + �c) + �p ^ (� + �c) + �p < �145Æ)) ((r � rc) � rp < 1

2
_ (r � rc) � rp > 2))

4This property corresponds to a naive rectangular exclusion region on a Nichols plot.
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The �rst and second formulas can be satis�ed by choosing appropriate values

for dr and d�. For the third formula, the values of r and � speci�ed by

the assumption can be substituted into the conclusion. The formula then

simpli�es to:

(�215Æ < �c + �p ^ �c + �p < �145Æ)) (rc � rp < 1
2 _ rc � rp > 2)

This, of course, is simply a constraint on the gain and phase shift of the

result of composing Gc and Gp.

Now,

rc � rp =

p
49!2 + 4

!
p
!4 + 38:5!2 + 1:5625

�c + �p = arctan

��2
7!

�
+ arctan

�
24!

4!2 + 5

�

= arctan

 �2
7!

+ 24!
4!2+5

1� �2
7!

24!
4!2+5

!

= arctan

 
�2(4!2 + 5) + 168!2

7!(4!2 + 5) + 48!

!

= arctan

 
160!2 � 10

28!3 + 83!

!

Also, in the range (�215Æ;�145Æ), tan is monotonically increasing, so it is

suÆcient to prove the following formula:

(tan(�215Æ) < tan(�c+�p)^ tan(�c+�p) < tan(�145Æ))) (rc�rp < 1
2 _ rc�rp > 2)

Using the fact that tan(�215Æ) is slightly greater than� 71
100

, and tan(�145Æ)
is slightly less than 71

100
, it is also suÆcient to prove:

(� 71
100 < tan(�c + �p) ^ tan(�c + �p) <

71
100)) (rc � rp < 1

2 _ rc � rp > 2)

Substituting for rc � rp and �c + �p yields:�
� 71

100
< 160!2�10

28!3+83!
^ 160!2�10

28!3+83!
< 71

100

�
)
� p

49!2+4

!

p
!4+38:5!2+1:5625

< 1
2
_

p
49!2+4

!

p
!4+38:5!2+1:5625

> 2
�

With suÆcient attention to side-conditions, this can be reduced to in-

equalities on polynomials in the frequency !. These inequalities are con-

straints on ! in order for the original Hoare logic formula to hold. Assuming

! > 0, the formula can be rewritten as:

(�71(28!3 + 83!) < 100(160!2� 10) ^ 100(160!2� 10) < 71(28!3+ 83!)))
(4(49!2+ 4) < !2(!4 + 38:5!2 + 1:5625) _ 49!2 + 4 > 4!2(!4 + 38:5!2 + 1:5625))
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This formula is within the scope of a decision procedure for elementary

real algebra. In fact, it lies within the sub-theory in which there are no

existentially quanti�ed variables.

Proofs of properties of closed-loop systems follow a similar course, but

are too complex to include in this paper. Any example involving the Loop

construct is best handled in a mechanised theorem proving system.

9 Adapting to Discrete-Time Systems

This work has addressed control systems in the continuous-time domain.

No substantive investigation of an analogous approach to discrete-time sys-

tems has been made, but it is possible to speculate on the similarities and

di�erences.

The gain and phase shift of atomic blocks may be di�erent in the discrete-

time domain, even for analogous functions. However, it appears that the

expressions for the composition of gain and phase for sequences, loops, and

summations, are the same in the discrete-time domain as in the continuous-

time domain. Matters are complicated when discrete and continuous blocks

are mixed. If a continous-time plant together with a preceding hold function

are taken as a unit, i.e. as a single discrete-time block, the complications

may be avoided.

Another di�erence from the continuous-time domain is that the theory

breaks down for frequencies that are high (or low?) relative to the sampling

frequency of the discrete-time system. This suggests that bounds will have

to be placed on the range of frequencies for which a property is required to

hold.

10 Conclusions and Future Work

This paper has proposed a framework for formally reasoning about the fre-

quency response of continuous-time control systems. The framework takes

the form of a Hoare-style logic, which is amenable to mechanisation in a the-

orem proving program. The logic is based around expressions for the gain

and phase shift of various control-system structures in terms of the gain and

phase shift of substructures.

The framework can be used to derive expressions for the gain and phase

of a control system. This goes beyond usual control engineering practice

because it can be used for symbolic values as readily as for numeric values.

Furthermore, using a Hoare-style logic o�ers more than calculation (numeric
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or symbolic): Constraints (typically inequalities) can be derived. This can

be easier than seeking exact values for gain and phase. The approach can

also be used in reverse to obtain constraints on the parameters of a controller

so as to achieve speci�ed behaviour of the overall system. The constraints

indicate to the control engineer the size of the design space in which (s)he is

working. Constraints may be derived for a particular frequency, a range of

frequencies, or for all frequencies. Unlike many frequency response analysis

methods, this approach is not limited to constraints that can be expressed

graphically. And all this is done within the rigors of a formal proof system.

The logic allows a system to be treated as a hierarchy of subsystems.

Properties of the full system may be proved from properties of the sub-

systems. This o�ers the potential to prove properties of commonly used

components or subsystems just once. When a subsystem is re-used, it may

not be necessary to do any further proof or derivation. Furthermore, the

subsystem may be parameterised, which makes re-use more feasible.

The logic might also be used to prove that certain transformations on

block diagrams preserve gain and phase properties.

One might argue that the full Hoare logic is unnecessary since the Com-

ponent Rule can be used to establish a property for a full system without

breaking it down into subcomponents (other than to compute the gain and

phase expressions). However, with such an approach there would be one

very complex veri�cation condition, which would likely be more diÆcult

to prove than the VCs generated by applying the other rules at the level

of individual transfer functions. Using the Component Rule on the whole

system also eliminates the option of using precondition strengthening and

postcondition weakening at the level of subcomponents, and it prevents the

component re-use proposed above.

There are many directions for further research:

� Since the Hoare rules seem to be independent of the de�nitions of lr, lt,

sr, and st, it may be that the language and logic could be generalised

to have a more abstract construct that takes two subcomponents and

combines the gain and phase values according to arbitrary functions

fr and f� (arbitrary to the extent of mapping two gain/phase values

to a new gain and phase value, respectively). Or it might be desirable

to restrict the functions so that they obey whatever algebra(s) lr, lt,

sr, and st obey.

� It might also be possible to have Hoare rules de�ned over signals in-

stead of over components. This might avoid the need to convert general

block diagrams into a tree-structured language like Cosy, but it is not
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immediately clear whether such a logic could represent the feedback

in loops.

� If it is necessary to transform general block diagrams for control sys-

tems into a more constrained representation in order for Hoare logic

to be used, then there remains the question of whether this can be

done, and, if so, how. Along with this, is the question of how logical

assertions can be included in block diagrams.

� The theory of Laplace transforms is well established, and we have

simply assumed it here, as we have no reason to doubt the results.

Nevertheless, for a complete formalisation in a mechanised theorem

prover, it might be desirable to develop the theory from �rst principles,

and prove the required results as theorems, instead of taking them as

assumptions.

� Ultimately, the aim is to develop a similar approach for discrete-time

control systems. Amongst other things, that would allow reason-

ing about the relationship between a continuous-time model and its

discrete-time equivalent.
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