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Abstract: Whilst the event of relevance is central to the Binary Independence Retrieval model, Language Modeling
focuses on the estimation of the document model. In this paper, we review the different past formulations of
the Language Modeling (query likelihood) approach. We find that these previous formulations largely ignore
relevance by making implicit or explicit assumptions. The main contribution of this work is an alternative
formulation that specifically relates relevance and language modeling in a sound probabilistic framework.
This leads to valuable insights into the application of Language Modeling to Information Retrieval, including
how the approach handles relevance information and how the approach can be further developed.

1 Introduction
The adaptation of statistical language modeling

techniques to ad hoc retrieval was proposed in 1998,
and is typically referred to as the Language Modeling
approach (Ponte and Croft, 1998). Since then a steady
stream of research into Language Modeling has been
generated (Miller et al., 1999; Hiemstra, 2001; Zhai
and Lafferty, 2001b; Azzopardi, 2005), and it has be-
come widely accepted as an effective and intuitive re-
trieval model. However, there have been some con-
cerns raised about how relevance is actually dealt with
in the model (Sparck-Jones et al., 2003; Robertson,
2005).

In traditional probabilistic retrieval models (such
as the Binary Independence Model (Robertson and
Sparck-Jones, 1976)), the question the system at-
tempts to answer is, “How probable is the event of
relevance given the document and the query?”. This
probability is denoted as P(r|d,q) which can not be
estimated directly. And so Bayes theorem is em-
ployed such that the probability of the document
given relevance and the query (i.e. P(d|r,q)) is es-
timated instead. Central to this estimate is the no-
tion of relevance, where the document score is condi-
tioned by relevance. This is important, because under
this decomposition the Probability Ranking Principle
(PRP) (Robertson and Sparck-Jones, 1977) is upheld,

which guarantees that the ranking is optimal.
In the Language Modeling approach, the sys-

tem answers an entirely different question, “What is
the probability that this query came from this docu-
ment?”. This probability is denoted P(q|d) and is of-
ten referred to as the query likelihood. Here, there
is no explicit event of relevance within the model. It
is therefore unclear how the PRP would be upheld.
Consequently, the model requires the following as-
sumption to be engaged: that the query likelihood is
correlated with a document’s relevance. This assump-
tion has lead to some criticism of the model and has
sparked a debate concerning the model’s theoretical
underpinnings (Sparck-Jones et al., 2003; Robertson,
2005). It has been suggested that without the explicit
event of relevance within the model, estimation of the
model when relevance feedback information is avail-
able is unclear and problematic (Sparck-Jones et al.,
2003)1. This criticism has yet to be adequately ad-
dressed.

In this paper, we provide an alternative formula-
tion of the language modeling approach that explicitly
defines relevance within the estimation of the query

1While there are a number of methods which can use
feedback for query expansion or query term re-weighting,
these methods do not update a model of relevance(Zhai and
Lafferty, 2001a; Hiemstra, 2002; Miller et al., 1999).



likelihood. This alternative formulation leads to a
better understanding of relevance within the LM ap-
proach, that not only that illuminates some of the lim-
itations of using the query likelihood, but also intro-
duces new directions in which to extend and further
develop the Language Modeling approach in a the-
oretically sound manner. The remainder of this pa-
per is structured as follows: In the next section, we
provide an overview of the different formulations of
Language Modeling for ad hoc retrieval. We explain
what implicit or explicit assumptions each formula-
tion makes regarding relevance and how this leads
to ranking based upon the query likelihood. Section
3 discusses these assumptions and their short com-
ings in addressing relevance. In section 4, we present
a different formulation of the query likelihood that
explicitly defines the event relevance within the lan-
guage modeling framework. This alternative involves
the application of the Theorem of Total Probability to
incorporate relevance and leads to two different ap-
proaches to estimating the query likelihood. In Sec-
tion 5, we consider various ways in which to estimate
the query likelihood under different interpretations. In
Section 6, we discuss how relevance feedback infor-
mation could be incorporated within these different
interpretations. Finally, we conclude the paper in Sec-
tion 7 with a summary of our contribution and direc-
tions for further research.

2 Background

There are four main query likelihood formulations
of the Language Modeling approach2 for ad hoc in-
formation retrieval which have been motivated from
different points of view. These were put forward by
Ponte and Croft (1998), Miller et al. (1999), Hiem-
stra (2001) and Lafferty and Zhai (2003). Each for-
mulation treats the notion of relevance within the lan-
guage modeling framework differently, but essentially
the ranking of documents is performed through the
same estimated probability - the probability of the
query being generated from the document, P(q|d). In
this section, we present a summary of each formu-
lation which contextualizes our contribution and we
shall use the following notation. Let d denote a docu-
ment, q denote the query, and let relevance be defined

2There are many other types of Language models such
as the relevance based language models (Lavrenko and
Croft, 2001) or loss functions (Zhai and Lafferty, 2004)
which provide a more complex view of relevance than sim-
ply treating relevance as binary random variable. Here, our
focus is solely on language models that rank according to
the probability of a query given a document i.e. P(q|d).

as a binary random variable where r denotes the event
of relevance and r̄ which denotes the event of non-
relevance. The query q is assumed to be composed
of a sequence of k query terms ti, i.e. q = {t1, . . . , tk}.
For document modeling, we adopt the popular multi-
nomial model (Hiemstra, 2001; Miller et al., 1999),
where the document is characterized by a distribution
over the vocabulary, i.e. the probability of term given
the document, P(ti|d).

2.1 Ponte and Croft’s Formulation

Ponte and Croft (1998) adapt language modeling from
statistical natural language processing and apply pre-
dictive text models to Information Retrieval. In this
seminal work, they use the probability of a query
given a document, P(q|d) to approximate the prob-
ability of a document given the query and relevance,
P(d|q,r). They arrive at this conclusion by first as-
suming that the probability P(d|q,r) can be approx-
imated by the probability of a document given the
query, P(d|q) (as shown in Equation 1). Through
the application of Bayes’ theorem in Equation 2, they
then obtain P(q|d).

P(d|q,r) ≈ P(d|q) (1)

P(d|q) =
P(q|d) ·P(d)

P(q)
(2)

∝ P(q|d) (3)

Here, the probability of the query, P(q), is a constant,
and the probability of the document, P(d), is assumed
to be constant for all documents. The final ranking
is therefore proportional to the P(q|d) as shown in
Equation 3.

The pivotal assumption, PC.A1 engaged is that
the P(q|d) is correlated with the probability of docu-
ment being relevant P(d|q,r) (Ponte and Croft, 1998).
The intuition behind the assumption is that a docu-
ment is more likely to be relevant if that document
is more likely to produce the query. This is a very
appealing argument, which Ponte and Croft (1998)
claim makes the Language Modeling approach an ex-
planatory model of retrieval. However, by engaging
this assumption, they largely side step the problems
associated with modeling relevance, and instead rely
upon the intuition and the demonstrated retrieval ef-
fectiveness of the approach to justify their claim.

2.2 Hiemstra’s Formulation

Hiemstra (2001) derivation of the query likelihood
is based on the direct application of statistical sam-
pling. Sampling is a concept found in most text books
on probability theory (Raktoe and Hubert, 1979) and



usually involves examples involving a bag (docu-
ment) and colored balls (terms). The analogy is as
follows: Imagine there is a set of documents d ∈ D,
where each document d is represented by a bag of
terms. First a document d is selected with probability
P(d). Then from that d, a term ti is selected at random
with probability P(ti|d). The term ti is recorded and
then replaced back into the bag (i.e. sampling with
replacement). This step is repeated k times and the
output becomes the query q = {t1, . . . , tk}.

Given q, we now ask the IR system which doc-
ument was most likely to have produced this query.
Documents are then ranked according to the joint
probability of a query and document, P(q,d) =
P(q|d) · P(d). Since the probability of a document
P(d) is assumed to be constant, the scoring for each
document is approximated by the query-likelihood
P(q|d). This is determined by sampling the query
terms from each document.

Under this formulation the notion of relevance is
not pivotal to the scoring and is in fact ignored all
together. Instead of making any claims about rele-
vance in the framework, Hiemstra (2001) seems to
suggests that the query likelihood is like a measure of
similarity, rather than an estimate of relevance. Con-
sequently, the Language Modeling approach is anal-
ogous to the Vector Space Model (Salton and Lesk,
1968), where the similarity between a query and doc-
ument is used to rank, as opposed to relevance.

2.3 Miller et al’s Formulation

Miller et al. (1999) derive the query likelihood ap-
proach from a different point of view. By viewing
the process of retrieval as a Hidden Markov Model
(HMM) they formulate the language model as fol-
lows: the observed data, q, is modeled as being the
output produced by passing the document through
some noisy channel. The analogy is as follows: The
noisy channel is the mind of the user, who is be-
lieved to have some notion of the ideal document i
that they want to retrieve and translates this notion
into the query q. Hence, the probability they attempt
to estimate is the probability that d was the relevant
document i, given that q was produced.

Up until this proposal, relevance was largely ig-
nored or implicitly assumed within the Language
Modeling framework. While this approach considers
relevance, it only really considers the case when there
is only one relevant document and we wish to find
that one. While this is seldom the case in practice,
Miller et al. (1999) advocate that this is a hypothe-
sis, “Was this the document the user had in mind?”.
Hence, documents are ranked in decreasing order of

the query likelihood as a means of quantifying how
probable this document was like the user’s ideal doc-
ument. Nonetheless, this is a different interpretation
of relevance, where Sparck-Jones et al. (2003) argue
that this posits that there is one and only one relevant
document i. This is an assumption (or limitation) of
the model (MLS.A1).

2.4 Lafferty and Zhai’s Formulation

An explicit notion of relevance in the Language Mod-
eling framework has been offered by Lafferty and
Zhai (2003). They argue that P(q|d) is proportional to
the Odds Ratio O(r|q,d) (see Equation 4). We present
their arguments below. As with traditional probabilis-
tic modeling the log odds ratio forms the basis of the
ranking and is computed by an approximation. In
traditional probabilistic models, Bayes’ Theorem is
applied to P(r|d,q) so that the document probability
P(d|r,q) is estimated. For the LM approach Bayes’
Theorem is applied to P(r|d,q) such that the focus is
on the query probability P(q|d,r), as shown in Equa-
tion 5. Mathematically the different decompositions
to formulate the traditional and language modeling
approaches are equivalent at this point. However, to
proceed to the query likelihood from Equation 5, two
assumptions are required.

logO(r|d,q) = log
P(r|d,q)
P(r̄|d,q)

(4)

= log
(

P(q|d,r) ·P(r|d)
P(q|d, r̄) ·P(r̄|d)

)
(5)

= log
P(q|d,r)
P(q|d, r̄)

+ log
P(r|d)
P(r̄|d)

(6)

∝ log
P(q|d,r)
P(q|r̄) + log

P(r|d)
P(r̄|d)

(7)

∝ logP(q|d,r)+ log
P(r|d)
P(r̄|d)

(8)

∝ logP(q|d,r)+ log
P(r)
P(r̄)

(9)

∝ logP(q|d,r) (10)
≈ logP(q|d) (11)

LZ.A1 The document and query events d and q
are independent given the non-relevance event
r̄. Mathematically, this conditional independence
assumption is denoted as:

P(d,q|r̄) = P(d|r̄) ·P(q|r̄) (12)

This implies the following:

P(q|d, r̄)= P(q|d, r̄)· P(d|r̄)
p(d|r̄) =

P(d,q|r̄)
P(d|r̄) = P(q|r̄)



which is applied in Equation 7. Because of this
assumption, the document dependent probability
P(q|d, r̄) reduces to the document independent
probability P(q|r̄). Since P(q|r̄) is constant for
all documents, it can be ignored for the purpose
of ranking, thus resulting in Equation 8.

LZ.A2 The document and relevance events, d and
r, respectively, are assumed to be independent.
Mathematically, this independence assumption is
captured as follows:

P(d,r) = P(d) ·P(r) (13)

From this assumption we obtain P(r|d) = P(r) by
dividing both sides of Equation 13 by P(d), and
similarly for the event of non-relevance. Assump-
tion LZ.A2 is applied in Equation 9. Note, this
assumption also implies P(r̄|d) = P(r̄).

In Equation 10, the prior probability of relevance
over the prior probability of non-relevance is dropped
from the ranking because it is constant and indepen-
dent of the document and query. Finally, Lafferty
and Zhai (2003) claim that the Odds Ratio is propor-
tional to the probability of query given the document
and the event of relevance. This argument is a much
stronger claim than assuming a correlation, one which
may not be entirely justifiable. In fact, Robertson
(2005) argued that the traditional probabilistic model
is not equivalent to the Language model, despite both
being derived from the same basis.

3 Analysis of Assumptions

The assumption (PC.A1) that the relevance of
a document is correlated with the likelihood of the
query being generated from that document is a conve-
nient way to simplify the LM approach, which does
not appear to be that problematic or radical at first.

Intuitively, we would expect the query terms to
be prevalent in the relevant documents, and not so
prevalent in non-relevant documents. That is, a good
match on query terms implies3 relevance (Sparck-
Jones et al., 2003). Under the formulation of Ponte
and Croft (1998) and Lafferty and Zhai (2003), it is
necessary for a correlation between the relevance of
a document and the probability P(q|d) to exist (i.e
PC.A1 and LZ.A3). Whilst it has been shown that
the correlation between the relevance of a document
and the query likelihood is reasonably strong, it has
also been shown that it does not always hold in prac-
tice (Azzopardi, 2005). Consequently, the PRP can
not be guaranteed as the ranking is based on the query

3implies as opposed to infers.

likelihood and not on the relevance of document given
the query.

Invoking such assumptions means that relevance
within the framework is not explicitly modeled and
so it is unclear how relevance information should be
handled. Even when relevance was considered by the
formulation put forward by Miller et al. (1999) with
the guise of the ideal document another problem sur-
faced stemming from MLS.A1; retrieval was focused
on finding the one (ideal) relevant document that pro-
duced the query. And so finding multiple relevant
documents is argued to be inappropriate under this
formulation (Sparck-Jones et al., 2003).

The first assumption LZ.A1 is based on the belief
that query terms are only likely from relevant docu-
ments and that the query terms are not likely from non
relevant documents. This assumption seems quite rea-
sonable. However, there are instances when this may
not be the case. For example, when a term has mul-
tiple meanings, then this premise would be violated,
and the assumption would not hold.

In Lafferty and Zhai (2003), there is no ratio-
nale provided for the second assumption LZ.A2. Pre-
sumably it was made for mathematical convenience,
but it introduces a questionable premise4. Dispens-
ing with the dependence between a document and rel-
evance (non-relevance) is inappropriate because this
prior will have a significant impact on ranking. Im-
plicitly, the notion of relevance is linked to the docu-
ment, i.e. either it is relevant or not. In fact, the rel-
evance based language models (Lavrenko and Croft,
2001), estimate the probability p(d|r) in order to rank
documents.

Nonetheless, there is one further assumption
which needs to be engaged that is more important.
The estimation of P(q|d,r) is assumed to be propor-
tional to P(q|d). This approximation means that an
implicit assumption (LZ.A3) is made, which is which
is similar to the assumption PC.A1, but instead of a
“correlation”, it is an “approximation”.

Since relevance is encoded via the document mod-
eling, there is a greater reliance on obtaining a “good”
estimation of the document language model. Ponte
(1998) posited that improving the document language
model should improve retrieval effectiveness. This
decomposition shows why this is a sound intuition,
because the generation of terms in reliant on the con-
ditional probability of the query given the document
(and it’s assumed relevance). So the only way to af-

4We acknowledge that Lafferty and Zhai (2003) are
aware that document priors are important to the ranking.
However, in the decomposition presented in Lafferty and
Zhai (2003), they have dispensed with these priors, in order
to obtain the desired outcome.



fect the document’s relevance is via the estimate of
the document language model.

The inclusion of relevance within the language
modeling approach relevance is acknowledged, but
not explicitly modeled. This means that it is difficult
to understand how relevance really fits into the model
because it is implicitly assumed (and, effectively, ig-
nored, at the operational level).

4 Alternative Formulation

So far, we have presented how relevance has been
considered within the different formulations of the
LM approach and pointed out some of their short
comings. The first formulation side stepped the is-
sue of relevance and assumed a correlation existed
(PC.A1). In the second formulation, there was no
assumptions of relevance, but instead suggested the
probability of a query given a document as measure
of similarity between query and document. The third
formulation placed a strict interpretation on the no-
tion of relevance within the model, whilst in the forth
formulation several assumptions are engaged in order
to show that the Odds Ratio can be estimated using
the probability of a query given a document. But still
need to engaged a similar assumption to PC.A1, i.e.
LZ.A3). However, none of these formulation ade-
quately explain the event of (non) relevance within
the LM framework. In this section, we present an ex-
planation of relevance within the Language Modeling
approach which does not rely on such assumptions or
correlations. This formulation is based on the The-
orem of Total Probability, and we believe provides a
much more satisfactory account of relevance within
the LM framework, which is simpler and more intu-
itive.

4.1 Theorem of Total Probability (TTP)

The theorem of the total probability is as follows:
Given an exhaustive space of disjoint events x, where
∑x P(x) = 1 and ∀ xi,x j P(xi,x j) = 0, we can ex-
press an event probability P(e) by:

P(e) = ∑
x

P(e|x) ·P(x) (14)

Apply this theorem to P(q|d), and we obtain:

P(q|d) = ∑
x

P(q|x,d) ·P(x|d) (15)

where two disjoint events representing relevance are
defined as x1 = r and x2 = r̄, such that:

P(q|d) = P(q|r,d) ·P(r|d)+P(q|r̄,d) ·P(r̄|d) (16)

Equation 16 simply relates the relevance-free
query probability P(q|d) to the relevance probabil-
ities. Thus, the probability P(q|d) is composed of
two parts. The contribution of the query given the
document being relevant P(q|r,d) and the probabil-
ity of query given the document being non-relevant
P(q|r̄,d), weighted by the prior probabilities of rel-
evance and non-relevance given a document, P(r|d)
and P(r̄|d), respectively.

Using the theorem of total probability to model
relevance within the language modeling framework
there is no necessity to resort to making correlations
or such strict assumptions about relevance. Intu-
itively, the decomposition in Equation 16 shows that
part of the query generated from the document will be
due to its relevance, whilst part of the query generated
from the document will be due to its non-relevance.
Now, if the prior probability P(r|d) in Equation 16 is
set to one, then:

P(q|d,r) = P(q|d) (17)

This syntactically relates the approximation used
in Lafferty and Zhai’s formulation (i.e Equation 10
to Equation 11 in Section 2.4). However, this means
that all documents are assumed to be relevant a priori.
This assumption about the a priori relevance of a doc-
ument, also asserts that the contribution from the non-
relevant component is negligible. This means that the
assumptions PC.A1 and LZ.A3 about the correlation
are in fact making a very strong assumption about the
relevance of a document.

Another way to derive the transition between
Equation 10 to Equation 11 in Section 2.4 is by divid-
ing both sides of Equation 10, by the P(r|q,d). After
some manipulation, we obtain:

1
P(n|d,q)

= P(q|d) (18)

This means that positive relevance feedback5 is
not possible under the model because there is no
provision to estimate the relevance, only the non-
relevance. This theoretical result confirms the doubt
expressed over encoding relevance feedback within
the model voiced by Sparck-Jones et al. (2003), where
it was argued that relevance feedback did not make
sense given the model.

4.2 Applications of TTP

Given the theorem of the total probability and the
events relevant and not relevant, there are, in prin-

5By relevance feedback, we mean updating the model
of relevance, as can be done in the Binary Independence
Model (Robertson and Sparck-Jones, 1976), as opposed to
query expansion or query term re-weighting.



ciple, two approaches to express the probability
P(q|d) = ∏t∈q P(t|d). Approach one is to apply the
theorem to term probabilities P(t|d), and approach
two is to apply the theorem to the query probability
P(q|d).

Micro Approach: Apply total probability to term
probabilities:

P(q|d) = ∏
t∈q

P(t|d)

= ∏
t∈q

[P(t|d,r) ·P(r|d)+P(t|d, r̄) ·P(r̄|d)]

(19)

Macro Approach Apply total probability to the
query probability:

P(q|d) = P(q|d,r) ·P(r|d)+P(q|d, r̄) ·P(r̄|d)

=

(
∏
t∈q

P(t|d,r)

)
·P(r|d)

+

(
∏
t∈q

P(t|d, r̄)

)
·P(r̄|d) (20)

The first approach views each term probabil-
ity P(t|d) as a combination of relevance and non-
relevance, while the second approach views the query
probability P(q|d) as a combination of relevance and
non-relevance. In Sections 5.2 and 5.3, we shall show
how relevance is explained in the LM framework un-
der these approaches brought about by this alternative
formulation.

5 Interpretations and Estimations

In this section, we explain how relevance is inter-
preted and the probabilities estimated. Before doing
so, we first we introduce the concept of linear decom-
position, which we employ as the basis of our expla-
nation. The application of linear decomposition en-
ables the estimation of the probabilities in the macro
and micro approaches.

5.1 Linear Decomposition of P(t|d,x)

The approaches in Equations 19 and 20 require
an estimate of conditional probabilities of the form
P(t|d,x), where x is a place holder for an events x := r
and x := r̄. Given an event space, where the overlap of
d and x is unknown, we apply the following approxi-
mation:

P(t|d,x) := δ ·P(t|d)+(1−δ) ·P(t|x)

The parameter δ reflects the representative power of a
single event d or x. As an extreme, consider t to be
distributed in d ∩ x as it is distributed in d alone (i.e.
P(t|d,x) = P(t|d)), then δ = 1.

5.2 Micro Approach: P(r|d) as the
mixture parameter

To relate the first approach (decomposition of term
probabilities) to LM, we view the probability P(r|d)
as the mixture parameter. Under this view, we have,
from a mathematical perspective, two options to reach
the standard estimate of the query likelihood. Essen-
tially the query likelihood is estimated by the joint
probability of the query terms given the document
language model P(q|d), where it is typically assumed
that query terms are independently and identically
drawn from the document. The probability of a term
given the document language model, is composed of a
two part mixture model. The estimate obtained under
the standard query likelihood takes the general form:

P(q|d) = ∏
t∈q

p(t|d) (21)

= ∏
t∈q

(
λ · P̂(t|d)+(1−λ) ·P(t|c)

)

where λ is the mixture parameter, P̂(t|d) is an es-
timate of the probability of a term in a document
(for instance, the maximum likelihood estimate), and
P(t|c) is the probability of the term t given the col-
lection c, which is used to not only combat the zero
probability problem, but improve the estimate of the
document model. Equation 22 defines the general LM
approach (Hiemstra, 2001; Miller et al., 1999; Zhai
and Lafferty, 2001b) used in practise (which we shall
refer to as the standard query likelihood approach).

Now, in order to relate the standard query like-
lihood estimate to the linear decomposition of rele-
vance within the language model, we have two op-
tions. Both yield this estimate of P(q|d), but make
different though related assumptions:
Option one: positive Set P(r|d) := λ and assume

P(t|d,r) := P̂(t|d) and P(t|d, r̄) := P(t|c). The
Figure 1 shows the derivation of how the the stan-
dard estimate maps to this option given the Micro
Approach.

Option two: negative Set P(r̄|d) := λ and assume
P(t|d, r̄) := P̂(t|d) and P(t|d,r) := P(t|c). Note,
that the Option two results in the standard esti-
mate of the query likelihood (i.e. Equation 22).
Each option makes certain assumptions about doc-

ument and the relevance events. The first options ex-
presses the intuition that there is a correlated between



P(q|d) = ∏t∈q( λ · P̂(t|d) + (1−λ) · P(t|c) )
= ∏t∈q( P(r|d) · P(t|d) + P(r̄|d) · P(t|r̄) )
= ∏t∈q( P(r|d) · P(t|d,r) + P(r̄|d) · P(t|d, r̄) )
= ∏t∈q( P(r, t|d) + P(r̄, t|d) )
= ∏t∈q( P(t|d) )

Figure 1: Derivation of the standard estimate from the Micro Approach under the Positive option.

a document and relevance (and thus positive), while
the second options expresses the opposite. We shall
explore each in turn.

Option 1: positive This assumes t to be condition-
ally independent of r, i.e. it assumes that t is dis-
tributed in d ∩ r as it is distributed in d. For each
term t, we assume d ∩ r = d, i.e. P(t|d,r) = P(t|d),
and d ∩ r̄ = r̄, i.e. P(t|d, r̄) = P(t|r̄), where P(t|r̄) is
approximated by P(t|c). This means that a term is
distributed in the conjunction of d ∩ r as it is dis-
tributed in d alone. If d ∩ r is empty (d is not rele-
vant), then the space (evidence) to estimate P(t|d,r)
is also empty, which questions the validity of the es-
timate. If d∩ r = d, then we have maximal evidence.
From this, we can argue that the assumption is reason-
able for a relevant document. The second assumption
means that t is distributed in d∩ r̄ as it is distributed in
r̄ overall, where r̄ is approximated by the collection c.
Essentially, this means that the collection is viewed as
a fair approximation of d∩ r̄ when looking at statistics
of t.

Option 2: negative This assumes t to be condi-
tionally independent of r̄, i.e. it assumes that t is dis-
tributed in d∩ r̄ as it is distributed in d. For each term
t, we assume d ∩ r̄ = d, i.e. P(t|d, r̄) = P(t|d), and
d ∩ r = c, i.e. P(t|d,r) = P(t|r), where P(t|r) is ap-
proximated by P(t|c). In option one, d was viewed
as a relevant document, but here d is viewed as a
non-relevant document, such that d∩ r̄ is the evidence
space, i.e. the assumption is reasonable if we assume
d is not relevant.

Given the two options, which is correct and which
assumptions are reasonable? Knowing about the rele-
vance implies the application of P(t|d,r) = P(t|d) for
relevant documents, and P(t|d, r̄) = P(t|d) for non-
relevant documents. In the first case, P(r̄|d) ·P(t|r)
compensates for the lack of knowledge about non-
relevance, and in the second case, P(r|d) ·P(t|r) com-
pensates for the lack of knowledge about relevance.
The collection serves either as an estimate of relevant
documents, or as an estimate of non-relevant docu-

ments, depending on the knowledge (feedback) we
have or assume for a particular document. Hence,
both options are “correct”, where option 1 is for the
case of positive relevance feedback and option 2 is for
the case of negative relevance feedback.

5.3 Macro Approach: P(r|d) as a meta
mixture parameter

Next, we view P(r|d) as a meta mixture parameter,
i.e. P(t|d,r) and P(t|d, r̄) might be estimated using
free mixture parameters (referred to as α and β in the
following), that do not need to be related to relevance.
Consider the mathematical expression showing the
meta-mixture P(r|d), and the mixtures for P(t|d,r)
and P(t|d, r̄).

P(q|d) = P(r|d)∏
t∈q

p(t|d,r)+P(r̄|d)∏
t∈q

p(t|d, r̄)

P(q|d) = P(r|d)∏
t∈q

(αP(t|d)+(1−α)P(t|r))

+ P(r̄|d)∏
t∈q

(βP(t|d)+(1−β)P(t|r̄))

Let us consider three options for missing rele-
vance.

Option one: optimistic Set P(r|d) := 1.0 where all
documents are assumed to be relevant a priori.
The derivation shown in Figure 2 shows how stan-
dard estimate can be mapped to this option.

Option two: pessimistic Set P(r|d) := 0.0, where
all documents are assumed to be non-relevant a
priori.

Option three: mixed Set P(r|d) := k where 0 < k <
1, where all documents are assumed to be a mix-
ture of relevant and non-relevant.

Option 1: optimistic Then, in the optimistic case,
P(t|d,r) alone affects P(q|d). To estimate P(t|r),
we view the collection to correspond to the relevance
event, i.e. we set r := c and view c as a token stream
of relevant documents (this coincides with the view
held by Roelleke and Wang (2006)).



P(q|d) = ∏t∈q( λ · P̂(t|d) + (1−λ) · P(t|c) )
= ∏t∈q( α · P̂(t|d) + (1−α) · P(t|c) )
= 1 · ∏t∈q( α · P̂(t|d) + (1−α) · P(t|c) ) + 0 · ∏t∈q ...
= p(r|d) · ∏t∈q( α · P(t|d) + (1−α) · P(t|r) ) + P(r̄|d) · ∏t∈q ...
= p(r|d) · ∏t∈q( P(t|d,r) ) + P(r̄|d) · ∏t∈q ...
= p(r|d) · P(q|d,r) + P(r̄|d) · P(q|d, r̄)

Figure 2: Derivation of the Macro Approach under the Optimistic option from the standard estimate.

Option 2: pessimistic In the pessimistic case,
P(t|d, r̄) alone affects P(q|d). Hence, the probabil-
ity of a term given non-relevance is approximated by
the probability of a term in the collection, i.e. we set
r̄ := c and view c as a token stream of non-relevant
documents. Note, that in both option 1 and 2 lead to
an explanation of the standard estimate.

Option 3: mixed In the mixed case, both P(t|d,r)
and P(t|d, r̄) affect P(q|d). The α is the mixing pa-
rameter which adjusts the relevance contribution of
the query from the document, and the β is the mix-
ing parameter which adjusts the non-relevance contri-
bution of the query from the document. The setting
of these parameters, along with p(r|d) can produce a
variety of different estimates for the query likelihood.
This provides the opportunity to explore a number of
new two stage models.

A special case of option 2 leads to the standard
estimate, if the probability of a term given relevance
and the probability of a term given non-relevance are
approximated by the probability of a term in the col-
lection, i.e. we set r := c and r̄ := c and view c
as a token stream of relevant and non-relevant docu-
ments, simultaneously. Then, if α = β, P(q|d,r) and
P(q|d, r̄) will be equal, and since p(r|d) = 1− p(r|d)
the final estimate is equivalent to the standard esti-
mate. However, derived from a completely different
view point.

To summarize, we have achieved a framework in
which we can interpret the relevance event, where the
collection approximates either relevant documents or
non-relevant documents, depending on whether we
consider positive or negative relevance feedback. This
provides an explanations for both cases, i.e. P(r|d) as
LM mixture parameter in section 5.2, and P(r|d) as
a meta-mixture parameter as considered here, which
provide sound explanations of how to view and inter-
pret the relevance event in the LM framework. The
explanations are sound for the assumptions we high-
lighted. The meta-mixture approach is more flexible
in the sense that a relevance-independent mixture for

each of the term probabilities P(t|d,r) and P(t|d, r̄) is
an inherent part of the model.

6 Discussion

In the previous section, we developed approaches
to include the relevance event into the language mod-
eling framework. The approaches are based on the
Theorem of Total Probability, and we explored differ-
ent angles of how this theorem could be applied. The
consequent usage of the theorem led to two decom-
positions: One we referred to as the Micro approach,
since the decomposition is applied to term probabil-
ities, and the other one, we referred to as the Macro
approach, since the decomposition is applied to query
probabilities.

We then used linear decomposition to outline how
these probabilities could be estimated. We focused on
showing how different approaches and options can be
approximated to obtain the standard query likelihood
estimate. This is because the empirical performance
using such an estimates has already be shown to be
state of the art (Miller et al., 1999; Hiemstra, 2001;
Zhai and Lafferty, 2001b). However, with different
probabilities and approximations many different esti-
mates could be obtained, other than this standard es-
timate. Without this theoretical framework, such ex-
tensions would not be possible. An interesting line
for future research is to explore the empirical perfor-
mance of the different estimates which can be derived
from these approaches.

Since the focus of this paper has been to ac-
count for relevance within the Language Modeling
framework, then it is necessary for us to comment
on how relevance feedback can be incorporated into
the model and how this would fit or change the stan-
dard query likelihood estimate. Let’s assume that
we have evidence such as judged (non)relevant doc-
uments, available which we can estimate the proba-
bility of a term given (non) relevance. How is this
new knowledge encoded within each of the different



interpretations and options? Specifically, given an es-
timate of P(t|r) or P(t|r̄) based on the feedback, how
can it be included?

In the Micro Approach, under the Positive Option,
the collection is viewed as a stream of relevant doc-
uments. Upon receiving positive relevance feedback
(i.e. a new estimate of p(t|r), there is no mechanism
for updating the query likelihood estimates because
of the assumption that P(t|d,r) = P(t|d) (i.e. we have
made the assumption that there is no dependency on
relevance. As a result, relevance feedback can not be
incorporated into the Micro - Positive estimate. How-
ever, non-relevance feedback could be included in the
model, because P(t|d, r̄) = P(t|r̄).

Table 1 summarizes whether P(t|r) or P(t|r̄) can
be updated under each approach and option taken,
when (non) relevance feedback is available. From
this table, we can see that only under the Macro Ap-
proach, using the Mixed Option, we get a situation
where both relevance and non-relevance feedback can
be incorporated. Every other option handles either,
one form of feedback, or the other. Also, we can see
that in the Micro-Positive Approach relevance feed-
back is not possible, while for the Macro-Positive Ap-
proach relevance feedback is possible, despite sharing
a similar view about relevant documents. And for the
Micro-Negative and Macro-Pessimistic approaches,
the former can not incorporate non-relevance feed-
back, while the later can.

Interestingly, that while we found in Section 3
the theoretical result that positive relevance feedback
could not be incorporated within the approach, we see
that under different interpretations and options that
both forms of feedback can be included. Whether
including this information would result in better re-
trieval performance though is a matter of empirical
investigation.

7 Conclusion

The main contribution of this paper is a formal-
ization of relevance within the Language Modeling
approach. This provides the basis on which we can
understand and interpret relevance within the model
without having to resort to make questionable as-
sumptions, such as the independence between the
document and relevance (LZ.A2) or relying on as-
sumed correlations (PC.A1, LZ.A3). This frees us
from the task of having to argue the semantic meaning
(correctness) of the assumptions when wishing to re-
late LM and the probability of relevance. Instead, the
underlying explanation relies upon the application of
the Theorem of Total Probability for expressing the

relevance independent query probability P(q|d) as a
linear combination P(q,r|d) + P(q, r̄|d). Intuitively,
part of the query generated from the document will be
due to its relevance, whilst part of the query generated
from the document will be due to its non-relevance.

By considering different approaches and options
on how to estimate these components we have shown
that the standard query likelihood estimate of the Lan-
guage Modeling approach can be derived in a number
of ways. While, this approach has already been exten-
sively tested in the literatureHiemstra (2001); Ponte
and Croft (1998); Miller et al. (1999); Zhai and Laf-
ferty (2001b)) , we have also provided the foundations
for developing alternative estimates of such Language
Models. These new directions include ways of incor-
porating relevance information in the LM approach
in a sound manner. While mathematically sound, we
need still to verify its effect on retrieval quality when
compared to traditional relevance feedback methods.

In conclusion, this paper covers the theoretical as-
pects of how the event of relevance can be considered
within the LM framework, where our formulation is
based on the application of the Theorem of the Total
Probability for the relevance event. Future work will
focus on an empirical study of this formulation and its
interpretations, and on the relationship of relevance in
LM and the Binary Independence Retrieval Model.
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