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Introduction

This is a qualification report concluding the first half of my Ph.D-enrollment
at the IT-University of Copenhagen. As such it is supposed to document some
of my work during that period as well as suggest possibilities for future work.
To document my work I have included a technical report providing the main
result of my work so far as well as an article presenting this result in a the-
oretical context. In addition to the herein presented material I am coauthor
on the technical report “Categorical models of PILL”, which can be seen as a
preliminary discussion to the article presented here, but my part in that work
is neither large nor isolated enough to include here. Future work is discussed in
a later section.

Outline

This qualification report consists of three parts:

1. A conference article on which I am a co-author, that was presented at
MFPS XXI. This article tries to tell at least three different stories at
once, one of them being that a concrete model can be obtained in the way
people believe it can. I have written out the details proving this belief to
be sound.

2. An excerpt from the technical report behind the conference article which
provides all the technical details. The excerpt includes only the chapter
on concrete models, as this is what I have written.

3. As the technical report is aimed researchers and other people experienced
in the field of domain theory, even this document skip over some details
of the more fundamental calculations. Therefor a document, aimed at
students, containing many of these has been included. Since this level
of detail mostly make sense in the first part (very few students know of
LAPL-structures yet) this last text only deals with the first part of the
technical report. This also serves to shorten this qualification report.

Future work

I here list a few possible directions for future work. I have ordered them such
that the first listed are the most concrete and accessible, with which I might
start right away, and the later listed require more conceptual development and
are more general and speculative.

LILY as an LAPL structure

In “Operational Properties of LILY, a Polymorphic Linear Lambda Calculus
with Recursion” Pitts and coworkers presented a version of PILLY called LILY
that has an operational semantics. This allows a definition of ground contex-
tual equivalence, which they manage to characterize through a concept called



>>-closed relations. This characterization is particular neat, from our point
of view, as it includes constructions on these relations corresponding to the
different constructions on types in the language. Moreover they obtain a para-
metricity result (albeit only for closed terms of closed types). Thus >>-closed
relations seem ideal as a notion of admissible relations in an LAPL-structure
based on terms identified by ground contextual equivalence. The existence of
such an LAPL-structure would prove at least two points: Firstly, the para-
metricity result would be extended to open terms and types and encompass all
the consequences of parametricity treated in our article. Secondly, the notion
of LAPL-model is rich enough to contain this model (which is not the image of
a completion process). This is already ongoing work.

Other types of effects

PILLY can be seen as linear logic with the added effect !, providing the possibil-
ity of non-linear terms. In order to move closer towards real life programming
languages, one would need to look at other types of effect. It is known, that
most effects can be encoded through continuations, and Andrzej Filinski has
shown that this is reflected at the level of monads. Thus an obvious step would
be to look at a language with continuations.

Another step, more directly aimed at reasoning about pointers, would be to
consider the connection to separation logic. A recent publication, “Semantics
of Separation-logic Typing and Higher-order Frame Rules”, of Birkedal Torp-
Smith and Yang featured a model of promising resemblance to what is presented
here.

Then one could move on to other languages, with sub typing in the type
system of Fω.

Study the concrete model

Since we are now provided with a concrete parametric model, we might as
well use it to answer as many questions as it can. During the ongoing work
mentioned above we have managed to add tensor to the language LILY (and
to its operational semantics) effectively turning it into PILLY . We thus have
an operational semantics of PILLY and can ask the questions of a given model
being adequate or fully abstract.

Since parametricity and full abstraction both have the effect of excluding
programs, it is an interesting question how close a parametric model is to being
fully abstract. We should thus ask if our concrete model is fully abstract.

We could also ask if it is adequate, and we could study the representation of
natural numbers. We proved those to be the Church numerals, but what about
functions of natural numbers or the rest of the hierarchy?

Building a bridge to operational semantics

A recent trend in compiler implementation is to propagate typing information
to lower and lower levels, the ultimate example being Typed Assembly Lan-



guage, in order to prove behavioral properties of the final code using techniques
such as parametricity. In “Stack-based typed assembly language” Morrisett
and coworkers presents a version of TAL using stacks, and in “A Simple Proof
Technique for Certain Parametricity Results” Crary proves a stack preservation
result using a simplified version of parametricity. It would be interesting to
attempt to streamline such arguments via our machinery. This would (at least)
involve an adequacy result and a translation from LILY (perhaps with tensor)
to something like TAL, preserving the parametricity result.

It would also be interesting to go the other way and look at translations into
LILY. LILY is Turing complete and its rich type theory allows encoding of many
commonly used type-constructs. It would be good to get a clear understanding
of which reasoning principles could be lifted from parametricity in LILY to the
encodings. Induction and co-induction principles seem likely candidates.

Another important task, that might greatly raise the impact of our work, is
to demonstrate the usefulness of PILLY as a metalanguage for domain theory.
Having provided a parametric model, the parametricity axiom of LAPL logic
has been proved sound. Thus one might enjoy the consequences of parametricity
whilst avoiding the heavy machinery of category theory and domain theory by
interpreting languages into PILLY (and showing adequacy). The task would be
to do this for an appropriate (interesting) language.

Understanding Parametricity

A conceptual goal would be to study the very formalization of parametricity.
Until now the effort at ITU has used a version of Abadi and Plotkin logic which
has been adapted to each individual language to reflect relational parametricity.
But relational parametricity seems to be an inadequate formalization once pro-
grams are not defined by their input-output relations alone, as happens when
effects are added (unless some sort of cps-translation can circumvent this). Thus
a comparison with other approaches, that are not built on relations or reflexive
graphs, such as that of Grossman, Morrisett and Zdancewic in “Syntactic Type
Abstraction” or Melliès and Vouillon in “Recursive polymorphic types and para-
metricity in an operational framework”, would be interesting. The connection
of the latter article with the >>-closed relations of Pitts should also be studied.
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Abstract

We present a formalization of a version of Abadi and Plotkin’s logic for parametricity
for a polymorphic dual intuitionistic / linear type theory with fixed points, and show,
following Plotkin’s suggestions, that it can be used to define a wide collection of
types, including solutions to recursive domain equations. We further define a notion
of parametric LAPL-structure and prove that it provides a sound and complete
class of models for the logic, and conclude that such models have solutions for a
wide class of recursive domain equations. Finally, we present a concrete parametric
LAPL-structure based on suitable categories of partial equivalence relations over a
universal model of the untyped lambda calculus.

Key words: Parametric polymorphism, Categorical semantics,
domain theory

1 Introduction

In this paper we show how to define parametric domain-theoretic models of
polymorphic intuitionistic / linear lambda calculus. The work is motivated
by two different observations, due to Reynolds and Plotkin.

In 1983 Reynolds argued that parametric models of the second-order lambda
calculus are very useful for modeling data abstraction in programming [24] (see
also [19] for a recent textbook description). For real programming, one is of
course not just interested in a strongly terminating calculus such as the second-
order lambda calculus, but also in a language with full recursion. Thus in loc.
cit. Reynolds also asked for a parametric domain-theoretic model of polymor-
phism [24]. Informally, what is meant [25] by this is a model of an extension
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no.: 56–00–0309.
2 Email: birkedal@itu.dk, mogel@itu.dk, rusmus@itu.dk
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of the polymorphic lambda calculus [23,10], with a polymorphic fixed-point
operator Y :

∏
α. (α→ α) → α such that

(i) types are modelled as domains, the sublanguage without polymorphism
is modelled in the standard way and Y σ is the least fixed-point operator
for the domain σ;

(ii) the logical relations theorem (also known as the abstraction theorem) is
satisfied when the logical relations are admissible, i.e., strict and closed
under limits of chains;

(iii) every value in the domain representing some polymorphic type is para-
metric in the sense that it satisfies the logical relations theorem (even if
it is not the interpretation of any expression of that type).

Of course, this informal description leaves room for different formalizations
of the problem. Even so, it has proved to be a non-trivial problem. Unpub-
lished work of Plotkin [21] indicates one way to solve the problem model-
theoretically by using strict, admissible partial equivalence relations over a
domain model of the untyped lambda calculus but, as far as we know, the
details of this relationally parametric model have not been worked out in de-
tail before. (We do that here.) In loc. cit. Plotkin also suggested that one
should consider parametric domain-theoretic models not only of polymorphic
lambda calculus but of polymorphic intuitionistic / linear lambda calculus,
since this would give a way to distinguish, in the calculus, between strict and
possibly non-strict continuous functions, and since some type constructions,
e.g., coproducts, should not be modeled in a cartesian closed category with
fixed points [11]. Indeed Plotkin argued that such a calculus could serve as a
very powerful metalanguage for domain theory in which one could also encode
recursive types, using parametricity. To prove such consequences of para-
metricity, Plotkin suggested to use a variant of Abadi and Plotkin’s logic for
parametricity [22] with fixed points.

Thus parametric domain-theoretic models of polymorphic intuitionistic /
linear lambda calculus are important both from a programming language per-
spective (for modeling data abstraction) and from a purely domain-theoretic
perspective.

Recently, Pitts and coworkers [20,2] have presented a syntactic approach
to Reynolds’ challenge, where the notion of domain is essentially taken to be
equivalence classes of terms modulo a particular notion of contextual equiva-
lence derived from an operational semantics for a language called Lily, which
is essentially polymorphic intuitionistic / linear lambda calculus endowed with
an operational semantics.

In parallel with the work presented here, Rosolini and Simpson [27] have
shown how to construct parametric domain-theoretic models using synthetic
domain-theory in intuitionistic set-theory. Moreover, they have shown how to
give a computationally adequate denotational semantics of Lily.

In the present paper we make the following contributions to the study of
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parametric domain-theoretic models of intuitionistic / linear lambda calculus:

• We present a formalization of Linear Abadi-Plotkin Logic with fixed points
(LAPL). The term language, called PILLY for polymorphic intuitionistic
/ linear logic (the Y stands for the fixed point combinator), is a simple
extension of Barber and Plotkin’s calculus for dual intuitionistic / linear
lambda calculus (DILL) with polymorphism and fixed points and the logic
is an extension of Abadi-Plotkin’s logic for parametricity with rules for
forming admissible relations. The logic allows for intuitionistic reasoning
over PILLY terms; i.e., the terms can be linear but the reasoning about
terms is always done intuitionistically. In LAPL we can give detailed proofs
of consequences of parametricity, including the solution of recursive domain
equations; these results and proofs have not been presented formally in the
literature before. We omit them here for reasons of space; they can be found
in the accompanying technical report.

• We give a definition of a parametric LAPL-structure, which is a categori-
cal notion of a parametric model of LAPL, with associated soundness and
completeness theorems.

• We present a definition of a concrete parametric LAPL-structure based on
suitable categories of partial equivalence relations over a universal model
of the untyped lambda calculus, thus confirming the folklore idea that one
should be able to get a parametric domain-theoretic model using partial
equivalence relations over a universal model of the untyped lambda calculus.

We remark that one can see our notion of parametric LAPL-structure as a
suitable categorical axiomatization of a good category of domains. In Ax-
iomatic Domain Theory much of the earlier work has focused on axiomatizing
the adjunction between the category of predomains and continuous functions
and the category of predomains and partial continuous functions [5, Page 7]
– here we axiomatize the adjunction between the category of domains and
strict functions and the category of domains and all continuous functions and
extend it with parametric polymorphism, which then suffices to model also
recursive types.

In the technical development, we make use of a notion of admissible re-
lations, which we axiomatize, since admissible may mean different things in
different models. We believe our axiomatization is reasonable in that it acco-
modates several different kinds of models, such as the classical one described
here and models based on synthetic domain theory [17].

The work presented here builds upon our previous work on categorical
models of Abadi-Plotkin’s logic for parametricity [3], which includes detailed
proofs of consequences of parametricity for polymorphic lamdba calculus and
also includes a description of a parametric completion process that given an
internal model of polymorphic lambda calculus produces a parametric model.
It is not necessary to be familiar with the details of [3] to read the present
paper (except for Appendix A of [3], which contains some definitions and
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theory concerning composable fibrations), but, for readers unfamiliar with
parametricity, it may be helpful to start with [3], since the proofs of conse-
quences of parametricity given here are slightly more sophisticated than the
ones in [3] because of the use of linearity.

In subsequent papers we intend to show how one can define a computation-
ally adequate model of Lily and how to produce parametric LAPL-structures
from Rosolini and Simpson’s models based on intutionistic set theory [27] (this
has been worked out at the time of writing [17]) and from Pitts and cowork-
ers operational models [2] (we conjecture that this is possible, but have not
checked all the details at the time of writing). As a corollary one then has that
the encodings of recursive types mentionend in [27] and [2] really do work out
(these properties were not formally proved in loc. cit.). We will also extend the
parametric completion process of [3] to produce a parametric LAPL-structure
given a model of polymorphic intuitionistic / linear lambda calculus, see [16].

For reasons of space, we have omitted many proofs from this paper. Further
details can be found in the accompanying technical report [4], which includes
proofs of all the properties stated herein. 3

1.1 Outline

The remainder of this paper is organized as follows. In Section 2 we present
LAPL, the logic for reasoning about parametricity over polymorphic intu-
itionistic / linear lambda calculus (PILLY ). In Section 3 we state some of
the main consequences of parametricity (see [4] for detailed proofs). In Sec-
tion 4 we present our definition of an LAPL-structure and show soundness
and completeness. In Section 5 we present our definition of a parametric
LAPL-structure and prove that one may solve recursive domains equations in
such. In Section 6 we present a concrete parametric LAPL-structure based
on partial equivalence relations over a universal domain model. To make the
model easier to understand, we first present a model of PILLY (without para-
metricity) and then show how to make it into a parametric LAPL-structure.
Moreover, as an example of how to calculate in the model, we characterize the
definable natural numbers object.

2 Linear Abadi-Plotkin Logic

In this section we define a logic for reasoning about parametricity for Poly-
morphic Intuitionistic Linear Lambda calculus with fixed points (PILLY ). The
logic is based on Abadi and Plotkin’s logic for parametricity [22] for the second-
order lambda calculus and thus we refer to the logic as Linear Abadi-Plotkin
Logic (LAPL).

3 The reader can find an online copy of the technical report at
www.itu.dk/people/birkedal/papers.
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The logic for parametricity is basically a higher-order logic over PILLY .
Expressions of the logic are formulas in contexts of variables of PILLY and
relations among types of PILLY . Thus we start by defining PILLY .

2.1 PILLY

PILLY is essentially Barber and Plotkin’s DILL [1] extended with polymor-
phism and a fixed point combinator.

Well-formed type expressions in PILLY are expressions of the form:

α1 : Type, . . . , αn : Type ` σ : Type

where σ is built using the syntax

σ ::= α | I | σ ⊗ τ | σ ( τ | !σ |
∏
α. σ,

and all the free type variables of σ appear on the left hand side of the turnstile.
The list of α’s is called the kind context, and is often denoted simply by Ξ or
α. We have included ⊗, I in the type system even though Plotkin’s original
idea was to define them using parametricity, since in models of the type system
these constructions are always required to exist.

The terms of PILLY are of the form:

Ξ | x1 : σ1, . . . , xn : σn;x′1 : σ′1, . . . , x
′
m : σ′m ` t : τ

where the σi, σ
′
j, and τ are well-formed types in the kind context Ξ. The list

x is called the intuitionistic type context and is often denoted Γ, and the list
x′ is called the linear type context, often denoted ∆. No repetition of variable
names is allowed in any of the contexts, but permutation akin to having an
exchange rule is. Due to the nature of the formation rules, weakening and
contraction can be derived for all but the linear context.

The grammar for terms is:

t ::= x | ? | Y | λ◦x : σ.t | t t | t⊗ t |!t | Λα : Type. t | t(σ) |
let x : σ ⊗ y : τ be t in t | let !x : σ be t in t | let ? be t in t

We use λ◦, which bear some graphical resemblance to (, to denote linear
function abstraction. And we use s, t, u. . . to range over terms.

The formation rules given are the standard ones for DILL [1], extended to
contexts with type variables, plus the standard rules for type abstraction and
type application and the axiom

Ξ | Γ;− ` Y :
∏
α. !(!α ( α) ( α.

Ξ | Γ; ∆ is considered well-formed if for all types σ appearing in Γ and ∆,
Ξ ` σ : Type is a well-formed type construction. ∆ and ∆′ are considered
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disjoint if the set of variables appearing in ∆ is disjoint from the set of variables
appearing in ∆′. We use − to denote an empty context. As the types of
variables in the let-constructions and function abstractions are often apparent
from the context, these will just as often be omitted.

The external equality relation on PILLY terms is the least equivalence
relation given by the rules of DILL [1] extended with an obvious rule for
Y and β- and η-rules for polymorphic types. We encode ordinary lambda
abstraction in the usual way by defining σ → τ =!σ ( τ and λx : σ. t =
λ◦y : !σ. let !x be y in t, where y is a fresh variable. Using this notation the
constant Y appears with the more familiar looking type Y : Πα. (α→ α) → α.

2.2 The logic

As mentioned, expressions of LAPL live in contexts of variables of PILLY and
relations among types of PILLY . The contexts look like this:

Ξ | Γ | R1 : Rel(τ1, τ
′
1), . . . , Rn : Rel(τn, τ

′
n),

S1 : AdmRel(ω1, ω
′
1), . . . , Sm : AdmRel(ωm, ω

′
m)

where Ξ | Γ;− is a context of PILLY and the τi, τ
′
i , ωi, ω

′
i are well-formed types

in context Ξ, for all i. The list of R’s and S’s is called the relational context
and is often denoted Θ. As for the other contexts we allow permutation, but
no repetion of variables.

The concept of admissible relations is taken from domain theory. Intu-
itively admissible relations relate ⊥ to ⊥, and are closed under least upper
bounds of chains.

It is important to note that there is no linear component ∆ in the contexts
— the point is that the logic only allows for intuitionistic reasoning about
terms of PILLY , whereas PILLY terms can behave linearly.

Propositions in the logic are given by the syntax:

φ ::= (t =σ u) | ρ(t, u) | φ ⊃ ψ | ⊥ | > | φ ∧ ψ | φ ∨ ψ |

∀α : Type. φ | ∀x : σ. φ | ∀R : Rel(σ, τ). φ | ∀S : AdmRel(σ, τ). φ |

∃α : Type. φ | ∃x : σ. φ | ∃R : Rel(σ, τ). φ | ∃S : AdmRel(σ, τ). φ

where ρ is a definable relation (to be defined below).

2.2.1 Definable relations

Definable relations, ranged over by ρ, are defined by rules below. Definable
relations always have a domain and a codomain, just as terms always have
types. The basic formation rules for definable relations are:

Ξ | Γ | Θ, R : Rel(σ, τ) ` R : Rel(σ, τ)
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Ξ | Γ, x : σ, y : τ | Θ ` φ : Prop

Ξ | Γ | Θ ` (x : σ, y : τ). φ : Rel(σ, τ)

Ξ | Γ | Θ ` ρ : AdmRel(σ, τ)

Ξ | Γ | Θ ` ρ : Rel(σ, τ)

Notice that in the second rule we can only abstract intuitionistic variables to
obtain definable relations. In the last rule, ρ : AdmRel(σ, τ) is an admissible
relation, to be discussed below. The rule says that the admissible relations
constitute a subset of the definable relations.

An example of a definable relation is the graph relation of a function:
〈f〉 = (x : σ, y : τ). fx =τ y, for f : σ ( τ . The equality relation eqσ is defined
as the graph of the identity map.

If ρ : Rel(σ, τ) is a definable relation, and we are given terms of the right
types, then we may form the proposition stating that the two terms are related
by the definable relation:

Ξ | Γ | Θ ` ρ : Rel(σ, τ) Ξ | Γ;− ` t : σ, s : τ

Ξ | Γ | Θ ` ρ(t, s)
(1)

We shall also write tρs for ρ(t, s).

We introduce some shorthand notation for reindexing of relations. For
f : σ′ ( σ, g : τ ′ ( τ and ρ : Rel(σ, τ), we write (f, g)∗ρ for the definable
relation

(x : σ′, y : τ ′). ρ(f x, g y).

2.2.2 Constructions on definable relations

In this subsection we present some constructions on definable relations, which
will be used to give a relational interpretation of the types of PILLY . We define
(, ∀, !, and ⊗ on relations in such a way that they make LinAdmRelations
— a category of relations introduced in Section 4 — into a linear category,
i.e., a model of PILLY .

If ρ : Rel(σ, τ) and ρ′ : Rel(σ′, τ ′), then we may construct a definable relation

(ρ ( ρ′) : Rel((σ ( σ′), (τ ( τ ′)),

defined by

ρ ( ρ′ = (f : σ ( σ′, g : τ ( τ ′).∀x : σ.∀y : τ. ρ(x, y) ⊃ ρ′(fx, gy).

If
Ξ, α, β | Γ | Θ, R : AdmRel(α, β) ` ρ : Rel(σ, τ)

is well-formed and Ξ | Γ | Θ is well-formed, Ξ, α ` σ : Type, and Ξ, β ` τ : Type
we may define

Ξ | Γ | Θ ` ∀(α, β,R : AdmRel(α, β)). ρ : Rel((
∏
α. σ), (

∏
β. τ))
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as

(t :
∏
α : Type. σ, u :

∏
β : Type. τ).∀α, β : Type.∀R : AdmRel(α, β). ρ(tα, uβ).

For ρ : Rel(σ, τ), we seek to define a relation !ρ : Rel(!σ, !τ). First we define for
any type σ the proposition (−) ↓ on σ as

x ↓ ≡ ∃f : σ ( I. f(x) =I ?.

This definition is due to [9]. The intuition here is that since we have fixed
points we may think of types as domains, and so x ↓ is thought of as x 6= ⊥.

We further define the map ε : !σ ( σ as λ◦x : !σ. let !y be x in y = λx : σ. x.
We can now define

!ρ = (x : !σ, y : !τ). x ↓⊃⊂ y ↓ ∧(x ↓⊃ ρ(εx, εy)).

Following the intuition of domains, ! is to be thought of as lifting, and ε the
unit providing the unlifted version of an element. The formula then expresses
that either both x and y are ⊥ or they are both lifted elements whose unlifted
versions are related.

Next we will define the tensor product of ρ and ρ′

ρ⊗ ρ′ : Rel((σ ⊗ σ′), (τ ⊗ τ ′)),

for ρ : Rel(σ, τ) and ρ′ : Rel(σ′, τ ′). The basic requirement on the definition
is that ⊗ should become a left adjoint to ( in the category of relations
LinAdmRelations to be introduced in Section 4. To give a concrete def-
inition satisfying this requirement, we take a slightly long route. We first
introduce the map

f : σ ⊗ τ (
∏
α. (σ ( τ ( α) ( α

defined as

f x = let x′ ⊗ x′′ : σ ⊗ τ be x in Λα. λ◦h : σ ( τ ( α. h x′ x′′.

Then we define

ρ⊗ ρ′ = (f, f)∗(∀(α, β,R : AdmRel(α, β)). (ρ ( ρ′ ( R) ( R),

or, if we write it out, ρ⊗ ρ′ =

(x : σ ⊗ σ′, y : τ ⊗ τ ′).∀α, β,R : AdmRel(α, β).∀t : σ ( τ ( α, t′ : σ′ ( τ ′ ( β.

(ρ ( ρ′ ( R)(t, t′) ⊃ R(let x′ ⊗ x′′ be x in t x′ x′′, let y′ ⊗ y′′ be y in t′ y′ y′′).

The reason for this seemingly convoluted definition, is that we will later prove,
using parametricity, that σ⊗ τ is isomorphic to

∏
α. (σ ( τ ( α) ( α, and
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we already have a relational interpretation of the latter. The idea of using
this definition of ⊗ is due to Alex Simpson.

Similarly, to define the relation IRel : AdmRel(I, I) we define the map f : I (∏
α. α ( α as λ◦x : I. let ? be x in id , where id = Λα. λ◦x : α. x and define

IRel = (f, f)∗(∀(α, β,R : AdmRel(α, β)). R ( R),

which, if we write it out, is

(x : I, y : I).∀(α, β,R : AdmRel(α, β)).∀z : α,w : β.

zRw ⊃ (let ? be x in z)R(let ? be y in w).

2.2.3 Admissible relations

The key notion used in Reynolds definition of relational parametricity [24]
is the relational interpretation of a type. The relational interpretation of a
type with n free variables is a function taking n relations and returning a
new relation. However, we will not require that this function is defined on
all vectors of relations, but only that it is defined on vectors of “admissible
relations”. On the other hand this function should also return admissible
relations. Since “admissible” might mean different things in different settings,
we axiomatize the concept of admissible relations.

The axioms for admissible relations are formulated in Figure 1. In the last
of these rules ρ ≡ ρ′ is a shorthand for ∀x, y. ρ(x, y) ⊃⊂ ρ′(x, y).

Proposition 2.1 The admissible relations contains all graphs and are closed
under the constructions of Section 2.2.2.

Now, finally, we may give the last formation rule for definable relations:

α1, . . . , αn ` σ(α) : Type Ξ | Γ | Θ ` ρ1 : AdmRel(τ1, τ
′
1), . . . , ρn : AdmRel(τn, τ

′
n)

Ξ | Γ | Θ ` σ[ρ] : AdmRel(σ(τ ), σ(τ ′))

We call σ[ρ] the relational interpretation of the type σ.

Remark 2.2 Observe that σ[ρ] is a syntactic construction and is not obtained
by substitution as in [3]. Still σ[ρ1/α1, . . . , ρn/αn] might be a more complete
notation, but this quickly becomes overly verbose. In [22] σ[ρ] is to some
extent defined inductively on the structure of σ, but in our case that is not
enough, since we will need to form σ[ρ] for type constants (when using the
internal language of a model of LAPL). We capture the inductive definitions
in axioms.

2.2.4 Axioms and Rules

Having specified the language of LAPL, it is time to specify the axioms and
inference rules. We have all the usual axioms and rules of predicate logic plus

9
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Ξ | Γ | Θ, R : AdmRel(σ, τ) ` R : AdmRel(σ, τ)

Ξ | Γ | Θ ` eqσ : AdmRel(σ, σ)

Ξ | Γ | Θ ` ρ : AdmRel(σ, τ) Ξ | Γ;− ` t : σ′ ( σ, u : τ ′ ( τ x, y /∈ Γ

Ξ | Γ | Θ ` (x : σ′, y : τ ′). ρ(t x, u y) : AdmRel(σ′, τ ′)

Ξ | Γ | Θ ` ρ, ρ′ : AdmRel(σ, τ) x, y /∈ Γ

Ξ | Γ | Θ ` (x : σ, y : τ). ρ(x, y) ∧ ρ′(x, y) : AdmRel(σ, τ)

Ξ | Γ | Θ ` ρ : AdmRel(σ, τ) x, y /∈ Γ

Ξ | Γ | Θ ` (y : τ, x : σ). ρ(x, y) : AdmRel(τ, σ)

Ξ | Γ | Θ ` ρ : AdmRel(σ, τ)

Ξ | Γ | Θ `!ρ : AdmRel(!σ, !τ)

x, y /∈ Γ

Ξ | Γ | Θ ` (x : σ, y : τ).> : AdmRel(σ, τ)

Ξ | Γ | Θ ` ρ : AdmRel(σ, τ) Ξ | Γ | Θ ` φ : Prop x, y /∈ Γ

Ξ | Γ | Θ ` (x : σ, y : τ). φ ⊃ ρ(x, y) : AdmRel(σ, τ)

Ξ, α | Γ | Θ ` ρ : AdmRel(σ, τ) Ξ | Γ | Θ Ξ ` σ : Type Ξ ` τ : Type x, y /∈ Γ

Ξ | Γ | Θ ` (x : σ, y : τ).∀α : Type. ρ(x, y) : AdmRel(σ, τ)

Ξ | Γ, z : ω | Θ ` ρ : AdmRel(σ, τ) x, y /∈ Γ

Ξ | Γ | Θ ` (x : σ, y : τ).∀z : ω. ρ(x, y) : AdmRel(σ, τ)

Ξ | Γ | Θ, R : AdmRel(ω, ω′) ` ρ : AdmRel(σ, τ) x, y /∈ Γ

Ξ | Γ | Θ ` (x : σ, y : τ).∀R : AdmRel(ω, ω′). ρ(x, y) : AdmRel(σ, τ)

Ξ | Γ | Θ, R : Rel(ω, ω′) ` ρ : AdmRel(σ, τ) x, y /∈ Γ

Ξ | Γ | Θ ` (x : σ, y : τ).∀R : Rel(ω, ω′). ρ(x, y) : AdmRel(σ, τ)

Ξ | Γ | Θ ` ρ : AdmRel(σ, τ), ρ′ : Rel(σ, τ) Ξ | Γ | Θ | > ` ρ ≡ ρ′

Ξ | Γ | Θ ` ρ′ : AdmRel(σ, τ)

Fig. 1. Rules for admissible relations

the axioms and rules specified below. There are obvious rules for substitution
of terms, definable relations, and types for variables, relation variables, and
type variables.

The rules for universal and existential quantification over types, terms,
and relations, are standard.

As usual, external equality implies internal equality, and there are obvious
rules expressing that internal equality is an equivalence relation.

Intuitively admissible relations should relate ⊥ to ⊥ and we need an axiom

10
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stating this. In general, we will use (−) ↓ as the test for x 6= ⊥.

Ξ | Γ | Θ ` ρ : Rel(!σ, !τ), ρ′ : AdmRel(!σ, !τ) x, y /∈ Γ

Ξ | Γ | Θ | ∀x : σ, y : τ. ρ(!x, !y) ⊃ ρ′(!x, !y) `

∀x : !σ, y : !τ. x ↓⊃⊂ y ↓⊃ (ρ(x, y) ⊃ ρ′(x, y))

(2)

We have rules concerning the interpretation of types as relations:

α ` αi : Type Ξ | Γ | Θ ` ρ : AdmRel(τ , τ ′)

Ξ | Γ | Θ | > ` αi[ρ] ≡ ρi

α ` σ ( σ′ : Type Ξ | Γ | Θ ` ρ : AdmRel(τ , τ ′)

Ξ | Γ | Θ | > ` (σ ( σ′)[ρ] ≡ (σ[ρ] ( σ′[ρ])

α ` σ ⊗ σ′ : Type Ξ | Γ | Θ ` ρ : AdmRel(τ , τ ′)

Ξ | Γ | Θ | > ` (σ ⊗ σ′)[ρ] ≡ (σ[ρ]⊗ σ′[ρ])

Ξ | Γ | Θ ` ρ : AdmRel(τ , τ ′)

Ξ | Γ | Θ | > ` I[ρ] ≡ IRel

α `
∏
β. σ(α, β) : Type Ξ | Γ | Θ ` ρ : AdmRel(τ , τ ′)

Ξ | Γ | > ` (
∏
β. σ(α, β))[ρ] ≡ ∀(β, β′, R : AdmRel(β, β′)). σ[ρ, R])

α `!σ : Type Ξ | Γ | Θ ` ρ : AdmRel(τ , τ ′)

Ξ | Γ | Θ | > ` (!σ)[ρ] ≡!(σ[ρ])

Here ρ ≡ ρ′ is shorthand for ∀x, y. xρy ⊃⊂ xρ′y.

If the definable relation ρ is of the form (x : σ, y : τ). φ(x, y), then ρ(t, u)
should be equivalent to φ with x, y substituted by t, u:

Ξ | Γ, x : σ, y : τ | Θ ` φ : Prop Ξ | Γ;− ` t : σ, u : τ

Ξ | Γ | Θ | > ` ((x : σ, y : τ). φ)(t, u) ⊃⊂ φ[t, u/x, y]

Finally, we need an axiom stating parametricity of the fixed point combinator:

Ξ | Γ;− | Θ ` Y (
∏
α. (α→ α) → α)Y

2.2.5 Extensionality and Identity Extension Schemas

The following two schemas are called extensionality schemas:

(∀x : σ. t x =τ u x) ⊃ t =σ(τ u

(∀α : Type. t α =τ u α) ⊃ t =∏
α : Type.τ u.

Lemma 2.3 It is provable in the logic that

∀f, g : σ → τ. (∀x : σ. f(!x) =τ g(!x)) ⊃ ∀x : !σ. f(x) =τ g(x).

11
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In particular, extensionality implies

∀f, g : σ → τ. (∀x : σ. f(!x) =τ g(!x)) ⊃ f =σ→τ g

The schema

− | − | − ` ∀α : Type. σ[eqα] ≡ eqσ(α)

is called the identity extension schema. Here σ ranges over all type ex-
pressions.

For any type β, α1, . . . , αn ` σ(β,α) we can form the parametricity
schema:

− | − | − ` ∀α∀u : (
∏
β. σ).∀β, β′.∀R : AdmRel(β, β′). (u β)σ[R, eqα](u β′),

where, for readability, we have omitted : Type after β, β′, and eqα is short
notation for eqα1

, . . . , eqαn
. It is easy to show that the identity extension

schema implies the parametricity schema.

3 Proofs in LAPL

In LAPL one can make formal proofs of the definability of a wide collection of
types, including recursive types, as suggested by Plotkin [21]. We have written
out all the proofs in detail, but do not have space to include them here. They
can be found in the accompanying technical report [4].

The main result is

Theorem 3.1 Suppose α ` σ(α) : Type is a type in pure PILLY . There ex-
ists a closed type rec α. σ and a pair of terms f : rec α. σ ( σ(rec α. σ),
g : σ(rec α. σ) ( rec α. σ, such that the identity extension schema implies
that f ◦ g =σ(rec α.σ)(σ(rec α.σ) idσ(rec α.σ) and g ◦ f =rec α.σ(rec α.σ id rec α.σ.

4 LAPL-structures

In this section we introduce the notion of an LAPL-structure. An LAPL-
structure is a model of LAPL.

First, however, we call to mind what a model of PILL (PILL is PILLY

without the term Y ) is and how PILL is interpreted in such a model (for
a full description of models for PILL and interpretations in these, see e.g.
[18,14,1,13]).

A model of PILL is a fibred symmetric monoidal adjunction

LinType

p
&&MMMMMMMMMM

G

11⊥ Type
Fqq

yyttttttttt

Kind,

12
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such that LinType is fibred symmetric monoidal closed; the tensor in Type
is a fibred cartesian product; Type is equivalent to the category of finite
products of free coalgebras; Kind is cartesian; p has a generic object and
simple products with respect to projections forgetting Ω, where Ω is p of the
generic object. See [14] for detailed explanation of this definition.

Recall that PILL is interpreted in such models as follows. A type σ is inter-
preted as an object [[σ]] ∈ LinType and we interpret a term α | x : σ; x′ : σ′ `
t : τ as a morphism

![[σ1]]⊗ . . .⊗![[σn]]⊗ [[σ′1]]⊗ . . .⊗ [[σ′m]] ( [[τ ]]

in LinType, where ! = FG. Of course, [[!σ]] =![[σ]]. Notice that we denote the
morphisms in LinType by (. Further recall that the intuitionistic part of the
calculus, that is, the terms in the calculus with no free linear variables, can be
interpreted in Type. For suppose we are given such a term Ξ | x : σ;− ` t : τ.
Then the interpretation of this term in LinType is

[[Ξ | x : σ;− ` t : τ ]] : ⊗i![[Ξ | σi]] ( [[Ξ | τ ]].

Since ⊗i![[Ξ | σi]] ∼= F (
∏

iG([[Ξ | σi]])) (F can be proved to be strong) and
! = FG, we have, using the adjunction F a G, that such a term corresponds
to

[[Ξ | x : σ;− ` t]]Type :
∏

iG([[σi]]) → G([[τ ]])

in Type.

Finally, a model of PILLY is a model of PILL, which models a fixed point
operator

Y : Πα. (α→ α) → α

Definition 4.1 A pre-LAPL-structure is

(i) a schema of categories and functors

Prop

r

��
LinType

p
**UUUUUUUUUUUUUUUUUU

66Type
vv

%%JJJJJJJJJ
� � I // Ctx

q

��
Kind

such that
• the diagram

LinType

p
&&MMMMMMMMMM

G

11⊥ Type
Fqq

yyttttttttt

Kind
is a model of PILLY .
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• q is a fibration with fibred finite products
• (r, q) is an indexed first-order logic fibration which has products and

coproducts with respect to projections Ξ×Ω → Ξ in Kind [3], where Ω
is p applied to the generic object of p. See Remark 4.2 below.

• I is a faithful product-preserving map of fibrations.

(ii) a contravariant morphism of fibrations:

LinType×Kind LinType U //

**TTTTTTTTTTTTTTTT Ctx

zzuuuuuuuuu

Kind

(iii) a family of bijections

ΨΞ : HomCtxΞ
(ξ, U(σ, τ)) → Obj (Propξ×I(G(σ)×G(τ)))

for σ and τ in LinTypeΞ and ξ in CtxΞ, which
• is natural in the domain variable ξ
• is natural in σ, τ
• commutes with reindexing functors; that is, if ρ : Ξ′ → Ξ is a morphism

in Kind and u : ξ → U(σ, τ) is a morphism in CtxΞ, then

ΨΞ′(ρ
∗(u)) = (ρ̄)∗(ΨΞ(u))

where ρ̄ is the cartesian lift of ρ.
Notice that Ψ is only defined on vertical morphisms.

Remark 4.2 We ask for the pair (r, q) to be an indexed first order logic fi-
bration. This means that for each object Ξ in Kind, the restriction of r to the
fibre over Ξ is a first order logic fibration, and the structure commutes with
reindexing. We further require that (r, q) have simple products and coprod-
ucts, which means that the logic models quantification over types. Further
note that, really, U is uniquely defined by the requirements on the rest of the
structure so we will often refer to a pre-LAPL structure simply as the diagram
in item 1.

By contravariance of the fibred functor U we mean that U is contravariant
in each fibre.

We now explain how to interpret a subset of LAPL in a pre-LAPL struc-
ture. The subset of LAPL we consider at this stage is LAPL without admis-
sible relations and without the relational interpretation of types.

We interpret the full contexts of the considered subset of LAPL in the
category Ctx as follows. A context

Ξ | x1 : σ1, . . . xn : σn | R1 : Rel(τ1, τ
′
1), . . . , Rm : Rel(τm, τ

′
m)

14
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is interpreted as ∏
i IG([[σi]])×

∏
j U([[τj]], [[τ

′
j]]),

where the interpretations of the types is the usual interpretation of types in
LinType → Kind.

For notational convenience we shall write [[Ξ | Γ | Θ ` t : τ ]] for the inter-
pretation of t in Ctx, that is for I([[Ξ | Γ;− ` t : τ ]]Type)◦π (note the subscript
Type), where π is the projection π : [[Ξ | Γ | Θ]] → [[Ξ | Γ | −]] in Ctx.

The propositions in the logic are interpreted in Prop in the standard
manner of categorical logic.

Definable relations with domain σ and codomain τ in contexts Ξ | Γ | Θ are
interpreted as maps from [[Ξ | Γ | Θ]] into U([[σ]], [[τ ]]). The definable relation
Ξ | Γ | Θ, R : Rel(σ, τ) ` R : Rel(σ, τ) is interpreted as the projection, and
[[Ξ | Γ | Θ ` (x : σ, y : τ). φ : Rel(σ, τ)]]

Ψ−1([[Ξ | Γ, x : σ, y : τ | Θ ` φ]]).

We now define the interpretation of ρ(t, s), for a definable relation ρ and terms
t, s of the right types. First, for Ξ | Γ | Θ ` ρ : Rel(σ, τ), we define

[[Ξ | Γ, x : σ, y : τ | Θ ` ρ(x, y)]] = Ψ([[Ξ | Γ | Θ ` ρ : Rel(σ, τ)]]).

Next, if Ξ | Γ ` t : σ, s : τ , then [[Ξ | Γ | Θ ` ρ(t, s)]] equals

〈〈π, 〈[[Ξ | Γ | Θ ` t]], [[Ξ | Γ | Θ ` s]]〉〉, π′〉∗[[Ξ | Γ, x : σ, y : τ | Θ ` ρ(x, y)]],

where π, π′ are the projections π : [[Ξ | Γ | Θ]] → [[Ξ | Γ]] and π′ : [[Ξ | Γ | Θ]] →
[[Ξ | − | Θ]].

To interpret admissible relations, we will assume that we are given a sub-
functor V of U , i.e., a contravariant functor V with domain and codomain as U
and a natural transformation V ⇒ U whose components are all monomorphic.
Thus, for all σ, τ , we can consider V (σ, τ) as a subobject of U(σ, τ). We think
of V (σ, τ) as the subset of all admissible relations (since the isomorphism Ψ
allows us to think of U(σ, τ) as the set of all definable relations).

We may interpret the logic containing admissible relations by interpreting
S : AdmRel(σ, τ) as V ([[σ]], [[τ ]]). Admissible relations are interpreted as maps
into V ([[σ]], [[τ ]]). For this to make sense we need, of course, to make sure
that the admissible relations in the model (namely the relations that factor
through the object of admissible relations) in fact contain the relations that
are admissible in the logic. We need to assume that of the functor V .

Definition 4.3 A pre-LAPL structure together with a subfunctor V of U is
said to model admissible relations, if V is closed under the rules of Fig-
ure 1 and Rule 2 holds.

Given a pre-LAPL structure modelling admissible relations, we may define a

15
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fibration

LinAdmRelations

��
AdmRelCtx ,

which we think of as a model of admissible relations. We first define the
category AdmRelCtx by the pullback

AdmRelCtx

〈∂0,∂1〉
��

// Ctx

��
Kind×Kind

× // Kind.

We write an object Θ in AdmRelCtx over (Ξ,Ξ′) as Ξ,Ξ′ | Θ. The fiber of
LinAdmRelations over an object Ξ,Ξ′ | Θ is

objects triples (φ, σ, τ) where σ and τ are objects in LinType over
Ξ and Ξ′ respectively and φ is an admissible relation, i.e. a
vertical map

φ : Θ → V (π∗σ, π′∗τ)

in Ctx.

morphisms A morphism (φ, σ, τ) → (ψ, σ′, τ ′) is a pair of morphisms

(t : σ ( σ′, u : τ ( τ ′)

in LinTypeΞ and LinTypeΞ′ respectively, such that

Ψ(φ) ≤ Ψ(V (t, u) ◦ ψ)),

where we have left the inclusion of V into U implicit.

Reindexing with respect to vertical maps ρ : Θ → Θ′ in Ctx is done by compo-
sition. Reindexing objects of LinAdmRelations with respect to lifts of maps
in Kind×Kind is done by reindexing in the fibration Ctx → Kind. Reindex-
ing of morphisms in LinAdmRelations with respect to maps in Kind×Kind
is done by reindexing each map in LinType → Kind. This defines all reindex-
ing since all maps in AdmRelCtx can be written as a vertical map followed
by a cartesian map.

Remark 4.4 In the internal language, objects of LinAdmRelations are ad-
missible relations

Ξ; Ξ′ | Θ ` ρ : AdmRel(σ, τ).

A vertical morphims in LinAdmRelations from ρ : AdmRel(σ, τ) to ρ′ : AdmRel(σ′, τ ′)
is a pair of morphisms f : σ ( σ′, g : τ ( τ ′ in LinType such that in the
internal language the formula

∀x : σ, y : τ . ρ(x, y) ⊃ ρ′(f x, g y)

holds.

16
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There exist two canonical maps of fibrations:
LinAdmRelations

��
AdmRelCtx

 ∂0 //

∂1

//


LinType

��
Kind

 .

On the base category ∂0, ∂1 map an object Ξ,Ξ′ | Θ to Ξ and Ξ′ respectively.
On the total category they map (φ, σ, τ) to σ and τ respectively. In words, ∂0

and ∂1 map a relation to its domain and codomain respectively.

Lemma 4.5 If we define AdmRelations to be the category of finite products
of coalgebras [14], we obtain a PILL-model

LinAdmRelations

))SSSSSSSSSSSSSS 00⊥ AdmRelations
pp

vvmmmmmmmmmmmmm

AdmRelCtx

and two maps of PILL-models ∂0, ∂1.

Proof. The proof proceeds essentially by verifying that the constructions on
definable relations given in Section 2.2.2 make the fibration

LinAdmRelations → AdmRelCtx

into a fibred linear category with generic object V ([[α ` α : Type]], [[α ` α : Type]]).
Notice that since V is closed under the rules of Figure 1, Proposition 2.1 tells
us that the constructions on definable relations of Section 2.2.2 indeed do
define operations on LinAdmRelations → AdmRelCtx. 2

Definition 4.6 An LAPL-structure is a pre-LAPL-structure modeling ad-
missible relations, together with a map of PILL-models J from

LinType

&&MMMMMMMMMM 11⊥ Type
qq

yyttttttttt

Kind

to

LinAdmRelations

))SSSSSSSSSSSSSS 00⊥ AdmRelations
pp

vvmmmmmmmmmmmmm

AdmRelCtx

such that when restricting to the fibred linear categories, J together with ∂0, ∂1

is a reflexive graph, i.e., ∂0 ◦ J = ∂1 ◦ J = id.

In the following, we will often confuse J with the map of fibred linear categories
from LinType → Kind to LinAdmRelations → AdmRelCtx.

17
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We need to show how to interpret the rule

α1, . . . , αn ` σ(α) : Type Ξ | Γ | Θ ` ρ1 : AdmRel(τ1, τ
′
1), . . . , ρn : AdmRel(τn, τ

′
n)

Ξ | Γ | Θ ` σ[ρ] : AdmRel(σ(τ ), σ(τ ′))

in LAPL-structures.

One can show that, since J preserves products in the base and generic
objects, J([[α ` σ(α)]]) is a relation from σ(α) to σ(β) in context [[α; β |
R : AdmRel(α,β)]]. It thus makes sense to define [[α,β | − | R : AdmRel(α,β) `
σ[R]]] to be J([[α | σ(α)]]), so all we need to do now is to reindex this ob-
ject. We reindex it to the right Kind context using 〈τ , τ ′〉 : [[Ξ]] → Ω2n, thus
obtaining

[[Ξ | − | R : AdmRel(τ , τ ′) ` σ[R] : Rel(σ(τ ), σ(τ ′))]].

For Ξ | Γ | Θ ` ρ : AdmRel(τ , τ ′), we define

[[Ξ | Γ | Θ ` σ[ρ] : AdmRel(σ(τ ), σ(τ ′))]] =

[[Ξ | − | R : AdmRel(τ , τ ′) ` σ[R]]] ◦ [[Ξ | Γ | Θ ` ρ : AdmRel(τ , τ ′)]].

where by [[Ξ | Γ | Θ ` ρ : AdmRel(τ , τ ′)]] we mean the pairing

〈[[Ξ | Γ | Θ ` ρ1]], . . . , [[Ξ | Γ | Θ ` ρn]]〉.

Soundness and completeness can then be proved by lengthy but fairly
standard calculations.

Theorem 4.7 (Soundness) The interpretation given above of LAPL in LAPL-
structures is sound.

Theorem 4.8 (Completeness) There exists an LAPL-structure with the
property that any formula of LAPL over pure PILLY holds in this model iff it
is provable in LAPL.

5 Parametric LAPL-structures

Definition 5.1 A parametric LAPL-structure is an LAPL-structure with
very strong equality in which identity extension holds in the internal logic.

Recall that very strong equality implies extensionality. We ask that identity
extension and extensionality hold because this means that all the results from
Section 3 apply to the internal logic of the LAPL-structure. Strong equality is
used to conclude that properties proved in the internal logic also hold exter-
nally. This means that we can solve recursive domain equations in parametric
LAPL-structures. In the following we will explain what this means exactly.

Suppose α ` σ is a type in pure PILLY . We may split the occurences of
α in σ into positive and negative obtaining a type α, β ` σ(α, β) such that α
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occurs only negatively and β only positively. Such a type induces a functor
which is contravariant in the first variable and covariant in the second, in the
sense that there exists a term

M :
∏
α, α′, β, β′. (α′ ( α) → (β ( β′) → (σ(α, β) ( σ(α′, β′))

preserving composition and identities (this is much as in [22]). Such a term
induces a fibred functor

LinTypeop ×Kind LinType //

))RRRRRRRRRRRRRR LinType

{{xxxxxxxx

Kind

The category LinTypeop ×Kind LinType is the fibrewise product of the cat-
egory obtained by taking the fibrewise opposite category of LinType and
LinType. In general, we will call such fibred functors polymorphically strong
if there exists a corresponding type σ and term as above in the internal lan-
guage of the model (i.e. not necessarily in pure PILLY ).

A solution to a domain equation induced by such a functor F is a family
(τΞ)Ξ indexed over Ξ in Kind closed under reindexing such that F (τΞ, τΞ) ∼=
τΞ, i.e., a family of fixed points for the functor.

Theorem 5.2 For parametric LAPL-structures every polymorphically strong
fibred functor as above has a family of fixed points closed under reindexing.

The fixed points are constructed as follows. In the special case of α ` σ
where α occurs only positively in σ, σ can simply be considered a fibred functor

LinType //

&&NNNNNNNNNNN LinType

xxppppppppppp

Kind.

As a result of parametricity, such a functor has an initial algebra µα. σ =∏
α. (σ ( α) ( α and a final coalgebra να. σ =

∏
β. (

∏
α. (!(α ( σ(α)) ⊗

α ( β)) ( β. Plotkin noticed that using the fixed point combinator Y one
can show that initial algebras and final coalgebras coincide. This situation
called is algebraic compactness and has been studied by Freyd [7,6,8], who
has shown that in such categories general bifree solutions to recursive domain
equations exist, and are given as the type τ constructed by

τ ′′(α) = µβ. σ(α, β)

τ ′ = να. σ(τ ′′(α), α)

τ = τ ′′(τ ′)

The generalisation to polymorphically strong fibred functors means that we
can solve recursive domain equations involving types modelled in the language
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which may not exist in pure PILLY . This could be interesting for example in
the case of models with a type for real numbers.

6 A parametric domain-theoretic model of PILLY

In this section we present a concrete parametric LAPL-structure based on
partial equivalence relations over a universal domain model. To make it easier
to understand the model, we first present a model of PILLY (without para-
metricity) and then show how to make it into a parametric LAPL-structure.

Let D be a pointed ω-chain-complete partial order such that we have
Φ: D → [D → D] and Ψ: [D → D] → D, both Scott-continuous and satisfy-
ing Φ ◦Ψ = id[D→D], where [D → D] denotes the cpo of continuous functions
from D to D. An admissible partial equivalence relation on D is a partial
equivalence relation R on D that is strict (relates ⊥D to ⊥D) and ω-chain
complete.

We write PER(D) for the standard category of partial equivalence rela-
tions overD and AP(D) for the full subcategory of PER(D) on the admissible
pers. The category AP(D)⊥ of admissible pers and strict continuous func-
tions is the full-on-objects subcategory of AP(D) with only those morphisms
[f ] : R→ S that have a strict continuous realizer.

Theorem 6.1 The category AP(D) is a cartesian closed category, with ccc-
structure defined as in PER(D), and AP(D)⊥ is a cartesian sub-category of
AP(D). The category AP(D)⊥ is symmetric monoidal closed. There is an
obvious forgetful functor U : AP(D)⊥ → AP(D), which has a left adjoint L.
The adjunction L a U is monoidal.

The L functor is of course a lifting functor. Define two fibrations UFam(AP(D)) →
Set and UFam(AP(D)⊥) → Set of uniform families of admissible pers in the
same way as one standardly defines the fibration of uniform families of per’s
(see, e.g., [12]). The functors L and U easily lift to fibred functors between
these two fibrations:

UFam(AP(D)⊥)
U

00

q
((QQQQQQQQQQQQ ⊥ UFam(AP(D))

Lpp

p
wwnnnnnnnnnnnn

Set.

(3)

The set Ω = Obj(AP(D)⊥) = Obj(AP(D)) is a split generic object of the
fibration q, and the fibration q has Ω-products satisfying the Beck-Chevalley
condition given by intersections of admissible pers.

Theorem 6.2 The diagram (3) constitutes a model of PILLY .

Proof. Given the preceding results it only remains to verify that (1) the
structure in the diagram models the polymorphic fixed point combinator and
that (2) UFam(AP(D)) is equivalent to the category of products of free
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coalgebras of UFam(AP(D))⊥. For (1), the required follows, as expected, by
taking Y to be the equivalence class of the fixed-point operator on D, since the
pers are strict and complete. For (2), observe that by general considerations
it suffices to show that UFam(AP(D)) is equivalent to the coKleisli category
of the adjunction L a U , but this follows from the fact that U is a forgetful
functor and since UFam(AP(D)) has products. 2

6.1 The LAPL-structure

In this section, we introduce a parametric version of the thus far constructed
model. It is essentially obtained through a parametric completion process
such as the one described in [26,3] for internal λ2 models. We end up with the
following diagram of categories and functors:

Fam(Sub(Set))

��
PFam(AP(D)⊥)

((QQQQQQQQQQQQQ
U

44PFam(AP(D))

��

L
tt

� � I // Fam(Set)

vvmmmmmmmmmmmm

PAP(D)

(4)

which, together with a functor V , constitutes a parametric LAPL structure.

The two leftmost fibrations are defined from the two fibrations in (3) in
essentially the same manner as the fibration in [12, Proposition 8.6.3] is de-
fined from the standard fibration of uniform families of pers. The objects of
PAP(D) are natural numbers. Objects in fibres are now families of admis-
sible pers together with families of admissible relations, which are taken to
be regular subobjects in AP(D)⊥. To make it a bit more precise, first recall
that a regular subobject in AP(D)⊥ of an object R in AP(D)⊥ is a set of
equivalence classes of R such that, when considered as a per, it forms an ad-
missible per. A type in PFam(AP(D)⊥) with n free type variables is then a
pair (fp, f r) where

• fp is a map of objects (Obj(AP(D)⊥))n → Obj(AP(D)⊥)

• f r is a map, that to two vectors of objects of AP(D)⊥ associates maps of
subobjects f r ∈

ΠR,S∈(Obj(AP(D)⊥))n

(
Πj∈{1,...,n} RegSub(Rj × Sj) → RegSub(fp(R)× fp(S))

)
satisfying that it maps equality relations to equality relations, that is:

∀R ∈ (Obj(AP(D)⊥))n. f r(R,R)(EqRj
) = Eqfp(R).

Over n, the fibration Fam(Set) contains (Obj(AP(D)⊥))n-indexed families
of sets and functions between such. The functor I takes a family of admis-
sible pers and relations (fp, f r) to the family of sets of equivalence classes of
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the admissible pers, i.e., I(fp, f r) : (Obj(AP(D)⊥))n → Set maps R to the
set of equivalence classes of fp(R). Using Fam(Sub(Set)) → Fam(Set) to
model families of predicates corresponds to the intuitive idea that predicates
on types, i.e., on admissible pers and relations, are simply modelled by subsets
of equivalence classes of the admissible pers. The V functor takes admissible
pers and relations to the set of subsets of equivalence classes of the admissible
pers that correspond to regular subobjects in AP(D)⊥. Long calculations
then verify:

Theorem 6.3 The diagram (4) together with the functor V is a parametric
LAPL-structure.

Observe that the fibre PFam(AP(D)⊥)0 over the terminal object in PAP(D),
which corresponds to closed types and terms, is equivalent to the fibre UFam(AP(D)⊥)
(likewise for PFam(AP(D))). Thus the closed types in the parametric model
are modeled in the same way as in the simple model in (3).

6.2 Example of Calculations in the Model

We consider the type

Nat = [[
∏
α. (α ( α) → α ( α]].

Arguing as for Theorem 5.2 we can show that Nat is a natural numbers object
in the fibre of PFam(AP(D)⊥) → PAP(D) over the terminal object. We
present a concrete description of Nat. By definition d(Nat)d′ iff for all admis-
sible pers R,S and admissible relations A ⊂ R× S, all f, g : (A ( A) and all
(x, y) ∈ A

(d f x, d′ g y) ∈ A.
The domain of Nat contains the elements ⊥ = λfλx.⊥ and n = λf. λx. fn(x),
in particular 0 = λfλx. x.

Lemma 6.4 Suppose n ≤ m. Then n = m.

Proof. Consider the two functions f, g : D → D given by f(d) = 〈d, ι〉, and
g being the first projection. Both are continuous and since g ◦ f = id , f
is injective. Define the sequence of elements xn = fn(⊥). This sequence is
strictly increasing. Now, if n ≤ m then

xn = n f ⊥ ≤ m f ⊥ = xm

so n ≤ m. Further,

xm−n = n g xm ≤ m g xm = ⊥

so m = n. 2

Corollary 6.5 The per
{{⊥}} ∪ {{n} | n}
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is admissible.

Proposition 6.6 Suppose d(Nat)d. Then either d = ⊥ or d = n.

Proof. Consider the discrete admissible per D = {{d} | d ∈ D}. Then given
f, x consider the admissible relation R : AdmRel(Nat, D) given by

⊥R⊥, ∀n. nR(fn(x)).

R is admissible, simply because it contains no interesting increasing chains.
Clearly (succ, f) : R ( R, so

R(d succ 0, d f x),

i.e., if d succ 0 = ⊥, then d f x = ⊥ for all f, x, and if d succ 0 = n for some
n, then d f x = fn(x), for all f, x. In both cases, d succ 0 = d. From the
definition of R we see that there are no other possibilities for d succ 0. 2

Proposition 6.7 Suppose d(Nat)d′, then d = d′.

Proof. We saw in the above proof that d = d succ 0. By considering the
admissible relation R : AdmRel(Nat,Nat) given by

⊥R⊥, ∀n. nRn

we conclude that d succ 0 = d′ succ 0, and so d = d′. 2
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Parametric Domain-theoretic models of Linear Abadi & Plotkin
Logic

Lars Birkedal
Rasmus Ejlers Møgelberg

Rasmus Lerchedahl Petersen

Abstract

We present a formalization of a linear version of Abadi and Plotkin’s logic for parametricity for
a polymorphic dual intuitionistic / linear type theory with fixed points, and show, following Plotkin’s
suggestions, that it can be used to define a wide collection of types, including solutions to recursive
domain equations. We further define a notion of parametric LAPL-structure and prove that it provides a
sound and complete class of models for the logic. Finally, we present a concrete parametric parametric
LAPL-structure based on suitable categories of partial equivalence relations over a universal model of
the untyped lambda calculus.

Contents

1 Introduction 93

1.1 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

2 Linear Abadi-Plotkin Logic 95

2.1 PILLY . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

2.1.1 Equality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

2.1.2 Ordinary lambda abstraction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

2.2 The logic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

2.2.1 Definable relations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

2.2.2 Constructions on definable relations . . . . . . . . . . . . . . . . . . . . . . . . . . 101

2.2.3 Admissible relations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

2.2.4 Axioms and Rules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

2.2.5 Admissible relations preserved by structure maps . . . . . . . . . . . . . . . . . . . 108

2.2.6 Extensionality and Identity Extension Schemes . . . . . . . . . . . . . . . . . . . . 109

3 Proofs in LAPL 110

3.1 Logical Relations Lemma . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

3.2 A category of linear functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

3.3 Tensor types . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

91



3.4 Unit object . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

3.5 Initial objects and coproducts . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

3.6 Terminal objects and products . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

3.7 Natural Numbers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

3.7.1 Induction principle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

3.8 Types as functors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

3.9 Existential types . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

3.10 Initial algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

3.11 Final Coalgebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

3.12 Recursive type equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

3.12.1 Parametrized initial algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130

3.12.2 Dialgebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

3.12.3 Compactness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132

3.13 Recursive type equations with parameters . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

4 LAPL-structures 136

4.1 Soundness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146

4.2 Completeness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149

5 Parametric LAPL-structures 152

5.1 Solving recursive domain equations in parametric LAPL-structures . . . . . . . . . . . . . . 152

5.2 Parametrized recursive type equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

6 Concrete Models 156

6.1 The connection to CUPERs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159

6.2 Lifting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159

6.3 Going fibred . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161

6.4 A domain-theoretic model of PILL . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162

6.5 A parametric domain-theoretic model of PILL . . . . . . . . . . . . . . . . . . . . . . . . . 163

92



6 Concrete Models

In this section we describe a parametric LAPL structure based on admissible pers over a universal domain
as advocated by Plotkin [22]. Pers are known to model the typedλ-calculus, and admissible pers further
facilitates a fixed point operator.

As noted in Section 4, to model PILL one has to provide a fibred symmetric monoidal adjunction. We do
this by constructing a regular symmetric monoidal adjunction and then define the fibration pointwise.

The standard example is a lifting functor and a forgetful functor. This is also the case here albeit slightly
obfuscated, as lifting is coded in the language of the universal domain. This is an adaptation of [13].

Finally, to be able to model polymorphism, the entire construction is done fibred. Parametricity is then
ensured by a yet-to-be-described completion process, but first we present the “clean” version:

LetD be a reflexive cpo, i.e. a pointedω-chain-complete partial order such that we have

Φ: D → [D → D] and Ψ: [D → D] → D,

both Scott-continuous and satisfying
Φ ◦Ψ = id[D→D]

where [D → D] denotes the cpo of continuous functions fromD to D. We assume, without loss of
generality, that bothΦ andΨ are strict. It is standard that there exists strict continuous functions

〈·, ·〉 : D ×D → D, π : D → D and π′ : D → D,

such that for alld, d′ ∈ D:
π〈d, d′〉 = d and π′〈d, d′〉 = d′.

We useı to denoteΨ(id[D→D]). Notice thatΦ(ı) = id[D→D].

Definition 6.1. An admissible partial equivalence relation onD is a partial equivalence relationR onD
satisfying

strict ⊥DR⊥D,

ω-chain complete For (xn)n∈ω and(yn)n∈ω ω-chains inD:

(∀n ∈ ω.xn R yn) ⇒
⊔
n∈ω

xn R
⊔
n∈ω

yn,

Definition 6.2. ForR andS pers onD, define the set ofequivariant functions from R to S as

F(R,S) = {f ∈ [D → D]|x R y ⇒ f(x) S f(y)}

and the set ofstrict equivariant functions from R to S as

F(R,S)⊥ = {f ∈ F(R,S)|f(⊥D) = ⊥D}.

NoteF(R,S)⊥ ⊆ F(R,S).

Definition 6.3. ForR andS pers onD, define onF(R,S) orF(R,S)⊥ the equivalence relation'R,S by

f 'R,S g ⇔ ∀d ∈ D. d R d⇒ f(d) S g(d)
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We writePER(D) for the category of partial equivalence relations overD. Recall that it has partial equiva-
lence relations overD as objects and that a morphism[f ] : R→ S is an equivalence class inF(R,S)/ 'R,S .
Elements of[f ] are calledrealizers for [f ].

Definition 6.4. We define the categoryAP(D) of admissible partial equivalence relations overD as the
full subcategory ofPER(D) on the admissible pers.

Lemma 6.5. There is a faithful functorClasses : AP(D) → Set mapping an admissible per to the set of
equivalence classes and an equivalence class of realizers to the map of equivalence classes they induce.

Proof. This is well-defined since to realizers are equivalent precisely when they define the same map of
equivalence classes.

Theorem 6.6. The categoryAP(D) is a sub-cartesian closed category ofPER(D).

Proof. We recall the constructions. It is straightforward to verify that the resulting pers are admissible. The
terminal object1 is the admissible per defined by

d 1 d′ ⇔ d = ⊥D = d′.

The binary product ofR andS is
〈d1, d2〉 R× S 〈d′1, d′2〉

m
d1 R d′1 ∧ d2 S d

′
2

This is an exhaustive description, understood that only pairs are related in the product. The exponential of
R andS, SR, is given by

d SR d′ ⇔ Φ(d) 'R,S Φ(d′).

Definition 6.7. The categoryAP(D)⊥ of admissible pers and strict continuous functions is the full-on-
objects subcategory ofAP(D) with morphisms[f ] : R→ S equivalence classes inF(R,S)⊥/ 'R,S .

Note that inAP(D)⊥, morphisms are required to have astrict continuous realizer.

Theorem 6.8. AP(D)⊥ is a cartesian sub-category ofAP(D).

Proof. Obvious using thatπ, π′, and〈·, ·〉 are strict.

Theorem 6.9. The categoryAP(D)⊥ is symmetric monoidal closed.

Proof. The tensor ofR andS is

〈d1, d2〉 R⊗ S 〈d′1, d′2〉
m

〈d1, d2〉 R× S 〈d′1, d′2〉
∨(

d1 R d1 ∧ d2 S d2 ∧ d′1 R d′1 ∧ d′2 S d
′
2 ∧

(d1 R ⊥D ∨ d2 S ⊥D) ∧ (d′1 R ⊥D ∨ d′2 S ⊥D)

)
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This complicated looking definition is most easily understood through the functorClasses: The equivalence
classes of the tensor product are those of the product with the modification that all pairs where one of the
coordinates are related to⊥D has been gathered in one big equivalence class. It can thus be seen as a
quotient of the product.

The unit of the tensorI is defined by

dId′ ⇔ d = d′ = ⊥D ∨ d = d′ = 〈ı,⊥D〉.

This definition is not taken out of the blue.I is actually in the image of a lifting functor to be defined later.
Notice the “if construct” onI, which will be available on all lifted relations:

d I d ⇒ d = ⊥D ∨ d = 〈ı,⊥D〉
⇒ π(d) = ⊥D ∨ π(d) = ı
⇒ Φ(π(d)) = ⊥[D→D] ∨ Φ(π(d)) = id[D→D]

Thus ford I d, Φ(π(d))(d′) can be read as “ifd 6= ⊥D thend′ else⊥D”. We will use this to construct
realizers.

The exponential ofR andS,R ( S, is given by

d R ( S d′ ⇔ d SR d′ ∧ (d′′ R ⊥D ⇒ Φ(d)(d′′) S ⊥D S Φ(d′)(d′′))

The proof consist of a series of straightforward verifications.

For later use we shall mention how regular subobjects look in this category. We useA � R to express that
A is a regular subobject ofR, if R is an admissible per.

Lemma 6.10.
A � R⇔ Classes(A) ⊆ Classes(R) ∧A ∈ obj(AP(D)⊥)

Proof. In PER(D) there is a standard way of constructing an equalizer out of a subset of the equivalence
classes. This also works here, and the image of an equalizer is easily seen to be admissible. Thus all regular
subobjects have a representative, which is tracked by the identity onD.

We also need to know the following fact about admissible pers

Lemma 6.11. If I is an arbitrary set, and for alli ∈ I,Ri is an admissible per overD then⋂
i∈I

Ri

is an admissible per overD.

Proof. We intersect relations, which may be seen as sets of pairs. Thus we have the following equation

d
⋂
i∈I

Ri d
′ ⇔ ∀i ∈ I. d Ri d

′

which makes the statement obvious, as allRi are admissible.
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6.1 The connection to CUPERs

In [1] Amadio and Curien show how complete uniform pers over a universal domain allows on to solve
domain equations on the per level. As we claim, the same is true for admissible pers, a comparison is
natural.

There are, however, some technical issues which makes this a little difficult.

Cupers are defined over a universal solution to the domain equation

D = T (D) = (D ⇀ D) + (D ×D)

In the categoryCPOip of pointed directed complete partial orders and injection-projection pairs. It is known
thatD is then the colimit of theωop-chain

⊥ = 0
! // T0

T ! // T 20
T 2! // . . .

DenotingTn0 byDn we have by the cocone property fo eachn the diagram:

Dn
in

55C D

jntt

Definingpn = in ◦ jn : D → D we can define a cuper onD as a relationR ⊆ D ×D such that

• If A ⊆ R andA ⊆dir D ×D then
⊔
A ∈ R.

• If d R e then for alln, pn(d) R pn(e).

So apart from using directed-complete rather than chain-complete cpos and living on a universal domain
solving a slightly different domain equation, cupers live on a domain with a known structure, and this
structure appears in their definition.

Thus the only reasonable way to compare the two notions is to consider a suitably adapted notion of admis-
sible pers over the above describedD. We then find, that the cupers form a proper subset of the admissible
pers.

It is noticeable, that cupers facilitate an ordering of the equivalence classes and thus allows one to solve
recursive domain equations, while admissible pers achieve this by modeling polymorphicλ-calculus and
calling upon parametricity2. Hence the two approaches are somewhat different.

6.2 Lifting

We now define a notion of lifting, to establish an adjunction betweenAP(D) andAP(D)⊥. Our notion of
lifting is essentially the one in [13], specialized to the partial combinatory algebra defined byD, Φ andΨ.

Let PD denote the power set ofD. Define the mapL′0 : PD → PD by

L′0(A) = {d ∈ D|π(Φ(d)(ı)) = ı ∧ π′(Φ(d)(ı)) ∈ A},

for A ⊆ D. And then the mapL0 : AP(D)0 → (AP(D)⊥)0 by

Classes(L0(R)) = {L′0(K)|K ∈ D/R} ∪ {{⊥D}}.
2And calling upon parametricity is, as far as we know, only possible after the deployment of a parametric completion process.
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Notice the “if construct” available on a liftet relation: IfR is an admissible per then

d L0(R) d ⇒ d = ⊥D ∨ π(Φ(d)(ı)) = ı
⇒ π(Φ(d)(ı)) = ⊥D ∨ π(Φ(d)(ı)) = ı
⇒ Φ(π(Φ(d)(ı))) = ⊥[D→D] ∨ Φ(π(Φ(d)(ı))) = id[D→D]

ThusΦ(π(Φ(d)(ı)))(d′) can be read “ifd /∈ ⊥L0(R) thend′ else⊥D”, where⊥D of course represents⊥S

for any admissible perS.

We also have a “lift” and an “unlift”: Ifd ∈ A thenΨ(λd′ ∈ D.〈ı, d〉) ∈ L0(A) and if d ∈ L0(A) then
π′(Φ(d)(ı)) ∈ A. This is convenient for constructing realizers.

Similarly define, for admissible persR andS, the mapL′1 : F(R,S) → F(L0(R), L0(S))⊥ by

L′1(f) = λd ∈ D.Φ(π(Φ(d)(ı)))(Ψ(λd′ ∈ D.〈ı, f(π′(Φ(d)(ı)))〉))

which reads “ifd /∈ ⊥L0(R) then lift(f (unlift d)) else⊥D”.

And then the mapL1 : (AP(D))1 → (AP(D)⊥)1 by

L1(f) = [L′1(tf )]'L0(R),L0(S)

for f : R → S. A tedious, but straightforward, verification shows that the definitions ofL′0, L0, L′1 and
L1 all make sense, and thatL = (L0, L1) : AP(D) → AP(D)⊥ defines a functor. There is an obvious
forgetful functorU : AP(D)⊥ → AP(D).

Theorem 6.12.There is a monoidal adjunctionL a U .

Proof. One first shows thatL is left adjoint toU in the ordinary sense. The unit of the adjunction is given
by (ηR : R→ UL(R))R∈APD0 , all tracked by

tη = λd ∈ D.Ψ(λd′ ∈ D.〈ı, d〉).

Forf : R→ U(S) in AP(D)⊥, the required uniqueh : L(R) → S in AP(D)⊥, such thatU(h) ◦ ηR = f ,
is given by the realizer

th = λd ∈ D.Φ(π(Φ(d)(ı)))(tf (π′(Φ(d)(ı)))),

wheretf is a realizer forf .

To show that the adjunction is monoidal it suffices by to show that the left adjointL is a strong symmetric
monoidal functor (see [17] for an explanation). To this end, we must exhibit an isomorphismmI : I → L(1)
and a natural isomorphismmR,S : L(R)⊗L(S) → L(R×S). This is mostly straightforward; we just include
the definition ofmR,S : L(R)⊗ L(S) → L(R× S): it is the morphism tracked by the realizer

λd ∈ D.
Φ(π(Φ(π(d))(ı)))(

Φ(π(Φ(π′(d))(ı)))(
Ψ(λd′ ∈ D.〈ı, 〈π′(Φ(π(d))(ı)), π′(Φ(π′(d))(ı))〉〉)

)
)

which reads
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“if π(d) 6= ⊥ then
if π′(d) 6= ⊥ then

lift of 〈unlift(π(d)), unlift(π′(d))〉
else⊥D

else⊥D”.

Following a similar chain of thought, the inverse is tracked by

λd ∈ D.
Φ(π(Φ(d)(ı)))(

〈Ψ(λd′ ∈ D.〈ı, π(π′(Φ(d)(ı)))〉),Ψ(λd′ ∈ D.〈ı, π′(π′(Φ(d)(ı)))〉)〉
)

which reads

“if d 6= ⊥ then
〈lift of π(unlift(d)), lift of π′(unlift(d))〉

else⊥D”.

6.3 Going fibred

In order to model polymorphism, we do a fibred version of the adjunction presented in the last subsection,
thus arriving at the PILL-model

UFam(AP(D)⊥)
U

00

q

""DDDDDDDDDDDDDDDDD ⊥ UFam(AP(D))
Lpp

p

}}{{
{{

{{
{{

{{
{{

{{
{{

{

Set.

(10)

Define the contravariant functorP : Setop → Cat by mapping setI to the categoryP (I) with

objects:(Ri)i∈I where for alli ∈ I,Ri is an object ofAP(D).

morphisms:(αi)i∈I : (Ri)i∈I → (Si)i∈I , where, for alli ∈ I, αi ∈ AP(D)(Ri, Si) and∃α ∈ [D →
D]. ∀i ∈ I. αi = [α]'Ri,Si

.

For a functionf : I → J , the reindexing functorP (f) is simply given by composition withf .

Define the contravariant functorQ : Setop → Cat given by mapping setI to the categoryQ(I) with

objects:(Ri)i∈I where for alli ∈ I,Ri is an object ofAP(D)⊥.

morphisms:(αi)i∈I : (Ri)i∈I → (Si)i∈I where for alli ∈ I, αi ∈ AP(D)⊥(Ri, Si) and∃α ∈ [D →
D]. ∀i ∈ I. αi = [α]'Ri,Si

.
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For a functionf : I → J , the reindexing functorQ(f) is again simply given by composition withf .

That we have two contravariant functors is obvious. The Grothendieck construction then gives us two
split fibrations,p : UFam(AP(D)) → Set andq : UFam(AP(D)⊥) → Set. The functorsL andU
easily lift to fibred functors between these two fibrations (we abuse notation and also denote the fibred
functors byL andU ). Explicitly, on objectsL(I, (Ri)i∈I) = (I, (L(Ri))i∈I) and on vertical morphisms
L(I, (fi)i∈I) = (I, (L(fi))i∈I). Likewise forU . These are not recursive definitions, they simply look so
because of the reuse of letters.

Theorem 6.13.L andU are split fibred functors andL a U is a split fibred strong monoidal adjunction

Proof. It is obvious thatL andU are split fibred functors; the second part follows immediately from Theo-
rem 6.12.

6.4 A domain-theoretic model of PILL

To show that (10) is a model of PILL it remains to be shown thatq has a generic object and simple products.

Lemma 6.14. The setΩ = Obj(AP(D)⊥) = Obj(AP(D)) is a split generic object of the fibrationq. The
fibration q has simple splitΩ-products satisfying the Beck-Chevalley condition.

Proof. The first part is obvious. For the second part, one uses the usual definition for uniform families of
ordinary pers and verifies that it restricts to admissible pers: We recall from [12] that given any projection
πA : A× Ω → A in Set, the right adjoint∀A to π∗A is given on objects by intersection:

∀A((R(a,ω))(a,ω)∈A×Ω) = (
⋂
ω∈Ω

R(a,ω))a∈A.

By lemma 6.11 the resulting per is admissible.

Theorem 6.15.The diagram(10)constitutes a model of PILLY .

Proof. Given the preceding results it only remains to verify that (1) the structure in the diagram models the
polymorphic fixed point combinator and that (2)UFam(AP(D)) is equivalent to the category of products
of free coalgebras ofUFam(AP(D))⊥.

For (1), the required follows, as expected, because the pers are strict and complete. In more detail, the
reasoning is as follows: It is well-known that there is a Scott-continuous functiony ∈ [[D → D] → D]
giving fixed-points through iterated application at⊥D. Since realizers are Scott-continuous functions in
[D → D], every realizerα has a fixed-pointy(α) in D given by

⊔
n(αn)(⊥D). If for some admissible per

R, α ∈ F(R,R), then, sinceR is strict,α respectsR, andR is chain-complete,y(α) R y(α). Thus the
equivalence class ofy(α) exists and is a fixed-point of the morphism represented byα. This is applicable
both inAP(D) andAP(D)⊥, but is not so interesting on strict morphisms. It is, however, inAP(D)⊥ that
we model the calculus, and thus here we want a fixed-point combinator — albeit only for some morphisms,
namely those of type!R ( R = R → R, corresponding to morphisms ofAP(D). Intuitively, we wish to
take such a morphism, transpose it, grab the fixed-point inAP(D) and call the whole process a morphism
in AP(D)⊥. This is possible, since transposition cascades to the level of realizers. The function that
transposes a morphism and returns the fixed-point of the result is continuous. The fixed-point function is in
F(R → R,R), for anyR, and thus its code is a member of∀αType.(α → α) ( α. Precomposing with
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a uniform realizer forε before taking the code, one easily obtains the polymorphic fixed-point combinator
Y : ∀αType.(α→ α) → α. Writing this out, one arrives at

Ψ(λd ∈ D.y(λd′ ∈ D.Φ(Φ(π(Φ(d)(ı)))(π′(Φ(d)(ı))))(〈ı, d′〉)))

For (2), observe that by [17, Proposition 1.21] applied to Theorem 6.8 it suffices to show thatUFam(AP(D))
is equivalent to the coKleisli category of the adjunctionL a U , but this follows from the fact thatU is a
forgetful functor.

6.5 A parametric domain-theoretic model of PILL

In this section, we introduce a parametric version of the thus far constructed model. It is essentially ob-
tained through a parametric completion process such as the one described in [5] for internalλ2 models (as
mentioned in the Introduction, we will generalize that completion process to produce parametric LAPL-
structures in [16]).

We will arrive at the diagram

PFam(AP(D)⊥)

((QQQQQQQQQQQQ
U

00⊥ PFam(AP(D))

vvnnnnnnnnnnnn

Lpp

PAP(D)

(11)

Our construction is based on reflexive graphs and since our strategy is to obtain relational parametricity for
admissible relations (to also model the fixed point combinator in the parametric model), we consider the set
RefGrph of diagrams

A � R× S,

whereA is a regular subobject ofR × S in AP(D)⊥. (It is crucial that subobject is in the category with
strict maps — it means thatA will relate the equivalence class of⊥ in R to the equivalence class of⊥ in S.

IdentifyingRefGrphn with n, we define the base categoryPAP(D) by

Objects: n ∈ N — objects are natural numbers.

Morphisms: f : n→ m is anm-tuple,(f1, . . . , fm), where eachfi is a pair(fp
i , f

r
i ) satisfying

• fp
i is a map of objects(Obj(AP(D)⊥))n → Obj(AP(D)⊥)

• f r
i is a map, that to two vectors of objects ofAP(D)⊥ associates maps of subobjects

f r
i ∈ Π~R,~S∈(Obj(AP(D)⊥))n

(
Πj∈{1,...,n} RegSub(Rj × Sj) → RegSub(fp

i (~R)× fp
i (~S))

)
satisfying

∀~R ∈ (Obj(AP(D)⊥))n.f r
i (~R, ~R)( ~EqRj ) = Eqfp

i (~R),

where the regular subobjects are to be calculated inAP(D)⊥.

We now describePFam(AP(D)⊥) → PAP(D) andPFam(AP(D)) → PAP(D). As objects they
basically contain an (indexed) per and an (indexed) relational interpretation of this per. As morphisms they
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have uniformly tracked morphisms that respect admissible relations. We wish to model admissible relations
as regular subobjects inAP(D)⊥, so we introduce the notationA � R forA ∈ Obj(RegSubAP(D)⊥(R)).

We plan to use the Grothendieck construction, and so define indexed categories:(PFam(AP(D)⊥))n is
defined with

Objects: f : n→ 1 is a morphism inPAP(D) from n to 1.

Morphisms: α : f → g is a uniformly tracked family of morphisms(α~R)~R∈(Obj(AP(D)⊥))n of AP(D)⊥
such that

α~R : fp(~R) → gp(~R).

Thatα is uniformly tracked means that there is a strict continuous functiontα ∈ [D → D] such that

∀~R ∈ (Obj(AP(D)⊥))n.α~R = fp(~R)[tα]gp(~R).

Furthermore thisα should respect relations:

∀ ~A � ~R× ~S.〈a, b〉 f r(~R, ~S, ~A) 〈a, b〉 ⇒ 〈tα(a), tα(b)〉 gr(~R, ~S, ~A) 〈tα(a), tα(b)〉.

Quite similarly(PFam(AP(D)))n is defined as the category with

Objects: f : n→ 1 is a morphism inPAP(D) from somen to 1.

Morphisms: α : f → g is a uniformly tracked family of morphisms(α~R)~R∈(Obj(AP(D)⊥))n of AP(D)
such that

α~R : U(fp(~R)) → U(gp(~R))

whereU : AP(D)⊥ → AP(D) is the forgetful functor. That we now ask for morphisms ofAP(D)
removes the demand, that the uniform tracker be strict. Again thisα should respect relations:

∀ ~A � ~R× ~S.〈a, b〉 fp(~R, ~S, ~A) 〈a, b〉 ⇒ 〈tα(a), tα(b)〉 gp(~R, ~S, ~A) 〈tα(a), tα(b)〉

HereA is still a regular subobject inAP(D)⊥.

Note that the only difference between the two definitions is the choice of category in which theα~R are
required to be morphisms.

Definition 6.16. DefineL : PFam(AP(D)) → PFam(AP(D)⊥) on

objects by
L((fp, f r)) = (F p, F r)

where
F p(~R) = L(fp(~R))

and
F r((~R, ~S, ~A)) = L(f r(~R, ~S, ~A))

morphisms by
L(α : (fp, f r) → (gp, gr))(R) = L(α(R))

DefineU : PFam(AP(D)⊥) → PFam(AP(D)) in a similar way usingU instead ofL.
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Lemma 6.17. If A � R× S, thenL(A) � L(R)× L(S).

Lemma 6.18.L : PFam(AP(D)) → PFam(AP(D)⊥) andU : PFam(AP(D)⊥) → PFam(AP(D))
are both functors, andL a U

Proof. Easy given lemma 6.17 and the fact that for all admissible persR, L(EqR) = EqL(R). Lemma 6.17
ensures that the realizertη for the unit ofL a U also defines a natural transformationid ⇒ UL with the
required universal property.

By an easy extension of Theorem 6.6, we have:

Theorem 6.19.PFam(AP(D)) is fibred cartesian closed.

Proof. It turns out to be easy, since the product of two regular subobjects turns out to be a regular subobject
of the product, and the exponent of two regular subobjects turns out to be a regular subobject of the exponent.
Since the adjunction works on the level of realizers and realizers are uniform, the adjunction holds.

Theorem 6.20.PFam(AP(D)⊥) is fibred cartesian and fibred symmetric monoidal closed.

Proof. We just present the SMCC structure: The tensor product of(fp, f r) and(gp, gr) in the fibre

(PFam(AP(D)⊥))n,

is denoted by(fp, f r)⊗ (gp, gr) and defined by

(fp, f r)⊗ (gp, gr) = (fp ⊗ gp, f r ⊗ gr),

where
(fp ⊗ gp)(~R) = fp(~R)⊗ gp(~R)

and(f r⊗gr)(~R, ~S)( ~A) is defined as the image of the mapf r(~R, ~S)( ~A)⊗gr(~R, ~S)( ~A) → fp(~R)⊗gp(~R)×
fp(~S)⊗ gp(~S) tracked by

tt = λd ∈ D.〈〈ππd, ππ′d〉, 〈π′πd, π′π′d〉〉

which on pairs of pairs have the following behavior:

〈〈rf , sf 〉, 〈rg, sg〉〉 7→ 〈〈rf , rg〉, 〈sf , sg〉〉.

The unitpI of the tensor is given by the object(~R 7→ I, (~R, ~S) 7→ EqI).

The exponential of(fp, f r) and(gp, gr) in (PFam(AP(D)⊥))n, is (fp, f r) ( (gp, gr) defined by

(fp, f r) ( (gp, gr) = (fp ( gp, f r ( gr)

where
(fp ( gp)(~R) = fp(~R) ( gp(~R)

and(f r ( gr)(~R, ~S)( ~A) is defined by

〈dr, ds〉 (f r ( gr)(~R, ~S)( ~A) 〈d′r, d′s〉
m

〈r, s〉 f r(~R, ~S)( ~A) 〈r′, s′〉 ⇒ 〈Φ(dr)(r),Φ(ds)(s)〉 gr(~R, ~S)( ~A) 〈Φ(d′r)(r
′),Φ(d′s)(s

′)〉
∧

〈dr, ds〉 (fp ( gp)(~R)× (fp ( gp)(~S) 〈d′r, d′s〉
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This is an exhaustive description, in the sense that only pairs are ever related.

To verify the adjunction(−) ⊗ (fp, f r) a (fp, f r) ( (−), we use that we know that it holds in the
first component and then check that the bijection can be restricted to realizers that define morphisms in the
second component; the latter is a direct consequence of the way the relational interpretations of⊗ and(
are defined.

Lemma 6.21. L a U is a fibred symmetric monoidal adjunction.

Proof. This proceeds much as in the unfibred case. We show thatL is a fibred strong symmetric monoidal
functor. We must provide a morphismmI and a natural transformationm, but we can simply use the same
realizers as before, since everything has been defined coordinatewise and these realizers are independent of
the specific pers, and hence are uniform realizers.

Lemma 6.22. Ω = 1 is a split generic object ofPFam(AP(D)⊥) → PAP(D).

Proof. Obvious.

Lemma 6.23. If (fp, f r) is an object ofPFam(AP(D)⊥)n+1, then(
⋂
fp,
⋂
f r), where

(
⋂
fp)(R1, . . . , Rn)(x, y) ⇐⇒⋂

R∈Obj(AP(D)⊥) f
p(R1, . . . , Rn, R)(x, y) ∧ ∀R,S,A � R× S. 〈x, y〉f r(EqR1 , . . . , EqRn , A)〈x, y〉

and

〈x, y〉(
⋂
f r)(A1 � R1 × S1, . . . , An � Rn × Sn)〈x′, y′〉 ⇐⇒

∀R,S,A � R× S. 〈x, y〉fp(A1, . . . , An, A)〈x′, y′〉 ∧ (
⋂
fp)(~R)(x, x′) ∧ (

⋂
fp)(~S)(y, y′)

is an object ofPFam(AP(D)⊥)n.

Lemma 6.24. PFam(AP(D)⊥) has simpleΩ-products.

Proof. The construction is as in [12, Section 8.4]. Given a projectionπ : n + m → n, we must define a
right adjoint toπ∗. This is done by extending the construction of the previous lemma in an obvious way to
a functor.

Proposition 6.25. The diagram (11) constitutes a PILLY model.

Proof. It only remains to verify that the structure models the fixed point combinator. Here we simply use
theY from Theorem 6.15, which works since relations are strict and chain complete.

We now proceed to show that this new PILLY model can be extended to an LAPL-structure. For this we
need just two more fibrations,q : Fam(Set) → PAP(D) andr : Fam(Sub(Set)) → Fam(Set). The
fibre ofFam(Set) overn has as

Objects mapsf : obj(AP(D))n → Set.

Morphisms t : f → g is a family

(t~R : f(~R) → g(~R))~R∈obj(AP(D))n
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and reindexing is given by composition. The fibre ofFam(Sub(Set)) over an objectf : obj(AP(D))n →
Set is a preorder with

Objects mapsg : obj(AP(D))n → Set, such that

∀~R ∈ obj(AP(D))n. g(~R) ⊆ f(~R).

Morphisms There is a morphismg → g′ if

∀~R ∈ obj(AP(D))n. g(~R) ⊆ g′(~R).

Here reindexing is with respect to morphisms inPAP(D) is given by composition, whereas reindexing
with respect to morphisms inFam(Set) is given by inverse image.

Lemma 6.26. q is a fibration with fibred products, and(r, q) is an indexed first-order logic fibration with
simpleΩ-products and -coproducts.

Proof.
Sub(Set)

��
Set

is a first-order logic fibration with generic object and all simple products and coproducts. By Lemma A.8 in
[5] we can construct the pullback

Fam(Sub(Set)) //

��

Sub(Set)

��
Set→

dom // Set

obtaining thatFam(Sub(Set)) −→ Set→ cod−→ Set is a composable fibration with the desired qualities.
Yet this is not quite the right fibration. Fortunately we have

Fam(Set) ' //

%%KKKKKKKKKK Set→

cod{{wwwwwwwww

Set

by the isomorphism mapping(Ux)x∈X toqx∈XUx → X. And now

Fam(Sub(Set)) //

��

Fam(Sub(Set))

��
Fam(Set) //

��

Fam(Set) ' //

((QQQQQQQQQQQQQQ Set→

cod

��
PAP(D) // Set

is a pullback. The bottom half is a pullback by definition, the mapPAP(D) → Set operates as follows

n 7→ obj(AP(D))n ( ~fp, ~f r) : n→ m 7→ ~fp : obj(AP(D))n → obj(AP(D))m

And the top one easily is a pullback as well. As→ preserves products, the leftmost composable fibration
have the desired qualities.
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We can then define the functorI : PFam(AP(D)) → Fam(Set) to be the fibred version ofClasses.

Lemma 6.27. I is a faithful and product-preserving map of fibrations.

It is now time to define the contravariant map of fibrations

PFam(AP(D)⊥)2 U //

((QQQQQQQQQQQQQ
Fam(Set)

xxppppppppppp

PAP(D)

This is defined at indexn on

Objects byU(f, g) = ~R 7→ P (I(fp(~R))× I(gp(~R))), whereP (−) denotes powerset,

Morphisms byU(α : f → f ′, β : g → g′) = ~R 7→

A ⊆ I(f ′p(~R))× I(g′p(~R)) 7→ { (x, y) ∈ I(fp(~R))× I(gp(~R)) | (I(α)(x), I(β)(y)) ∈ A }

Lemma 6.28.U is a contravariant map of fibrations.

Proof. U can be equivalently defined as

(σ, τ) 7→ 2I(σ)×I(τ),

which makes the statement clear.

We can then define a family of bijections(χn)n∈Obj(PAP(D)) such that for allf, g ∈ (PFam(AP(D)⊥))n

andM ∈ (Fam(Set))n

χn : Fam(Set)(M,Un(f, g))n → Obj(Fam(Sub(Set))M×In(Un(f)×Un(g)))

by
χn(h) = {(m, (a, b))|(a, b) ∈ h(m)}

Lemma 6.29. χ is a bijection, which is natural in the domain variable, is natural inf ,g, and which com-
mutes with reindexing functors.

We have now proved:

Proposition 6.30. The diagram

Fam(Sub(Set))

��
PFam(AP(D)⊥)

))SSSSSSSSSSSSSS
U

33
⊥ PFam(AP(D))

��

L
ss

� � // Fam(Set)

uukkkkkkkkkkkkkk

PAP(D)

(12)

constitutes a pre-LAPL structure.
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Now we define a subfunctorV of U on

Objects by V (f, g) = ~R 7→ { I(A) | A �AP(D)⊥ (fp(~R)× gp(~R)) },

One can now show thatV is closed under all the constructions performable on admissible relations and that
it contains all graph relations.

Lemma 6.31. The structure in diagram (12) andV model admissible relations.

Proof. We refer to figure 4 and provide only a part of a formula to hint at which construction we are debating:

eqσ: Equality on a typeσ is modeled as the diagonal subobject of[[σ]] × [[σ]]. This corresponds to an
admissible relation because it is isomorphic to[[σ]] by the continuous functionsλd ∈ D. 〈d, d〉 andπ.

ρ(t x, u y): Reindexing an admissible relation by a strict continuous function (i.e.(t, u)) is bound to
give an admissible relation. We consider chain-completeness: Given two index-wise related chains
in (t, u)−1(ρ), (t, u) taken on these gives us two index-wise related chains inρ. Sinceρ is chain-
complete their limits are related inρ, and since(t, u) is continuous the limits of the original chains is
in the inverse image of the limit inρ.

ρ(x, y)∧ρ′(x, y): Conjunction is modeled by intersection, under which admissible relations by lemma 6.11
are stable.

(x : τ, y : σ). ρ(y, x): swapping the abscissa and ordinal axis does not break admissibility.

!ρ: This is simply the usual lift of relations.

>: This is all classes. This is admissible.

φ ⊃ ρ(x, y): If φ does not hold we get all classes. Ifφ does hold we getρ which is admissible.

Quantifications: All quantifications are modeled through intersections and are thus taken care of by lemma 6.11.

Having come so far, we move on to describeLinAdmRelations andAdmRelCtx from Section 4.
Recall thatAdmRelCtx is defined as the pullback

AdmRelCtx //

〈∂0,∂1〉
��

Fam(Set)

��
PAP(D)×PAP(D) × // PAP(D)

which means thatAdmRelCtx has as

Objects triples(n,m,Φ) whereΦ: obj(AP(D))n+m → Set, assigns a set to a vector of admissible pers.

Morphisms triples(f, g, ρ) : (n,m,Φ) → (n′,m′,Φ′) wheref : n → n′ andg : m → m′ are morphisms
in PAP(D) andρ is an indexed family of maps

ρ = (ρ~R,~S : Φ(~R, ~S) → Φ′( ~fp(~R), ~gp(~S)))~R∈obj(AP(D))n,~S∈obj(AP(D))m

whereΦ andΦ′ are evaluated on the combined lists of admissible pers.
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In this concrete caseLinAdmRelations can be described as follows: Given an object(n,m,Φ) over
(n,m), the fibre ofLinAdmRelations over(n,m,Φ) has as

Objects triples(φ, f, g) such thatf andg are objects ofPFam(AP(D)⊥) overn andm respectively and
φ is an indexed family of maps

φ = (φ~R,~S : Φ(~R, ~S) → {A | A � fp(~R)× gp(~S) })~R∈obj(AP(D))n,~S∈obj(AP(D))m

Morphisms A morphism(φ, f, g) → (ψ, f ′, g′) is a pair of morphisms

(t : f → f ′, u : g → g′)

in (PFam(AP(D)⊥))n and(PFam(AP(D)⊥))m, respectively, such that

∀~R ∈ obj(AP(D))n, ~S ∈ obj(AP(D))m.∀z ∈ Φ(~R, ~S).
〈x, y〉 φ(z) 〈x, y〉 ⇒ 〈t(x), u(y)〉 ψ(z) 〈t(x), u(y)〉

Note that we now have two obvious projections∂0 and∂1.

Finally we can define the required functorJ .
PFam(AP(D)⊥)

��
PAP(D)

 //


LinAdmRelations

��
AdmRelCtx


For the base categories,J is defined on

Objects by n 7→ (n, n, (
∏

i{A | A � Ri × Si })~R,~S∈AP(D)n)

Morphisms by f 7→ (f, f,
∏

i f
r
i )

and for the total categories,J is defined on

Objects by (fp, f r) 7→ (f r, f, f)

Morphisms by α 7→ (α, α).

This definition on morphisms is legal becauseα preserves relations.

In order to show thatJ preserves tensor products, we need the following lemma

Lemma 6.32. The tensor product inLinAdmRelations → AdmRelCtx can be described as

(ρ, f, g)⊗ (ρ′, f ′, g′) = (ρ⊗ ρ′, f ⊗ f ′, g ⊗ g′)

whereρ⊗ ρ′ is calculated pointwise, i.e forz ∈ φ(~R, ~S)

(ρ⊗ ρ′)~R,~S(z) = ρ(z)⊗ ρ′(z)

Proof. We argue that this construction defines a left adjoint to(. The standard curry-uncurry-adjunction
holds, on the level of realizers even, which is not hard to show.
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Lemma 6.33. J is a map of linearλ2-fibrations.

Proof. We must show thatJ preserves(, ⊗,
∏
, I and !.

The constructions in the two categories are virtually identical except for⊗ until application of lemma 6.32.

To check the case of! we consider the logical expression for!ρ : AdmRel(σ, τ):

(x :!σ, y :!τ).x ↓ ⇐⇒ y ↓ ∧ x ↓⊃ ρ(εx, εy)

The expressionx ↓ equatesx 6= [⊥]. Hencex ↓ ⇐⇒ y ↓ express the fact that no lifted class is related to
[⊥] in !ρ.

Further sinceε provides us with unlifted versions of its argument,x ↓⊃ ρ(εx, εy) states that liftet classes
are related in!ρ only if their unlifted versions are related inρ.

This is an exact description of the lifting performed by the functorL.

It is easy to see that∂0J = id and∂1J = id .

Theorem 6.34.The diagram in(12)constitutes a parametric LAPL-structure.

Proof. By the preceding results it is clear that it is an LAPL-structure; it only remains to show that it is
a parametric such. Extensionality holds since the logic is essentially given by regular subobjects, which
means that we have very strong equality [12], and thus also extensionality. The parametricity schema is
easily verified to hold.

Example 6.35. To ease notation in this example we shall write(x, y) ∈ A for 〈x, y〉A〈x, y〉 for regular
subobjectsA � R × S, as we do in LAPL. We will also leaveΨ,Φ implicit, and simply writef x for
Φ(f)(x).

We consider the typeNat = [[
∏
α. (α ( α) → α ( α]]. By definition

d(Natp)d′

iff for all R,S pers and all regular subobjectsA � R× S, (f, g) ∈ (A ( A) and(x, y) ∈ A

(d f x, d′ g y) ∈ A.

The domain ofNat contains the elements⊥ = λfλx.⊥ andn = λf. λx. fn(x), in particular0 = λfλx. x.

Lemma 6.36. Supposen ≤ m. Thenn = m.

Proof. Consider the two functionsf, g : D → D given byf(d) = 〈d, ι〉, whereι is the code of the identity
function, andg being the first projection. Both are continuous and sinceg ◦ f = id f is injective. Define
the sequence of elementsxn = fn(⊥). This sequence is strictly increasing.

Now, if n ≤ m then
xn = n f ⊥ ≤ m f ⊥ = xm

son ≤ m. Further,
xm−n = n g xm ≤ m g xm = ⊥

som = n.
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Lemma 6.37. The per
{{⊥}} ∪ { {n} | n}

is a admissible.

Proof. Direct consequence of the lemma above.

Proposition 6.38. Supposed(Natp)d. Then eitherd = ⊥ or d = n.

Proof. Consider the discrete admissible perD:

{{d} | d ∈ D}

Then givenf, x consider the regular subobjectA � Nat×D given by

(⊥,⊥) ∈ A, ∀n. (n, fn(x)) ∈ A.

A is admissible, simply because it contains no interesting increasing chains. Clearly(succ, f) ∈ A ( A,
so

(d succ0, d f x) ∈ A,

i.e., if d succ0 = ⊥, thend f x = ⊥ for all f, x and sod = ⊥, and if d succ0 = n for somen, then
d f x = fn(x), for all f, x, sod = n. As we have seen, there are no other possibilities ford succ0.

Proposition 6.39. Supposed(Natp)d′, thend = d′.

Proof. Analyzing the above proof we see that

d = d succ0

By considering the regular subobjectA � Nat×Nat given by

(⊥,⊥) ∈ A, ∀n. (n, n) ∈ A

we conclude
d succ0 = d′ succ0.
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The previous technical report was written at a
certain level of detail fittings its size and audi-
ence. The following text (which should soon be
reworked to a technical report) deals with the
first part in a little more details, more suited
for students or non-experts.
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1 Introduction

In these notes, a concrete instance of a split PILL model almost in the sense of
[2] is constructed. The reason it is not entirely a split PILL model is, that the
definition presented in [2] has been deemed wrong and revised by the authors.
Incidentally, though, the model constructed here is a split PILL model in the
new, improved sense.

Only one correction has to be made: In [2] Definition 18 condition 5, the
adjunction UI a GI is no longer required to be strong, but merely symmetric
monoidal. UI will then automatically be a strong symmetric monoidal functor.
GI , however, may not be strong, as is the case in the standard example, where
UI is a lifting functor and GI is forgetful.

A lifting-forgetting adjunction is also the basis of the model constructed
herein.

The categories corresponding to A and D of [2] Definition 18, are categories
of pers over a reflexive cpo. This cpo is assumed ω-chain complete.

The lifting functor is then an encoded lifting. The construction is a direct
translation of that in [7, p.10].

2 The Setup

The usual setup is a reflexive ω-chain complete cpo. D will denote one such.
This section argues that a number of functions can be assumed strict.

First we need some basic tools:

2.1 Basic tools

Lemma 1 Let D0 be a subset of D closed under supremum of chains, then

D0 = {d ∈ D|∃d′ ∈ D0.d ≤ d′}

is also closed under supremum of chains

Proof: For every element d of D0, there is an element d0 of D0 such that d ≤ d0.
Let (xn)n∈N be a chain in D0. We can construct a chain (yn)n∈N in D0 such
that for all n ∈ N xn ≤ yn. Thus D0 contains an upper bound of (xn)n∈N. By
definition D0 then contains the least upper bound of (xn)n∈N. 2

Lemma 2 Let D and E be pointed chain-complete partial orders, and f :D → E
continuous. Let D0 be a downwards closed subset of D, which is also closed
under supremum of chains. Then the function f defined by

f(d) =
{
⊥E d ∈ D0

f(d) d /∈ D0

is strict and continuous.
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Proof: Clearly f is strict and monotone, as a ∈ D0 ∧ b /∈ D0 ⇒ b 6≤ a. Given a
chain (xi)i∈I in D, either⊔

i∈I

xi ∈ D0 ⇒ ∀i ∈ I.xi ∈ D0

in which case f(
⊔

i∈I xi) = ⊥E =
⊔

i∈I f(xi), or⊔
i∈I

xi /∈ D0 ⇒ ∃i0 ∈ I.∀i ∈ I.i0 ≤ i ⇒ xi /∈ D0

in which case f(
⊔

i∈I xi) = f(
⊔

i∈I xi) =
⊔

i∈I f(xi). 2

We will primarily use this lemma in the simpler special case:

Lemma 3 Let D and E be pointed chain-complete partial orders, and f :D → E
continuous. Then the function f defined by

f(d) =
{
⊥E d = ⊥D

f(d) d 6= ⊥D

is strict and continuous.

Proof: Put D0 = {⊥D}. 2

We call this, the strictification of f .

Lemma 4 Let D be a chain-complete partial order, and (dn)n∈N a chain in D.
Let (dnr

)r∈N be a subchain of (dn)n∈N (meaning (nr)r∈N is strictly increasing).
Then ⊔

r∈N
dnr =

⊔
n∈N

dn

Proof: For all n0 ∈ N there is a r0 ∈ N so that nr0 > n. Thus dnr0
≥ dn0

and since
⊔

r∈N dnr
≥ dnr0

,
⊔

r∈N dnr
≥ dn0 . So

⊔
r∈N dnr

is an upper bound of
(dn)n∈N. If d is an upper bound of (dn)n∈N, d is an upper bound of (dnr

)n∈N,
and so

⊔
r∈N dnr

≤ d. So
⊔

r∈N dnr
is the least upper bound of (dn)n∈N. 2

Now the following lemmas will justify, that we sometimes assume certain
maps strict.

2.2 Justification

Lemma 5 Let D and E be pointed chain-complete partial orders such that we
have

f :D → E and g:E → D

both continuous, satisfying
f ◦ g = idE ,

then
f ◦ g = idE

3



Proof: We simply evaluate the composite function in all e ∈ E. The are three
cases:

e 6= ⊥E and g(e) 6= ⊥D

(f ◦ g)(e) = f(g(e)) = f(g(e)) = f(g(e)) = (f ◦ g)(e) = e

e 6= ⊥E and g(e) = ⊥D This is not possible. Since g is monotone, if g(e) = ⊥D,
then also g(⊥E) = ⊥D. But the equation f ◦ g = idE ensures, that g is
injective.

e = ⊥E

(f ◦ g)(⊥E) = f(g(⊥E)) = f(⊥D) = ⊥E

2

The following two results are really just easy corollaries, but since they are what
we are really after, we have promoted them to lemmas.

Lemma 6 Let D be a pointed chain-complete partial order such that we have

Φ: D → [D → D] and Ψ: [D → D] → D

both continuous, satisfying

Φ ◦Ψ = id[D→D],

then
Φ ◦Ψ = id[D→D]

Proof: The result readily follows from lemma 5. 2

Φ and Ψ being strict is not usually a part of D being a reflexive cpo, but we
need them to be later on.

Lemma 7 Let D be a pointed chain-complete partial order such that we have

Φ: D → [D → D] and Ψ: [D → D] → D

both continuous, satisfying

Φ ◦Ψ = id[D→D],

then there exists strict continuous functions

〈·, ·〉:D ×D → D, π:D → D and π′:D → D

such that for all d, d′ ∈ D:

π〈d, d′〉 = d and π′〈d, d′〉 = d′

Proof: As in [1] we have 〈·, ·〉, π and π′ continuous, satisfying the equations.
Lemma 5 then applies. 2
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2.3 The Setup

Let D be a pointed chain-complete partial order such that we have

Φ: D → [D → D] and Ψ: [D → D] → D

both strict and continuous, satisfying

Φ ◦Ψ = id[D→D]

Definition 8 Let i denote Ψ(id[D→D])

Notice that Φ(i) = id[D→D].

Definition 9 An admissible partial equivalence relation on D is a partial equiv-
alence relation R on D satisfying

strict ⊥DR⊥D

chain complete For (xi)i∈I and (yi)i∈I chains in D:

(∀i ∈ I.xi R yi) ⇒
⊔
i∈I

xi R
⊔
i∈I

yi

Definition 10 For R and S admissible pers on D, define the set of functions
admissible from R to S as

F (R,S) = {f ∈ [D → D]|x R y ⇒ f(x) S f(y)}

and the set of strict functions admissible from R to S as

F (R,S)⊥ = {f ∈ F (R,S)|f(⊥D) = ⊥D}

Note F (R,S)⊥ ⊆ F (R,S).

Definition 11 For R and S admissible pers on D, define on F (R,S) or F (R,S)⊥
the equivalence relation R∼S by

f R∼S g ⇔ ∀d ∈ D. d R d ⇒ f(d) S g(d)

2.3.1 AdmPer(D)

Consider the category AdmPer(D) of admissible partial equivalence relations on
D and continuous functions:

Objects: are admissible pers.

Morphisms: a morphism [f ]:R → S is an equivalence class in F (R,S)/ R∼S .
Elements of [f ] are called realizers for [f ] .
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Definition 12 For R and S admissible pers, define

R× S = {(〈d1, d2〉, 〈d′1, d′2〉) | d1 R d′1 ∧ d2 S d′2}

Lemma 13 If R and S are admissible pers, then so is R× S.

Proof: As pairing is injective, R×S is obviously a per, but is it admissible? Let
(xi)i∈I and (yi)i∈I be chains so that

∀i ∈ I. xi R× S yi.

Then

∀i ∈ I.∃x1i, x2i, y1i, y2i ∈ D.
x1i R y1i ∧ x2i S y2i ∧ xi = 〈x1i, x2i〉 ∧ yi = 〈y1i, y2i〉,

since only pairs appear in the equivalence classes of R × S. As π and π′ are
continuous,

(x1i)i∈I = π((xi)i∈I) , (x2i)i∈I = π′((xi)i∈I) ,

(y1i)i∈I = π((yi)i∈I) and (y2i)i∈I = π′((yi)i∈I).

are all chains; the former two related in R and the latter two related in S. Now
several facts work our way:⊔

i∈I

x1i R
⊔
i∈I

y1i ,
⊔
i∈I

x2i S
⊔
i∈I

y2i ,

〈
⊔
i∈I

x1i,
⊔
i∈I

x2i〉 =
⊔
i∈I

〈x1i, x2i〉 =
⊔
i∈I

xi and 〈
⊔
i∈I

y1i,
⊔
i∈I

y2i〉 =
⊔
i∈I

〈y1i, y2i〉 =
⊔
i∈I

yi,

all of which immediately amounts to
⊔

i∈I xi R×S
⊔

i∈I yi. That ⊥D R×S ⊥D

follows from pairing being strict. 2

Proposition 14 R× S defines a cartesian product on AdmPer(D).

Proof: Projections are easily defined as the equivalence classes p and p′ of π
and π′, as these obviously preserve the relevant equivalences. To see, that we
have indeed a terminal cone, consider an object Q and morphisms f :Q → R
and g:Q → S, with realizers tf and tg. Define the continuous function

(tf , tg) = �d ∈ D.〈tf (d), tg(d)〉

that readily preserves equivalence from Q to R× S. This definition is indepen-
dent of the choice of representatives; assume t′f ∼ tf and t′g ∼ tg, then for all
d ∈ D:

d Q d⇒ tf (d) R t′f (d) ∧ tg(d) S t′g(d)
⇔ 〈tf (d), tg(d)〉 R× S 〈t′f (d), t′g(d)〉

6



We have thus defined a morphism 〈f, g〉 hither. Clearly p〈f, g〉 = f and p′〈f, g〉 =
g.

Assume, conversely, that we have a morphism h:Q → R×S, so that ph = f
and p′h = g. Then h has a realizer th satisfying

∀d ∈ D.dQd ⇒ (π(th(d)) R tf (d) ∧ π′(th(d)) S tg(d)).

Now th preserving equivalence gives for all d ∈ D

d Q d ⇒ th(d) R× S th(d)
⇒ ∃d1, d2 ∈ D. th(d) = 〈d1, d2〉
⇒ th(d) R× S 〈tf (d), tg(d)〉,

rendering h unique. 2

Definition 15 Let 1 denote the admissible per defined by

d 1 d′ ⇔ d = ⊥D = d′

Lemma 16 1 is a terminal object of AdmPer(D).

Proof: Given any admissible per R, a morphism R → 1 is defined by the realizer

�d ∈ D. ⊥D

On the other hand, since there is only one equivalence class in 1, there can at
most be one morphism R → 1. 2

Lemma 17 For all admissible pers R and S, SR given by

d SR d′ ⇔ Φ(d) R∼S Φ(d′)

is also an admissible per.

Proof: As R∼S is an equivalence relation, SR is immediately a per. Let (xi)i∈I

and (yi)i∈I be chains so that

∀i ∈ I. xi SR yi.

Then for all d ∈ D, (Φ(xi)d)i∈I and (Φ(yi)d)i∈I are chains in D. Furthermore,
as for all i ∈ I we have Φ(xi) ∈ F (R,S) and Φ(xi) R∼S Φ(yi), we get

d R d′ ⇒ ∀i ∈ I.Φ(xi)d S Φ(xi)d′

⇒
⊔

i∈I Φ(xi)d S
⊔

i∈I Φ(xi)d′

⇒ Φ(
⊔

i∈I xi)d S Φ(
⊔

i∈I xi)d′

and
d R d ⇒ ∀i ∈ I.Φ(xi)d S Φ(yi)d

⇒
⊔

i∈I Φ(xi)d S
⊔

i∈I Φ(yi)d
⇒ Φ(

⊔
i∈I xi)d S Φ(

⊔
i∈I yi)d

7



Giving us1 Φ(
⊔

i∈I xi) R∼S Φ(
⊔

i∈I yi), yielding
⊔

i∈I xi SR
⊔

i∈I yi.
As Φ is assumed strict, Φ(⊥D) = �d ∈ D.⊥D. 2

Lemma 18 The map S 7→ SR extends to a functor.

Proof: Given a morphism f :S → U , define fR as the morphism tracked by

◦tf = �d ∈ D.Ψ(�d′ ∈ D.tf (Φ(d)(d′))),

where tf is some realizer for f . The choice of this realizer is irrelevant; assume
tf , t′f ∈ [f ]:

d SR d ⇒ (d′ R d′ ⇒ Φ(d)(d′) S Φ(d)(d′))
⇒ (d′ R d′ ⇒ tf (Φ(d)(d′)) U t′f (Φ(d)(d′)))
⇒ �d′ ∈ D.tf (Φ(d)(d′)) R∼U �d′ ∈ D.t′f (Φ(d)(d′))
⇒ Ψ(�d′ ∈ D.tf (Φ(d)(d′))) UR Ψ(�d′ ∈ D.t′f (Φ(d)(d′))),

since Φ ◦Ψ = id[D→D], and ◦tf is in F (SR, UR):

d SR d′ ⇒ (d′′ R d′′ ⇒ Φ(d)(d′′) S Φ(d′)(d′′))
⇒ (d′′ R d′′ ⇒ tf (Φ(d)(d′′)) U tf (Φ(d′)(d′′)))
⇒ �d′′ ∈ D.tf (Φ(d′)(d′′)) R∼U �d′′ ∈ D.tf (Φ(d′)(d′′))
⇒ Ψ(�d′′ ∈ D.tf (Φ(d′)(d′′))) UR Ψ(�d′′ ∈ D.tf (Φ(d)(d′′))).

The operation is well-behaved on identities, consider idS tracked by idD:

◦idD = �d ∈ D.Ψ(�d′ ∈ D.idD(Φ(d)(d′))) = �d ∈ D.Ψ(�d′ ∈ D.Φ(d)(d′))

d SR d ⇒ (d′ R d′ ⇒ Φ(d)(d′) S Φ(d)(d′))
⇒ (d′ R d′ ⇒ Φ(Ψ(�d′′ ∈ D.Φ(d)(d′′)))(d′) S Φ(d)(d′))
⇒ Ψ(�d′′ ∈ D.Φ(d)(d′′)) SR d,

so �d ∈ D.Ψ(�d′ ∈ D.Φ(d)(d′)) SR ∼SR idD, and idD tracks idSR .
And it also works for composition; given realizers tf ∈ F (S, U) and tg ∈

F (U, V ), we have for d ∈ D:

(◦tg) ◦ (◦tf )(d) = ◦tg(◦tfd)
= Ψ(�d′ ∈ D.tg(Φ(Ψ(�d′′ ∈ D.tf (Φ(d)(d′′))))(d′)))
= Ψ(�d′ ∈ D.tg((�d′′ ∈ D.tf (Φ(d)(d′′)))(d′)))
= Ψ(�d′ ∈ D.tg(tf (Φ(d)(d′))))
= Ψ(�d′ ∈ D.(tg ◦ tf )(Φ(d)(d′)))
= ◦(tg ◦ tf )(d)

2

Proposition 19 −×R a (−)R

1Supposing, that we have done the first calculation for (yi)i∈I as well. . .
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Proof: For objects S and T , we consider AdmPer(D)(T×R,S) and AdmPer(D)(T, SR).
A natural bijection · between these is given by

tf ∈ F (T ×R,S) 7→ tf = �d ∈ D.Ψ(�d′ ∈ D.tf (〈d, d′〉))

which is in F (T, SR)

d1 T d′1 ⇒ (d2 R d′2 ⇒ 〈d1, d2〉 T ×R 〈d′1, d′2〉)
⇒ (d2 R d′2 ⇒ tf (〈d1, d2〉) S tf (〈d′1, d′2〉))
⇒ Ψ(�d′ ∈ D.tf (〈d1, d

′〉)) SR Ψ(�d′ ∈ D.tf (〈d′1, d′〉))

and whose equivalence class under T ∼SR is independent of choice of realizers;
for tf T×R∼S t′f :

d T d ⇒ (d2 R d′2 ⇒ 〈d, d2〉 T ×R 〈d, d′2〉)
⇒ (d2 R d′2 ⇒ tf (〈d, d2〉) S t′f (〈d, d′2〉))
⇒ Ψ(�d′ ∈ D.tf (〈d, d′〉)) SR Ψ(�d′ ∈ D.t′f (〈d, d′〉))

so that it is well-defined. That it is a bijection is obvious, once one have found
the inverse ·

tg ∈ F (T, SR) 7→ tg = �d ∈ D.Φ(tg(π(d)))(π′(d))

which is in F (T ×R,S)

〈d1, d2〉 T ×R 〈d′1, d′2〉 ⇒ d1 T d′1 ∧ d2 R d′2
⇒ tg(d1) SR tg(d′1) ∧ d2 R d′2
⇒ Φ(tg(d1))(d2) R Φ(tg(d′1))(d

′
2)

and whose equivalence class under T×R∼S is independent of choice of realizers;
for tg T ∼SR t′g:

〈d1, d2〉 T ×R 〈d1, d2〉 ⇒ d1 T d1 ∧ d2 R d2

⇒ tg(d1) SR t′g(d1) ∧ d2 R d2

⇒ Φ(tg(d1))(d2) R Φ(t′g(d1))(d′2)

so that it is well-defined. Now composing gives

tf ∈ F (T ×R,S) 7→ �d ∈ D.Ψ(�d′ ∈ D.tf (〈d, d′〉))
7→ �d′′ ∈ D.Φ(Ψ(�d′ ∈ D.tf (〈π(d′′), d′〉)))(π′(d′′))
= �d′′ ∈ D.(�d′ ∈ D.tf (〈π(d′′), d′〉))(π′(d′′))
= �d′′ ∈ D.(tf (〈π(d′′), π′(d′′)〉))

T×R∼S tf

since they are equal on pairs. Composing the other way gives

tg ∈ F (T, SR) 7→ �d ∈ D.Φ(tg(π(d)))(π′(d))
7→ �d′ ∈ D.Ψ(�d′′ ∈ D.Φ(tg(d′))(d′′))

T ∼SR tg

9



since

d′ T d′ ⇒ tg(d′) SR tg(d′)
⇒ (d′′ R d′′ ⇒)
⇒ Ψ(�d′ ∈ D.tf (〈d, d′〉)) SR Ψ(�d′ ∈ D.t′f (〈d, d′〉))

To see, that the bijection is natural, consider tf :T ′ → T , tα:T × R → S and
tg:S → S′. We would then like

tg ◦ tα ◦ (tf × id):T ′ ×R → S′ 7→ ◦tg ◦ tα ◦ tf :T ′ → S′R

where tf × id = �d ∈ D.〈tf (π(d)), π′(d)〉. Thus we calculate:

tg ◦ tα ◦ (tf × id) 7→ �d ∈ D.Ψ(�d′ ∈ D.(tg ◦ tα ◦ (tf × id))(〈d, d′〉))
= �d ∈ D.Ψ(�d′ ∈ D.tg(tα(〈tf (d), d′〉)))

and

◦tg ◦ tα ◦ tf = �d ∈ D.Ψ(�d′ ∈ D.tg(Φ(tα(tf (d)))(d′)))
= �d ∈ D.Ψ(�d′ ∈ D.tg(Φ(Ψ(�d′′ ∈ D.tα(〈tf (d), d′′〉)))(d′)))
= �d ∈ D.Ψ(�d′ ∈ D.tg(tα(〈tf (d), d′〉)))

2

Theorem 20 AdmPer(D) is cartesian closed.

Proof: Immediate from Proposition 19. 2

2.3.2 AdmPer(D)⊥

Consider then the category AdmPer(D)⊥ of admissible pers and strict continuous
functions:

Objects: same as for AdmPer(D), admissible pers.

Morphisms: a morphism [f ]:R → S is an equivalence class in F (R,S)⊥/ R∼S .

Theorem 21 AdmPer(D)⊥ is cartesian.

Proof: The objects are the same as those in AdmPer(D), so for objects R and S,
R×S is defined. We may assume π and π′ strict, so their equivalence classes are
genuine morphisms, and since we may assume 〈·, ·〉 strict, �d ∈ D.〈f(d), g(d)〉
becomes strict, whenever f and g are strict. 2

We define the tensor product as a quotient of the cartesian product. This looks
somewhat awkward when written out, but we need a definition to calculate
with. . .
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Definition 22 For R and S admissible pers, define

〈d1, d2〉 R⊗ S 〈d′1, d′2〉
m

〈d1, d2〉 R× S 〈d′1, d′2〉
∨(

d1 R d1 ∧ d2 S d2 ∧ d′1 R d′1 ∧ d′2 S d′2 ∧
(d1 R ⊥D ∨ d2 S ⊥D) ∧ (d′1 R ⊥D ∨ d′2 S ⊥D)

)

Lemma 23 If R and S are admissible pers, then so is R⊗ S.

Proof: Notice first that this is really just R × S, with some of the equivalence
classes merged, namely all those containing ⊥D in one of the coordinates. Thus,
if R× S is a per, then so is R⊗ S.

As for chain-completeness, let (〈dn, d′n〉)n∈N and (〈en, e′n〉)n∈N be chains in
D such that ∀n ∈ N.〈dn, d′n〉 R⊗ S 〈en, e′n〉. Then for all n ∈ N

either I) dn R en ∧ d′n S e′n
or II) (dn R ⊥D ∨ d′n S ⊥D) ∧ (en R ⊥D ∨ e′n S ⊥D).

So either I) holds from some step N or II) holds infinitely often.
In the first case

⊔
n∈N dn R

⊔
n∈N en and

⊔
n∈N d′n S

⊔
n∈N e′n and since

pairing is continuous we are done.
In the second case either dn R ⊥D or dn S ⊥D happens infinitely often.

Assume it is dn R ⊥D. Then (dn)n∈N has a subchain (dnr
)r∈N such that ∀r ∈

N.dnr R ⊥D. Thus
⊔

r∈N dnr R ⊥D and thus
⊔

n∈N dn R ⊥D. Since all this also
happens for (en)n∈N and (e′n)n∈N, we have

(
⊔

n∈N
dn R ⊥D ∧

⊔
n∈N

d′n S ⊥D) ∨ (
⊔

n∈N
en R ⊥D ∧

⊔
n∈N

e′n S ⊥D)

giving 〈
⊔

n∈N dn,
⊔

n∈N d′n〉 R⊗ S 〈
⊔

n∈N en,
⊔

n∈N e′n〉. By continuity of pairing
we are done. 2

We now wish to show, that we actually have a functor.

Lemma 24 The map (R,S) 7→ R⊗ S extends to a functor.

Proof: The idea is to reuse the definition from cartesian products. Given
morphisms f :R → R′ and g:S → S′ with strict realizers tf and tg, define
f ⊗ g:R⊗ S → R′ ⊗ S′ as the morphism tracked by

�d ∈ D.〈tf (π(d)), tg(π′(d))〉

which is strict since pairing and projections are strict. Since it is “strict coordinate-
wise” is respects equivalence.
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This realizer is independent of the choices of tf and tg: Consider t′f R∼R′ tf
and t′g S∼S′ tg. Then

〈d, d′〉 R⊗ S 〈d, d′〉 ⇒ d R d ∧ d′ S d′

⇒ tf (d) R′ t′f (d) ∧ tg(d′) S′ t′g(d
′)

⇒ 〈tf (d), tg(d′)〉 R′ ⊗ S′ 〈t′f (d), t′g(d
′)〉

so the morphism is well-defined. Identities are easily preserved, and composition
also.

2

Definition 25 Define the strongly admissible per I by

dId′ ⇔ d = d′ = ⊥D ∨ d = d′ = 〈i,⊥D〉

This definition is not taken out of the blue. I is actually in the image of a
lifting functor to be defined later. Notice the “if construct” on I, which will be
available on all lifted relations:

d I d ⇒ d = ⊥D ∨ d = 〈i,⊥D〉
⇒ π(d) = ⊥D ∨ π(d) = i
⇒ Φ(π(d)) = ⊥[D→D] ∨ Φ(π(d)) = id[D→D]

Thus for d I d, Φ(π(d))(d′) can be read as “if d 6= ⊥D then d′ else ⊥D”. We
will use this to construct realizers.

Lemma 26 The morphism αR,S,T :R⊗ (S ⊗ T ) → (R⊗ S)⊗ T tracked by

�d ∈ D.〈 〈 π(d), π(π′(d)) 〉, π′(π′(d)) 〉

defines a natural isomorphism.

Proof: Firstly, the realizer is strict, since pairing and projection is. As it is strict
“coordinate-wise”, it preserves equivalence. The inverse map is tracked by

�d ∈ D.〈 π(π(d)), 〈 π′(π(d)), π′(d) 〉 〉

which is equally preserving equivalence, and obviously an inverse:

〈d1, 〈d2, d3〉〉 7→ 〈〈d1, d2〉, d3〉 7→ 〈d1, 〈d2, d3〉〉

Naturality translates to the commutativity of

R

f

��

S

g

��

T

h

��

R⊗ (S ⊗ T )

f⊗(g⊗h)

��

αR,S,T // (R⊗ S)⊗ T

(f⊗g)⊗h

��
R′ S′ T ′ R′ ⊗ (S′ ⊗ T ′)

αR′,S′,T ′
// (R′ ⊗ S′)⊗ T ′

which is clear, once one traces the values around both edges:

〈d1, 〈d2, d3〉〉 7→ 〈〈f(d1), g(d2)〉, h(d3)〉

2

12



Lemma 27 The morphism ρR:R⊗ I → R tracked by

�d ∈ D.Φ(π(π′(d))(π(d))

defines a natural isomorphism.

Proof: The realizer reads “if the second component is not ⊥D return the first
component, otherwise return ⊥D.” Thus the realizer preserves equivalence al-
most by definition. The inverse map is easily defined by

�d ∈ D.〈d, 〈i,⊥D〉〉

Naturality is easies shown for the inverse. Naturality of the inverse means that

R
ρR //

f

��

R⊗ I

f⊗idI

��
S ρS

// S ⊗ I

commutes, which is seen by tracing values:

d
� //

_

��

〈d, 〈i,⊥D〉〉_

��
f(d) � // 〈f(d), 〈i,⊥D〉〉

2

Lemma 28 The morphism λR: I ⊗R → R tracked by

�d ∈ D.Φ(π(π(d))(π′(d))

defines a natural isomorphism.

Proof: See the proof of lemma 27. . .2

Lemma 29 The morphism γR,S :R⊗ S → S ⊗R tracked by

�d ∈ D.〈π′(d), π(d)〉

defines a natural isomorphism.

Proof: The proof is similar to those of the previous lemmas, the inverse realizer
is easily defined, and preservation of equivalence is obvious. Naturality is clear
when tracing values. 2

Lemma 30 For all objects R, S, T and U the following holds:
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1. αR⊗S,T,U ◦ αR,S,T⊗U = αR,S,T ⊗ idU ◦ αR,S⊗T,U ◦ idR ⊗ αS,T,U

2. idR ⊗ λS = ρR ⊗ idS ◦ αR,I,S

3. γS,R ◦ γR,S = id

4. γR,I ◦ λR = ρR

5. idR ⊗ γS,T ◦ αR,S,T ◦ γR,T ⊗ idS = αR,S,T ◦ γR⊗S,T ◦ αT,R,S

Proof: Tracing values on both sides of the equations, we get

1. rather quickly, that both sides simply rearranges the pairing:

〈d1, 〈d2, 〈d3, d4〉〉〉 7→ 〈〈〈d1, d2〉, d3〉, d4〉

2. two cases defined by the second coordinate. First case: left hand side

〈d1, 〈⊥D, d2〉〉 7→ 〈d1,⊥D〉

and right hand side

〈d1, 〈⊥D, d2〉〉 7→ 〈〈d1,⊥D〉, d2〉 7→ 〈⊥D, d2〉

and second case: left hand side

〈d1, 〈〈i,⊥D〉, d2〉〉 7→ 〈d1, d2〉

and right hand side

〈d1, 〈〈i,⊥D〉, d2〉〉 7→ 〈〈d1, 〈i,⊥D〉〉, d2〉 7→ 〈d1, d2〉

when d1 /∈ [⊥D]R and d2 /∈ [⊥D]S .

3. no problems

4. right hand side
〈d,⊥D〉 7→ 〈⊥D, d〉 7→ ⊥D

and left hand side
〈d,⊥D〉 7→ ⊥D

when d R ⊥D, and right hand side

〈d, 〈i,⊥D〉〉 7→ 〈〈i,⊥D〉, d〉 7→ d

and left hand side
〈d, 〈i,⊥D〉〉 7→ d

when d /∈ [⊥D]R.

5. the warm feeling, that we know how to rearrange pairs. . .

〈d1, 〈d2, d3〉〉 7→ 〈〈d3, d1〉, d2〉
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2

Proposition 31 AdmPer(D)⊥ is symmetric monoidal

Proof: It is monoidal by lemmas 26, 27, 28 and 30, and then symmetric monoidal
by lemmas 29 and 30. 2

We wish to define a closure operation, and use the idea from the cartesian closed
category AdmPer(()D). In our current category, however, we only allow strict
morphisms and we still want exponentials to be internal hom sets. So we only
relate elements that code strict morphisms, i.e. that codes strictifiable realizers.

Lemma 32 For all admissible pers R and S, R ( S given by

d R ( S d′ ⇔ d SR d′ ∧ (d′′ R ⊥D ⇒ Φ(d)(d′′) S ⊥D S Φ(d′)(d′′))

is also an admissible per.

Proof: As SR is an equivalence relation, R ( S is readily a per. Let (xn)n∈N
and (yn)n∈N be chains so that

∀n ∈ N. xn R ( S yn.

Then
⊔

n∈N xi SR
⊔

n∈N yi as ∀n ∈ N.xn SR yn. We just have to show, that

d R ⊥D ⇒ Φ(
⊔

n∈N
xn)(d) S ⊥D S Φ(

⊔
n∈N

yn)(d)

But
d R ⊥D ⇒ ∀n ∈ N.Φ(xn)(d) S ⊥D S Φ(yn)(d)

⇒
⊔

n∈N Φ(xn) S ⊥D S
⊔

n∈N Φ(yn)
⇒ Φ(

⊔
n∈N xn)(d) S ⊥D S Φ(

⊔
n∈N yn)(d).

2

Lemma 33 For all objects R of AdmPer(D)⊥, the map R ( − extends to a
functor AdmPer(D)⊥ → AdmPer(D)⊥.

Proof: For f :S → U with strict realizer tf define R ( f as the morphism
tracked by formerly introduced ◦tf .

We know, that ◦tf ∈ F (SR, UR), and if for some d, d′ R⊥D ⇒ Φ(d)(d′) S ⊥D,
then

d′ R ⊥D ⇒ Φ(d)(d′) S ⊥D

⇒ tf (Φ(d)(d′)) U ⊥D

⇒ �d′′ ∈ D.tf (Φ(d)(d′′))(d′) U ⊥D

⇒ Φ(◦tf (d))(d′) U ⊥D

so ◦tf ∈ F (R ( S, R ( U), and since tf is strict, so is ◦tf

◦tf (⊥D) = Ψ(�d′ ∈ D.tf (Φ(⊥D)(d′))) = Ψ(�d′ ∈ D.tf (⊥D)) = Ψ(�d′ ∈ D.⊥D) = ⊥D,
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so ◦tf ∈ F (R ( S, R ( U)⊥. The morphism is independent of the choice of
realizer; if tf S∼U t′f :

d R ( S d ⇒ d SR d ∧ (d′ R ⊥D ⇒ Φ(d)(d′) S ⊥D)
⇒ ◦tf (d) UR ◦ t′f (d) ∧ (d′ R ⊥D ⇒ Φ(◦tf (d))(d′) U ⊥D U Φ(◦t′f (d))(d′)
⇒ ◦tf (d) R ( S ◦ t′f (d)

And the operation is still functorial; for identities, we know

d R ( S d ⇒ ◦idD(d) SR d ∧ (d′ R ⊥D ⇒ Φ(d)(d′) S ⊥D)
⇒ ◦idD(d) SR d ∧ (d′ R ⊥D ⇒ Φ(◦idD(d))(d′) = Φ(d)(d′) S ⊥D)
⇒ ◦idD(d) R ( S d,

and composition already works on the level of realizers. 2

Now we aim to show, that AdmPer(D)⊥ is SMCC.

Proposition 34 For all objects R, −⊗R a R ( −.

Proof: For objects S and T , we consider AdmPer(D)⊥(T⊗R,S) and AdmPer(D)⊥(T,R (
S). A natural isomorphism · between these is given by considering

τf ∈ F (T ⊗R,S)⊥ 7→ τf = �d ∈ D.Ψ(�d′ ∈ D.τf (〈d, d′〉))

which sends τf to a strictifiable realizer

d T ⊥D ⇒ (d′ R d′ ⇒ τf (〈d, d′〉) S ⊥D)
⇒ Ψ(�d′ ∈ D.τf (〈d, d′〉)) SR Ψ(�d′ ∈ D.⊥D)
⇒ τf (d) SR ⊥D

that produces codes of strictifiable functions

d T d ⇒ (d′ R ⊥D ⇒ τf (〈d, d′〉) S ⊥D)
⇒ (d′ R ⊥D ⇒ �d′′ ∈ D.τf (〈d, d′′〉)(d′) S ⊥D)
⇒ (d′ R ⊥D ⇒ Φ(τf (d))(d′) S ⊥D)

and whose strictification thus is in F (T,R ( S)⊥

d1 T d′1 ⇒ (d2 R d′2 ⇒ 〈d1, d2〉 T ×R 〈d′1, d′2〉)
⇒ (d2 R d′2 ⇒ τf (〈d1, d2〉) S τf (〈d′1, d′2〉))
⇒ Ψ(�d′ ∈ D.τf (〈d1, d

′〉)) SR Ψ(�d′ ∈ D.τf (〈d′1, d′〉))

and whose equivalence class under T ∼SR and thus under T ∼R(S we know
is independent of the choice of realizers, so that it is well-defined. That it is a
isomorphism is obvious, once one have found the inverse ·

tg ∈ F (T, SR) 7→ tg = �d ∈ D.Φ(tg(π(d)))(π′(d))

which is in F (T ×R,S), and also in F (T ⊗R,S)⊥ as it is strict

tg(⊥D) = Φ(tg(π(⊥D)))(π′(⊥D)) = Φ(tg(⊥D))(⊥D) = Φ(⊥D)(⊥D) = ⊥D.
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and whose equivalence class under T×R ∼S and thus under T⊗R ∼S is inde-
pendent of choice of realizers, so that it is well-defined.

We know, that the two operations form a bijection, and that this bijection
is natural even if non-strict functions were allowed. 2

Theorem 35 AdmPer(D)⊥ is symmetric monoidal closed

Proof: This is precisely the content of lemma 34. 2

3 Lifting

Define the map L0:P(D) → P(D) by

L0(A) = {d ∈ D|π(Φ(d)(i)) = i ∧ π′(Φ(d)(i)) ∈ A}.

for A ⊆ D. And then the map L0:AdmPer(D)0 → AdmPer(D)⊥0 by

L0(R) = {L(K)|K ∈ D/R} ∪ {{⊥D}}.

Similarly define, for strongly admissible pers R and S, the map L1:F (R,S) →
F (L0(R),L0(S))⊥ by

L1(f) = �d ∈ D.Φ(π(Φ(d)(i)))(Ψ(�d′ ∈ D.〈i, f(π′(Φ(d)(i)))〉))

And then the map L1:AdmPer(D)1 → AdmPer(D)⊥1 by

L1(f) = [L1(tf )]
L0(R)∼L0(S)

for f :R → S.

Lemma 36 The definitions of L0, L0, L1 and L1 make sense.

Proof: They do make sense in the listed order.

L0: If A is a subset of D then so is L0(A), quite trivially.

L0: We first need to show that L0(R) is a per, i.e. that all the alleged
equivalence classes are disjoint: First notice, that π(Φ(⊥D)(i)) = ⊥D 6= i,
so {{⊥D}} is disjoint from all the other subsets of D. Now assume d ∈ D
and K, K ′ ∈ D/R so that d ∈ L0(K) and d ∈ L0(K ′). Then π′(Φ(d)(i)) ∈
K and π′(Φ(d)(i)) ∈ K ′, so that K = K ′.

d L0(R) d, d′ L0(R) ⊥D and d ≤ d′ implies d = d′ = ⊥D and thus
d L0(R) ⊥D.

Let (xi)i∈I and (yi)i∈I be chains in D such that

∀i ∈ I.xi L (R) yi
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Then
(π′(Φ(xi)(i)))i∈I and (π′(Φ(yi)(i)))i∈I

are chains in R, and by continuity of Φ, application and π′⊔
i∈I

π′(Φ(xi)(i)) = π′(Φ(
⊔
i∈I

xi)(i)) and
⊔
i∈I

π′(Φ(yi)(i)) = π′(Φ(
⊔
i∈I

yi)(i))

As R is chain complete, there is then a K ∈ D/R, containing both
π′(Φ(

⊔
i∈I xi)(i)) and π′(Φ(

⊔
i∈I yi)(i)). Similarly, by continuity of Φ, ap-

plication and π, π(Φ(
⊔

i∈I xi)(i)) = π(Φ(
⊔

i∈I yi)(i)) = i, and so L0(K)
contains both

⊔
i∈I xi and

⊔
i∈I yi.

L1: Observe that for all d ∈ D

π(Φ(Ψ(�d′ ∈ D.〈i, d〉)(i))) = i

and
π′(Φ(Ψ(�d′ ∈ D.〈i, d〉)(i))) = d

so that if d ∈ A ⊆ D then Ψ(�d′ ∈ D.〈i, d〉) ∈ L0(A). With this in mind,
we can argue that if f ∈ F (R,S) then

∃K ∈ D/R. d ∈ K ∧ d′ ∈ K ⇒ ∃K ′ ∈ D/S. f(d) ∈ K ′ ∧ f(d′) ∈ K ′

⇒ ∃K ′ ∈ D/S. Ψ(�d′′ ∈ D.〈i, f(d)〉) ∈ L0(K ′) ∧
Ψ(�d′′ ∈ D.〈i, f(d′)〉) ∈ L0(K ′)

⇒ Ψ(�d′′ ∈ D.〈i, f(d)〉) L0(S) Ψ(�d′′ ∈ D.〈i, f(d′)〉)

and thus

d L0(R) d′ ⇒ ∃K ∈ D/R. d ∈ L0(K) ∧ d′ ∈ L0(K) ∨
d = d′ = ⊥D

⇒ ∃K ∈ D/R. π′(Φ(d)(i)) ∈ K ∧ π′(Φ(d′)(i)) ∈ K ∨
d = d′ = ⊥D

⇒ L1(f)(d) L0(S) L1(f)(d′) ∨
L1(f)(d) = L1(f)(d′) = ⊥D

⇒ L1(f)(d) L0(S) L1(f)(d′)

so that L1(f) ∈ F (L0(R),L0(S)). And

L1(f)(⊥D) = Φ(π(Φ(⊥D)(i)))(Ψ(�d′ ∈ D.〈i, f(⊥D)〉)) = Φ(⊥D)(Ψ(�d′ ∈ D.〈i, f(⊥D)〉)) = ⊥D

so that L1(f) ∈ F (L0(R),L0(S))⊥.

L1: Consider f ∈ AdmPer(D)(R,S). Taking two realizers tf and t′f for f , we
find firstly that

∃K ∈ D/R. d ∈ K ⇒ ∃K ′ ∈ D/S. tf (d) ∈ K ′ ∧ t′f (d) ∈ K ′

⇒ ∃K ′ ∈ D/S. Ψ(�d′ ∈ D.〈i, tf (d)〉) ∈ L0(K ′) ∧
Ψ(�d′ ∈ D.〈i, t′f (d)〉) ∈ L0(K ′)

⇒ Ψ(�d′ ∈ D.〈i, tf (d)〉) L0(S) Ψ(�d′ ∈ D.〈i, tf (d)〉)
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and thus

d L0(R) d ⇒ ∃K ∈ D/R. d ∈ K ∨
d = ⊥D

⇒ ∃K ∈ D/R. π′(Φ(d)(i)) ∈ K ∨
d = ⊥D

⇒ L1(tf )(d) L0(S) L1(t′f )(d) ∨
L1(tf )(d) = L1(t′f )(d) = ⊥D

⇒ L1(tf )(d) L0(S) L1(t′f )(d)

so that L1(tf ) L0(R)∼L0(S) L1(t′f ).

2

Notice the “if construct” available on a lifted relation: If R is an admissible per
then

d L (R) d ⇒ d = ⊥D ∨ π(Φ(d)(i)) = i
⇒ π(Φ(d)(i)) = ⊥D ∨ π(Φ(d)(i)) = i
⇒ Φ(π(Φ(d)(i))) = ⊥[D→D] ∨ Φ(π(Φ(d)(i))) = id[D→D]

Thus Φ(π(Φ(d)(i)))(d′) can be read “if d /∈ ⊥L (R) then d′ else ⊥D”, where ⊥D

of course lies in the bottom class of any admissible per.
We also has a “lift” and an “unlift”: If d ∈ A then Ψ(�d′ ∈ D.〈i, d〉) ∈ L (A)

and if d ∈ L (A) then π′(Φ(d)(i)) ∈ A.
This is convenient for constructing realizers. We here used L without a

subscript because

Lemma 37 (L0,L1) = L :AdmPer(D) → AdmPer(D)⊥ is a functor

Proof: We only need to show proper behavior with respect to identities and
composition. Identities are tracked by idD, and

L1(idD) = �d ∈ D.Φ(π(Φ(d)(i)))(Ψ(�d′ ∈ D.〈i, π′(Φ(d)(i))〉))

Assuming d L0(R) d we either have d = ⊥D, in which case L1(idD) being strict
ensures L1(idD)(d)L0(R) d, or there is a K ∈ D/R, with d ∈ L0(K). For this
case, we calculate

d ∈ L0(K) ⇒ π′(Φ(d)(i)) ∈ K ∧ π(Φ(d)(i)) = i
⇒ π′(Φ(d)(i)) ∈ K ∧

L1(idD)(d) = Φ(i)(Ψ(�d′ ∈ D.〈i, π′(Φ(d)(i))〉))
⇒ π′(Φ(d)(i)) ∈ K ∧

L1(idD)(d) = Ψ(�d′ ∈ D.〈i, π′(Φ(d)(i))〉)
⇒ π′(Φ(d)(i)) ∈ K ∧

π(Φ(L1(idD)(d))(i)) = i ∧
π′(Φ(L1(idD)(d))(i)) = π′(Φ(d)(i))

⇒ π(Φ(L1(idD)(d))(i)) = i ∧
π′(Φ(L1(idD)(d))(i)) ∈ K

⇒ L1(idD)(d) ∈ L0(K)
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so L1(idD) L0(K)∼L0(K) idD.
To address composition, consider two composable morphisms f :S → T and

g:R → S, with realizers tf and tg:

K ∈ D/R ∧ d ∈ L0(K) ⇒
L1(tf )(L1(tg)(d)) = L1(tf )(Φ(π(Φ(d)(i)))(Ψ(�d′ ∈ D.〈i, tg(π′(Φ(d)(i)))〉)))

= L1(tf )(Ψ(�d′ ∈ D.〈i, tg(π′(Φ(d)(i)))〉))
= Φ(i)(Ψ(�d′ ∈ D.〈i, tf (tg(π′(Φ(d)(i))))〉))
= Ψ(�d′ ∈ D.〈i, tf ◦ tg(π′(Φ(d)(i)))〉)
∈ L0(tf ◦ tg(K))

and of course

K ∈ D/R ∧ d ∈ L0(K) ⇒ L1(tf )(L1(tg)(d)) ∈ L0(tf ◦ tg(K))

so that the two maps are equivalent. 2

There is an obvious forgetful functor U :AdmPer(D)⊥ → AdmPer(D)

Lemma 38 The morphisms (ηR:R → U L (R))R∈AdmPerD0 all tracked by

tη = �d ∈ D.Ψ(�d′ ∈ D.〈i, d〉)

form a natural transformation η: idAdmPer(D) ⇒ U L .

Proof: First we must show, that for all R, tη ∈ F (R,U L (R)): If d ∈ A ⊆ D,
then tη(d) = Ψ(λd′ ∈ D.〈i, d〉), and

π(Φ(tη(d))(i)) = π((�d′ ∈ D.〈i, d〉)(i)) = π(〈i, d〉) = i

π′(Φ(tη(d))(i)) = π′((�d′ ∈ D.〈i, d〉)(i)) = π′(〈i, d〉) = d ∈ A

thus tη(d) ∈ L(A). We then calculate

d R d′ ⇒ ∃K ∈ D/R. d ∈ K ∧ d′ ∈ K
⇒ ∃K ∈ D/R. tη(d) ∈ L(K) ∧ tη(d′) ∈ L(K)
⇒ d L (R) d′.

For η to be a natural transformation, we need

R

f

��

R

f

��

ηR // U L (R)

U L (f)

��
S S ηS

// U L (S)

to commute for all f :R → S. Assuming a realizer tf of f , we calculate

L(tf )(tη(d)) = Φ(π(Φ(tη(d))(i)))(Ψ(�d′ ∈ D.〈i, tf (π′(Φ(tη(d))(i)))〉))
= Φ(i)(Ψ(�d′ ∈ D.〈i, tf (d)〉))
= Ψ(�d′ ∈ D.〈i, tf (d)〉)
= tη(tf (d))

2
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Proposition 39 L a U

Proof: According to [6, p.83] we need only to define the unit η: idAdmPer(D) ⇒
U L , and find for each f :R → U (S) in AdmPer(D)⊥ a unique h:L (R) → S
in AdmPer(D)⊥, such that U (h) ◦ ηR = f :

R
ηR //

f ##FFFFFFFFF U L (R)

U (h)

��

L (R)

h

���
�
�

U (S) S

We have η by lemma 38, if we can produce a unique h. Let f :R → U (S) be
given. Let tf be a realizer for f . Define h through

th = �d ∈ D.Φ(π(Φ(d)(i)))(tf (π′(Φ(d)(i))))

which is strict

th(⊥D) = Φ(π(Φ(⊥D)(i)))(tf (π′(Φ(⊥D)(i)))) = Φ(⊥D)(tf (π′(Φ(⊥D)(i)))) = ⊥D

and in F (L (R), S)⊥

d L (R) d′ ⇒ ( ∃K ∈ D/R. d ∈ L(K) ∧ d′ ∈ L(K) ) ∨
d = d′ = ⊥D

⇒ ( π(Φ(d)(i)) = π(Φ(d′)(i)) = i ∧
∃K ∈ D/R. π′(Φ(d)(i)) ∈ K ∧ π′(Φ(d′)(i)) ∈ K ) ∨

d = d′ = ⊥D

⇒ ( Φ(π(Φ(d)(i))) = Φ(π(Φ(d′)(i))) = idD ∧
∃K ∈ D/U (S). tf (π′(Φ(d)(i))) ∈ K ∧ tf (π′(Φ(d′)(i))) ∈ K ) ∨

Φ(π(Φ(d)(i))) = Φ(π(Φ(d′)(i))) = �d ∈ D.⊥D

⇒ ( ∃K ∈ D/U (S). th(d) ∈ K ∧ th(d′) ∈ K ) ∨
th(d) = th(d′) = ⊥D

⇒ th(d) U (S) th(d′)

and independent of the choice of realizer for f : Let tf L (R)∼S t′f and build t′h
from t′f as th was build from tf , then

d L (R) d ⇒ ∃K ∈ D/R. d ∈ L(K) ∨ d = ⊥D

⇒ ( π(Φ(d)(i)) = i ∧ ∃K ∈ D/R. π′(Φ(d)(i)) ∈ K ) ∨ d = ⊥D

⇒ ( Φ(π(Φ(d)(i))) = idD∧
∃K ∈ D/U (S). tf (π′(Φ(d)(i))) ∈ K ∧ t′f (π′(Φ(d)(i))) ∈ K ) ∨

Φ(π(Φ(d)(i))) = �d ∈ D.⊥D

⇒ ( ∃K ∈ D/U (S). th(d) ∈ K ∧ t′h(d) ∈ K ) ∨
th(d) = t′h(d) = ⊥D

⇒ th(d) U (S) t′h(d)

Now U (h) ◦ ηR = f :

th(tη(d)) = Φ(π(Φ(tη(d))(i)))(tf (π′(Φ(tη(d))(i)))) = Φ(i)(tf (d)) = tf (d)
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and h is unique with this property: First observe that ηR almost is surjective,
in the sense that

∀K ∈ D/R.∃K ′ ∈ D/R.ηR(K ′) = L(K)

since ηR(K) = L(K).
Now assume h′:L (R) → S so that U (h′) ◦ ηR = f . Then

d L (R) d ⇒ ∃K ∈ D/R. d ∈ L(K) ∨ d = ⊥D

⇒ ∃K ∈ D/R. d ∈ ηR(K) ∨ d = ⊥D

⇒ U (h′)([d]L (R)) = f([d]L (R)) ∨ U (h′)([d]L (R)) = ⊥D

⇒ U (h′)([d]L (R)) = U (h)([d]L (R))

2

Theorem 40 L a U is a monoidal adjunction

Proof: According to [8, p.6] it is enough to show, that L a U , and that L is
a strong symmetric monoidal functor. By proposition 39 we have L a U , and
we now show, that L is a strong symmetric monoidal functor.

We must provide an isomorphism mi: I → L (1) and a natural isomorphism
mR,S :L (R)⊗L (S) → L (R× S).

mi: I → L (1): Recall, that 1 is {{⊥D}}, and thus L (1) is

{{⊥D}, { d ∈ D | π(Φ(d)(i)) = i ∧ π′(Φ(d)(i)) = ⊥D }}

whereas I is
{{⊥D}, {〈i,⊥D〉}}

It is obvious, what the (strict) isomorphism must do, all we need is a
realizer such as

�d ∈ D.Ψ(�d′ ∈ D.〈d〉)

and a realizer for the inverse, such as

�d ∈ D.〈π(Φ(d)(i)), π′(Φ(d)(i))〉

mR,S :L (R) ⊗ L (S) → L (R × S): Again it is obvious what the morphism
should do, but we must define the realizers and check naturality.

For all strongly admissible pers R and S, let mR,S be the morphism tracked
by

�d ∈ D.Φ(π(Φ(π(d))(i)))Φ(π(Φ(π′(d))(i)))(Ψ(�d′ ∈ D.〈i, 〈π′(Φ(π(d))(i)), π′(Φ(π′(d))(i))〉〉))

22



which reads “if π(d) 6= ⊥ then if π′(d) 6= ⊥ then lift of 〈unlift(π(d)),
unlift(π′(d))〉”. Thus the idea is the following:

L0(U)
unlift // U

""DD
DD

DD
DD

D

〈L0(U), L0(V )〉

π

77ppppppppppp

π′ ''NNNNNNNNNNN
〈U, V 〉

lift // L0(〈U, V 〉)

L0(V )
unlift

// V

<<zzzzzzzzz

Following a similar chain of thought, the inverse is tracked by

�d ∈ D.Φ(π(Φ(d)(i)))(〈Ψ(�d′ ∈ D.〈i, π(π′(Φ(d)(i)))〉),Ψ(�d′ ∈ D.〈i, π′(π′(Φ(d)(i)))〉)〉)

Here the idea is

U
lift // L0(U)

''NNNNNNNNNNN

L0(〈U, V 〉)
unlift // 〈U, V 〉

π

<<zzzzzzzzz

π′ ""DD
DD

DD
DD

D
〈L0(U), L0(V )〉

V
lift

// L0(V )

77ppppppppppp

Once we view this isomorphism as a switch between two isomorphic en-
codings, and realize, that the two functors L (R)⊗L (S) and L (R× S)
simply perform these encodings and otherwise preserve the operation of a
given morphism, naturality becomes obvious.

2

4 Going fibred

As i [1, 3.3] define split indexed categories, and apply the Grothendieck con-
struction:

The contravariant functor P : SET → Cat gives on

sets: For I set, P (I) is the category with

objects: (Ri)i∈I where for all i ∈ I, Ri is an object of AdmPer(D).

morphisms: (αi)i∈I : (Ri)i∈I → (Si)i∈I where for all i ∈ I, αi ∈ AdmPer(D)(Ri, Si)
and ∃α ∈ [D → D]. ∀i ∈ I. αi = [α]

Ri
∼Si

.
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functions: For f : I → J a function, P (f) is the functor from P (J) to P (I)
with values on

objects: P (f)((Rj)j∈J) = (Rf(i))i∈I

morphisms: P (f)((αj)j∈J) = (αf(i))i∈I

The contravariant functor Q : SET → Cat gives on

sets: For I set, Q(I) is the category with

objects: (Ri)i∈I where for all i ∈ I, Ri is an object of AdmPer(D)⊥.
morphisms: (αi)i∈I : (Ri)i∈I → (Si)i∈I where for all i ∈ I, αi ∈ AdmPer(D)⊥(Ri, Si)

and ∃α ∈ [D → D]. ∀i ∈ I. αi = [α]
Ri
∼Si

.

functions: For f : I → J a function, Q(f) is the functor from Q(J) to P (I)
with values on

objects: Q(f)((Rj)j∈J) = (Rf(i))i∈I

morphisms: Q(f)((αj)j∈J) = (αf(i))i∈I

That we have two contravariant functors is obvious. The Grothendieck con-
struction then gives us two split fibrations, UFam(AdmPer(D)) and UFam(AdmPer(D)⊥).
We now wish to view L and U as split fibred functors forming a split fibred
adjunction. We thus define two new functors and wildly abuse notation, by
naming them L and U :

The functor L :UFam(AdmPer(D)) → UFam(AdmPer(D)⊥) is defined on

objects: L (I, (Ri)i∈I) = (I, (L (Ri))i∈I)

morphisms: L (I, (fi)i∈I) = (I, (L (fi))i∈I)

The functor U :UFam(AdmPer(D)⊥) → UFam(AdmPer(D)) is defined on

objects: U (I, (Ri)i∈I) = (I, (U (Ri))i∈I)

morphisms: U (I, (fi)i∈I) = (I, (U (fi))i∈I)

These are not recursive definitions, they simply look so due to name clashes.

Theorem 41 L and U are split fibred functors

Proof: Clearly fibers are sent to fibers by both functors. To see that they
commute with reindexing we calculate: Take f : I → J in Set. Then for (Rj)j∈J

in UFam(AdmPer(D))

L (f∗((Rj)j∈J)) = L ((Rf(i))i∈I) = (L (Rf(i)))i∈I = f∗((L (Rj))j∈J) = f∗(L ((Rj)j∈J))

and for (Sj)j∈J in UFam(AdmPer(D)⊥)

U (f∗((Sj)j∈J)) = U ((Sf(i))i∈I) = (U (Sf(i)))i∈I = f∗((U (Sj))j∈J) = f∗(U ((Sj)j∈J))

where hopefully the name clashes are not too confusing. 2
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Theorem 42 L a U is a split fibred strong monoidal adjunction

Proof: Immediate from theorems 40 and 41 2

5 PILL

We now have the picture, we are looking for:

UFam(AdmPer(D)⊥)
U

00

q

##FFFFFFFFFFFFFFFFFF ⊥ UFam(AdmPer(D))
Lpp

p

||yy
yy

yy
yy

yy
yy

yy
yy

yy

SET

What remains to check is essentially the parts, that make p a λ-2 fibration.

Lemma 43 The set Ω = Obj(AdmPer(D)⊥) = Obj(AdmPer(D)) is a split
generic object of the fibration q.

Proof: This is obvious. Taking a morphism in the base category from any object
A to Ω, we simply get the object (Ra)a∈A in the fiber UFam(AdmPer(D)⊥)A.
The two sets Obj(UFam(AdmPer(D)⊥)A) and Set(A,Ω) are not merely iso-
morphic, they are identical. 2

Lemma 44 If for all i ∈ I, Ri is a strongly admissible per, then so is
⋃

i∈I Ri

defined by
d
⋃
i∈I

Ri d′ ⇔ ∀i ∈ I. d Ri d′

Proof: That it is a per is obvious. Let (xj)j∈J and (yj)j∈J be chains in D, such
that ∀j ∈ J. xj

⋃
i∈I Ri yj . Then

∀j ∈ J. xj

⋃
i∈I Ri yj ⇒ ∀i ∈ I. ∀j ∈ J. xj Ri yj

⇒ ∀i ∈ I.
⊔

j∈J xj Ri

⊔
j∈J yj

⇒
⊔

j∈J xj

⋃
i∈I Ri

⊔
j∈J yj

And ∀i ∈ I. ⊥D Ri ⊥D ⇒ ⊥D

⋃
i∈I Ri ⊥D.

Now take d
⋃

i∈I Ri d and d′
⋃

i∈I Ri ⊥D such that d ≤ d′. Then

d
⋃

i∈I Ri d ∧ d′
⋃

i∈I Ri ⊥D ∧ d ≤ d′

⇒ ∀i ∈ I.(d Ri d ∧ d′ Ri ⊥D ∧ d ≤ d′)

⇒ ∀i ∈ I. d Ri ⊥D

⇒ d
⋃

i∈I Ri ⊥D
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2

Lemma 45 If for all i ∈ I, Ri and Si are strongly admissible pers and α ∈
[D → D], then

∀i ∈ I. α ∈ F (Ri, Si) ⇒ α ∈ F (
⋃
i∈I

Ri,
⋃
i∈I

Si)

Proof: We simply calculate:

d
⋃

i∈I Ri d′ ⇒ ∀i ∈ I. d Ri d′

⇒ ∀i ∈ I. α(d) Si α(d′)
⇒ α(d)

⋃
i∈I Si α(d′)

2

Proposition 46 The fibration q has simple split Ω-products satisfying the Beck-
Chevalley condition.

Proof: Given any projection πA:A × Ω → A in Set, we must exhibit a right
adjoint ∀A to π∗A and then show that the collection of these satisfy the Beck-
Chevalley condition.

Simple Ω-products

Let πA:A× Ω → A in Set be given. Construct the functor

∀A:UFam(AdmPer(D)⊥)A×Ω → UFam(AdmPer(D)⊥)A

as follows, on

Objects: Form the intersection:

∀A((R(a,ω))(a,ω)∈A×Ω) = (
⋃

ω∈Ω

R(a,ω))a∈A

Morphisms: Simply take the uniform realizer:

∀A(([α]
R(a,ω)∼S(a,ω)

)(a,ω)∈A×Ω) = ([α] S
ω∈Ω R(a,ω)

∼S
ω∈Ω S(a,ω)

)a∈A

This definition makes sense due to lemmas 44 and 45. Surely this map preserves
identities and composition, so it is a functor. To see, that it is right adjoint to
π∗A, we consider for objects (Ra)a∈A and (S(a,ω))(a,ω)∈A×Ω the hom-sets

UFam(AdmPer(D)⊥)A×Ω(π∗A((Ra)a∈A), (S(a,ω))(a,ω)∈A×Ω)

and
UFam(AdmPer(D)⊥)A((Ra)a∈A,∀A((S(a,ω))(a,ω)∈A×Ω)),
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i.e. morphism of types

(Ra)(a,ω)∈A×Ω → (S(a,ω))(a,ω)∈A×Ω

and
(Ra)a∈A → (

⋃
ω∈Ω

S(a,ω))a∈A .

A natural bijection b is now evident from the fact, that for f ∈ [D → D]:

∀(a, ω) ∈ A× Ω. f ∈ F (Ra, S(a,ω))
m

∀a ∈ A. f ∈ F (Ra,
⋃

ω∈Ω S(a,ω)))

which we hasten to prove:

⇓: We have for all a ∈ A:

d Ra d′ ⇒ ∀ω ∈ Ω. f(d) Sa,ω f(d′)
⇒ f(d)

⋃
a∈A S(a,ω) f(d′)

⇑: We have for all (a, ω) ∈ A× Ω:

d Ra d′ ⇒ f(d)
⋃

ω∈Ω S(a,ω) f(d′)
⇒ ∀ω ∈ Ω. f(d) S(a,ω) f(d′)
⇒ f(d) S(a,ω) f(d′)

Beck-Chevalley

Given u:A → B we must verify, that

u∗ ◦ ∀B = ∀A ◦ (u× idΩ)∗

So once again we calculate. . . on objects we get

(u∗ ◦ ∀B)((R(b,ω))(b,ω)∈B×Ω) = u∗((
⋃

ω∈Ω

R(b,ω))b∈B) = (
⋃

ω∈Ω

R(u(a),ω))a∈A

and

(∀A◦(u×idΩ)∗)((R(b,ω))(b,ω)∈B×Ω) = ∀A((R(u(a),ω))(a,ω)∈A×Ω) = (
⋃

ω∈Ω

R(u(a),ω))a∈A

. . . wow, and on morphisms:

(u∗ ◦ ∀B)(([α]
R(b,ω)∼S(b,ω)

)(b,ω)∈B×Ω)
= u∗(([α] S

ω∈Ω R(b,ω)
∼S

ω∈Ω S(b,ω)
)b∈B)

= ([α] S
ω∈Ω R(u(a),ω)

∼S
ω∈Ω S(u(a),ω)

)a∈A
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and
(∀A ◦ (u× idΩ)∗)(([α]

R(b,ω)∼S(b,ω)
)(b,ω)∈B×Ω)

= ∀A(([α]
R(u(a),ω)∼S(u(a),ω)

)(u(a),ω)∈A×Ω)
= ([α] S

ω∈Ω R(u(a),ω)
∼S

ω∈Ω S(u(a),ω)
)a∈A

. . . Hallelujah! So we just need the canonical natural transformation to be the
identity. It just so happens, that the canonical natural transformation being
the identity is equivalent to the following equation among the counits of the
adjunctions:

(u× idΩ)∗(επ∗Ba∀B ) = επ∗Aa∀A(u× idΩ)∗

The counits, however, are easy to calculate. Remembering that transposition
is merely reinterpretation of realizers, we see, that both counits are tracked by
idD. As (u × idΩ)∗ does not change the underlying realizer, both sides of the
equation are tracked by idD. Having the same domain and codomain2 the mor-
phisms are identical. 2

Theorem 47 The considered setup constitutes a split PILL model.

Proof: Immediate from the preceding propositions. 2
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