Proofs of some pointer programs
Part 2: Heap lists
Richard Bornat, unattached, October 2002

Heap lists are sequences of pointers to records linked by a named field. | define two sorts of heap lists.1

2.1. Rules

A=E=B runsfrom A up to, but not including, B; A=E=+B includes B as well.

RULE IS A=E=B =z if A=B then () else (A)J@A.E=E=B fi
RULE IS A=>E=>+B = A=E=B@(B)

2.2. Proofs

THEOREM IS A=E=A = ()

1: if A=A then()else(A)@A.E=E=A fi=() FROM A INFER if A then B else C fizB
2: A=E=>A=() A=E=Bzif A=B then()else(A)@A.E=E=B fi 1

FORMULAE 0 (), 1 A, 2 A=A, 3 (A)@A.E=E=A, 4 if A=A then(lelse(A)@A.E=E=A fi, 5 xx1, 6 xx1=(), 7 E,
8 A=E=A, 9 xx, 10 xx=()

LAYOUT "A=E=B=zif A=B then()else(A)@A.E=E=B fi" ALL
("rewritez"«8,9,4,10/A,xx,B,P»)
(LAYOUT HIDEROOT
("A=>E=>Bzif A=B then()else(A)@A.E=E=B fi"«1,1,7/A,B,E»))
(LAYOUT "FROM A INFER if A then B else C fizB" ALL
("rewritez2"«4,5,0,6/A,xx,B,P»)
(LAYOUT HIDEROOT
("FROM A INFER if A then B else C fizB"«2,0,3/A,B,C»)
(LAYOUT HIDEROOT
("reflexive="«1/A»)))
(LAYOUT HIDEROOT
("reflexive="«0/A»)))

DERIVED RULE IS FROM A=B INFER A=E=B = ()

1: A=B A=B
2:if A=B then()else({A)@A.E=E=B fi=() FROM A INFER if A then B else C fizB 1

3: A=E=>B=() A=E=Bzif A=B then()else(A)@A.E=E=B fi 2
Given:

A=B

FORMULAE O (), 1 A=B, 2 (A)J@A.E=E=B, 3 if A=B then()else(A)@A.E=E=B fi, 4 xx1, 5xx1=(), 6 A, 7 B, 8 E,
9 A=E=B, 10 xx, 11 xx=()

1 If you look at the source files you will find there are about eight forms, with proofs about all of them. But not all of them
are relevant to the proofs in this document, so I’ ve cut them out.



Some proofs of pointer programs (part 2: heap lists) Page 2

LAYOUT "A=E=B=zif A=B then()else(A)@A.E=E=B fi" ALL
("rewritez"«9,10,3,11/A,xx,B,P»)
(LAYOUT HIDEROOT
("A=>E=>B=zif A=B then()else(A)@A.E=E=>B fi"«6,7,8/A,B,E»))
(LAYOUT "FROM A INFER if A then B else C fizB" ALL
("rewrite2"«3,4,0,5/A,xx,B,P»)
(LAYOUT HIDEROOT
("FROM A INFER if A then B else C fizB"«1,0,2/A,B,C»)
(GIVEN 0))
(LAYOUT HIDEROOT
("reflexive="«0/A»)))

DERIVED RULE IS FROM A=B INFER A=E=B = (A)@A.E=E=B

1: A=B A=B

2: =(A=B) -(A=B)2A=B 1

3:if A=B then()else(A)@A.E=E=B fi=(A)@A.E=E=B FROM -A INFER if A then B else C fizC 2

4: A=>E=>B=(A)@A.E=>E=B A=E=Bzif A=B then{)else(A)@A.E=>E=B fi 3
Given:
A=B

FORMULAE 0 (A)J@A.E=E=B, 1 A, 2 B, 3 -(A=B), 4 xx2, 5 A=B, 6 A=B, 7 (),

8 if A=B then()else(A)@A.E=E=B fi, 9 xx1, 10 xx1=(A)@A.E=E=B, 11 E, 12 A=E=B, 13 xx,
14 xx={A)@A.E=E=>B

LAYOUT "A=E=Bzif A=B then()else(A)@A.E=E=B fi" ALL
("rewrite2"«12,13,8,14/A,xx,B,P»)
(LAYOUT HIDEROOT
("A=E=Bzif A=B then()else(A)@A.E=E=B fi"«1,2,11/A,B,E»))
(LAYOUT "FROM -A INFER if A then B else C fiaC" ALL
("rewritez"«8,9,0,10/A,xx,B,P»)
(LAYOUT HIDEROOT
("FROM -A INFER if A then B else C fizC"«6,7,0/A,B,C»)
(LAYOUT "-(A=B)zA=B" ALL
("rewritez"«3,4,5,4/A,xx,B,P»)
(LAYOUT HIDEROOT
("~(A=B)2A=B"«1,2/A,B»))
(GIVEN 0)))
(LAYOUT HIDEROOT
("reflexive="«0/A»)))
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DERIVED RULE IS FROM A=E=B=() INFER A=B

1: A:Bv"(A:B) A=Bv-(A=B)
2: | A=B assumption
3:| - (A=B) assumption
4: | A=B -(A=B)2A=B 3
5: | ASE=>B=(A)@A.E=E=B | Derived Rule FROM A=B INFER A=E=B=(A)@A.E=E=B 4
6: | A=E=>B=() A=E=B=()
7: [ ) =(A)@A.E=E=B rewrite= 6,5
8: [ ({@(A)@A.E=E=B=() R@(A)@T=()
9: [(A)@A.E=E=B=() ()@S=S 8
10: [ ~({(AY@A.E=E=>B=()) ~(A=B)2A=B 9
11: L -E£7,10
12: | A=B 1E N
13: A=B v-E 1,2-2,3-12
Given:
A=>E=B=()

FORMULAE 0 A, 1), 2 A.EE=>E=B, 3 (A), 4 (@A), 5 xx3, 6 xx3@A.E=E=>B=(), 7 (A)@A E=E=B,

8 ~({A)@A.E=E=B=()), 9 xx1, 10 (A)@A.E=E=>B={(), 11 ()=(A)@A.E=E=B, 12 (A)J@A.E=>E=B=(), 13 A=B,
14 A=E=>B=(A)@A.E=E=B, 15 A=E=B, 16 xx2, 17 xx2=(A)@A.E=E=B, 18 A=B, 19 B, 20E, 21 -(A=B),
22 XX, 23 A:Bv"(A:B)

SEQ

(cut«23,13/B,C»)

("A=Bv~(A=B)"«0,19/A,B»)

("v-E"«13,21,13/A,B,C»)

(hyp«23/A»)

(hyp«13/A»)

(cut«18,13/B,C»)

(LAYOUT "-~(A=B)2A=B" ALL
("rewritez"«18,22,21,22/A,xx,B,P»)
(LAYOUT HIDEROOT

("symmetric2"«21,18/A,B»)
(LAYOUT HIDEROOT
"-2(A=B)2A=B"«0,19/A,B»)))
(hyp«21/A»))

(cut«14,13/B,C»)

("FROM A=B INFER A=E=B=(A)@A.E=E=B"«0,19,20/A,B,E»)

(hyp«18/A»)

(cut«11,13/B,C»)

("rewrite="«1,16,15,17/A,xx,B,P»)

(LAYOUT HIDEROOT
("symmetric="«15,1/A,B»)
(GIVEN 0))

(hyp«14/A»)

("L-E"«13/A»)

"--E"«12/B»)

(LAYOUT HIDEROOT
("symmetric="«1,7/A,B»)
(hyp«11/A»))

(LAYOUT "-(A=B)zA=B" ALL
("rewritez"«8,9,10,9/A,xx,B,P»)
(LAYOUT HIDEROOT

("-(A=B)zA=B"«7,1/A,B»))
(LAYOUT "()@S=S" ALL
("rewritez"«3,5,4,6/A,xx,B,P»)
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DERIVED RULE IS FROM A=E=B=(C)@S INFER A=BAA=CAA.E=E=B=S

1: A=E=>B=(C)@S A=E=B=(C)@S

2: | A=B assumption

3: [ {()=(C)@S FROM A=B INFER A=E=B=() 2,1
4: [ () @(C)@S=() R@(A)@T=()

5: | {C)@S=() ()@S=S 4

6: [ ~(()=(C)@S) ~(A=B)2A=B 5

7L -E 3,6

8: =(A=B) -~ 2-7

9: A=B -(A=B)zA=B 8

10: (A)@A.E=E=B=(C)@S FROM A=B INFER A=E=B=(A)@A.E=E=B 9,1
11: A=CAA.E=E=B=S (A)@R=(B)@S2A=BAR=S 10

12: A=C ~E 11

13: A.LE=>E=>B=S ~E 11

14: A=zBAA=C 19,12

15: AzBAA=CAA.E=E=>B=S 114,13
Given:

(LAYOUT HIDEROOT
("symmetricz"«4,3/A,B»)
(LAYOUT HIDEROOT

("()@S2S"«3/S»)))

("R@(A)@T=()"«0,1,2/A,R,T»)))

A=>E=>B=(C)@S

FORMULAE 0 A.E=E=B=S, 1 A=C, 2 A=B, 3 A=BAA=C, 4 A=BAA=CAA.E=E=B=S, 5 A=CAA.E=E=B-=S,

6 (A)J@A.E=E=B=(C)@S, 7 A, 8 C, 9 A.[E=E=B, 10S, 11 xx5, 12 A=E=B=(C)@S, 13 B, 14 E, 15 A=E=B,

16 (A)J@A.E=E=B, 17 xx4, 18 xx4=(C)@S, 19 (), 20 (C), 21 (}@(C), 22 xx3, 23 xx3@S=(), 24 (C)@S,

25 -(()=(C)@S), 26 xx2, 27 ()=(C)@S, 28 (}=(C)@S, 29 A=B, 30 xx1, 31 xx1=(C)@S, 32 L, 33 -(A=B), 34 xx

SEQ

(cut«12,4/B,C»)

(GIVEN 0)

(cut«2,4/B,C»)

(LAYOUT "-(A=B)zA=B" ALL

("rewritez"«2,34,33,34/A,xx,B,P»)

(LAYOUT HIDEROOT
("symmetricza"«2,33/B,A»)

(LAYOUT HIDEROOT
("~(A=B)2A=B"«7,13/A,B»)))

("--1"«29/A%)

(cut«28,32/B,C»)

(LAYOUT "FROM A=B INFER A=E=B=()" ALL
("rewrite="«19,30,15,31/A,xx,B,P»)
(LAYOUT HIDEROOT

("symmetric="«15,19/A,B»)
(LAYOUT HIDEROOT
("FROM A=B INFER A=E=B=()"«7,13,14/A,B,E»)
(hyp«29/A»)))
(hyp«12/A»))

("--E"«28/B»)

(hyp«28/A»)

(LAYOUT "-(A=B)zA=B" ALL



Some proofs of pointer programs (part 2: heap lists)

Page 5

("rewritez"«25,26,27,26/A,xx,B,P»)
(LAYOUT HIDEROOT

("-(A=B)2A=B"«19,24/A,B»))
(LAYOUT HIDEROOT

("symmetric="«24,19/A,B»)

(LAYOUT "()@S=S" ALL
("rewritez"«20,22,21,23/A,xx,B,P»)
(LAYOUT HIDEROOT

("symmetricza"«21,20/A,B»)
(LAYOUT HIDEROOT
(")@S2S"«20/S»)))
("R@(A)@T=()"«8,19,10/A,R,T»)))))

(cut«6,4/B,C»)

(LAYOUT "FROM A=B INFER A=E=B=(A)@A.E=E=B" ALL
("rewrite="«16,17,15,18/A,xx,B,P»)
(LAYOUT HIDEROOT

("symmetric="«15,16/A,B»)
(LAYOUT HIDEROOT
("FROM A=B INFER A=E=B=(A)@A.E=E=B"«7,13,14/A,B,E»)
(hyp«2/A»)))
(hyp«12/A»))

(cut«5,4/B,C»)

(LAYOUT "(A)@R=(B)@Sz=A=BAR=S" ALL
("rewritez"«5,11,6,11/A,xx,B,P»)
(LAYOUT HIDEROOT

("symmetricz"«6,5/A,B»)
(LAYOUT HIDEROOT

("(A)@R=(B)@S2A=BAR=5"«7,8,9,10/A,B,R,S»)))

(hyp«6/A»))
(cut«1,4/B,C»)
(LAYOUT "A-E" ALL

"A-E(L)"«0,1/B,A»)

(hyp«5/A»))
(cut«0,4/B,C»)
(LAYOUT "A-E" ALL

"A-E(R)"«1,0/A,B»)

(hyp«5/A»))

(cut«1,4/B,C»)

(hyp«1/A»)

(cut«0,4/B,C»)

(hyp«0/A»)

(LAYOUT COMPRESS "A-I" ALL
("A-1"«3,0/A,B»)

(LAYOUT COMPRESS "A-I" ALL
("A-1"«2,1/A,B»)
(hyp«2/A»)

(hyp«1/A»))
(hyp«0/A»))
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DERIVED RULE IS FROM A=E=B=S@(C) AND list(A=E=B) INFER A=BAA=E=C=SAC.E=B

1: ASE=>B=S@(C)

2: list(A=E=B)

3: list(S@(C))

4: list SAlist{C)AS-n(C)

s: list S

6: list(C)

7: S=n(C)

8: finitesequence S

9: | list(cc=E=B)

10: || cc=E=>B=()@(C)

11: || cc=E=B=(C)

12: || cc=E=>B=(C)@()

13: || cc=Bacc=Cacc.E=E=B=()

14 || cc=B

15: || cc=C

16: || cc.E=E=>B=()

17: || cc=E=C=()

18 || cc.E=B

19: || C=cc

20: || C.E=B

21: || cc=Bacc=>E=>C=()

22: || cc#Bacc=E=>C=()AC.E=B

23: | cc=E=>B=()@(C)>cc=BAcc=>E=C=()AC.E=B

24 list(cc=>E=B)—>cc=E=>B=()@(C)~>cc=BAcc=>E=>C=()AC.E=B
25: VxA:(list(xA=E=B)>xA=>E=>B=()@(C)>xA=BAxA=>E=C=()AC.E=B)
26: | YxA:(list(xA=E=B)->xA=>E=>B=ys@(C)>xA=BAXA=E=>C=ysC.E=B)
27: || list(cc1=E=B)

28: |||cc1=E=B=(y)@ys@(C)

29: |||cc1=E=B=(y)@(ys@(C))

30: [||cc1=BAccT=yccl.E=E=>B=ys@(C)

31: |||cc1=B

32 |||ccl=y

33: |||cc1.E=E=>B=ys@(C)

34 |||list(cc1.E=E=>B)—~cc1.E=E=>B=ys@(C)>cc1.E=Brcc1.E=>E=C=ysAC.E=B
35: |||list(cc1.E=E=B)

36: |||cc1.E=E=>B=ys@(C)>cc1.E=Bacc1.E=E=>C=ysAC.E=B
37:|||cc1.E£BAcc1.E=E=>C=ysAC.E=B

38 |||cc1.E=B

39: |||cc1.E=E=>C=ys

40: C.E=B

41: || {y)@(ys@(C))=cc1=E=B

42 || |list((y)@(ys@(C)))

43: [ | |[{y)~nys@(C)

44 ||| (Y)=nys@(C)2(y)~nysly)-n(C)

45: | || (Y)=nys ~y)=n(C)2{y)~nys@(C)

46: [||{y)~nysaly)~n(C)

47 | [\y)~nys

48: [||{y)~n(C)

49: [||{y)-n{C)ay=C

s50: | ||y=Cz(y)-n(C)

51: y#C

52: |||cc1=C

53: |||cc1=E=C=(cc1)@cc1.E=E=C

54 |||(cc1)@cc1.E=E=>C=(y)@yszccl=ynccl.E=E=C=z=ys

55 |||cc1=yaccl.E=E=C=ys

s56: |||(cc1)@cc1.E=E=C=(y)@ys

57: |||cc1=E=>C=(y)@ys

58: |||cc1=BAcc1=E=C=(y)@ys

59: | ||cc1=BAccT1=E=>C=(y)@ysAC.E=B

60: || cc1=E=B=(y)@ys@(C)~>cc1=BAcc1=E=>C=(y)@ys~C.E=B
61: | list(cc1=E=B)—~cc1=E=B=(y)@ys@(C)~>cc1=Bcc1=>E=C=(y)@ysAC.E=B
62: | VxA:(list(xA=E=B)->xA=>E=B=(y)@ys@(C)>xA=BAXA=E=>C=(y)@ysAC.E=B)

63: Vxs:(finitesequence xs—VxA:(list(xA=E=B)->xA=>E=>B=xs@(C)>xA=BAXxA=E=>C=xsAC.E=B))
64 finitesequence S—VxA:(list(xA=E=B)->xA=>E=>B=S@(C)>xA=BAXxA=>E=C=SAC.E=B)

65 VxA:(list(xA=E=B)->xA=E=>B=S@(C)>xA=BAxA=>E=>C=SAC.E=B)
66: list(A=E=>B)>A=>E=>B=S@(C)>A=BAA=>E=C=SAC.E=B

67: A2E=>B=S@(C)>A=BAA=E=C=SAC.E=B

68: Az-BAA=E=>C=SAC.E=B

Given:
A=E=B=S@(C)
list(A=E=B)

A=E=>B=5@(C)

list(A=E=B)

rewrite= 1,2

list(R@S)zlist Ralist SAR-AS 3
~E4

~E4

~E4

FROM list S INFER finitesequence S 5
assumption
assumption
(@SS 10
S@()2S 11

Derived Rule FROM A=E=B=(C)@S INFER A=BAA=CAA.E=E=B=S 12

~E13

~E13

~E13

Derived Rule FROM A=B INFER A=E=B=() 15
Derived Rule FROM A=E=B=() INFER A=B 16
symmetric= 15

rewrite= 19,18

A 1417

Al 21,20

--110-22

--19-23

v+ 24

assumption

assumption

assumption

(R@S)@T2R@(S@T) 28

Derived Rule FROM A=E=B=(C)@S INFER A=BAA=CAA.E=E=B=S 29

~-E 30
~E 30
~E 30
V-E 26

Derived Rule FROM A=B AND list(A=E=>B) INFER list(A.E=E=B) 31,27

—--E 35,34

->-E 33,36

~E 37

A~-E 37

~E 37

symmetric= 29

rewrite= 41,27
Conjectured Rule FROM list((A)@S) INFER (A)-nS 42
R-NS@T2R-ASAR-AT
symmetricz 44
R-nS@T2R~nSAR-T 45,43
~-E 46

~-E 46

(A)~n(B)2A=B

symmetricz 49
{A)-n(B)2A=B 50,48

rewrite= 32,51

Derived Rule FROM A=B INFER A=E=>B=(A)@A.E=E=B 52

(A)@R=(B)@S2A=B AR=S

A1 32,39

(A)@R=(B)@S2A=BAR=S 54,55

FROM A=B INFER A=E=B=(A)@A.E=E=B 53,56
Al 31,57

~-l 58,40

-1 28-59

--1 27-60

V- 61

finite sequence induction (L) 25,26-62
V-E 63

--E 8,64

V-E 65

—-E 2,66

--E 1,67
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FORMULAE 0 C.E=B, 1 cc1=E=C=(y)@ys, 2 cc1=B, 3 cc1=BAcc1=>E=>C=(y)@ys,

4 cc1=BAcc1=E=C=(y)@ysAC.E=B, 5 cc1.E=E=>C=zys, 6 cclzy, 7 ccl1, 8y, 9 ccl.E=E=C, 10 ys,

11 (cc1)@cc1.E=E=C=({y)@ys, 12 xx7, 13 ccl=yaccl.E=E=C=zys, 14 y=C, 15 x=C, 16 x, 17 C, 18 E,

19 cc1=E=C, 20 xx6, 21 {cc1)@cc1.E=E=>C, 22 xx6={y)@ys, 23 {y}=n(C), 24 xx10, 25 {y)-nysaly)-n{C),
26 (y)-nys, 27 {y)=nys@(C), 28 {y), 29 (C), 30 xx8, 31 list({y)@(ys@(C))), 32 ys@(C), 33 list(cc1=E=B),
34 cc1=E=B=(y)@(ys@(C)), 35 cc1=E=B, 36 (y)@(ys@(C)), 37 xx9, 38 list xx9,

39 cc1.E#BAccl1.E=E=>C=ysAC.E=B, 40 cc1.E=BAcc1.E=E=C=ys, 41 cc1.E=B,

42 cc1.E=>E=>B=ys@(C)~>cc1.E=zBrcc1.E=E=>C=zysAC.E=B, 43 cc1.E=E=>B=ys@(C),

44 list(cc1.E=2E=B)->cc1.E=E=>B=ys@(C)>cc1.E#BAccl1.E=E=C=ysAC.E=B, 45 list(cc1.E=E=B), 46 B,

47 VxA:(list(xA=>E=>B)>xA=>E=>B=ys@(C)>xA=BAxA=E=>C=ysAC.E=B), 48 ccl.E,

49 list(XA=E=B)>xA=>E=>B=ys@(C)>xA=BAXxA=>E=>C=ysAC.E=B, 50 xA,

51 cc1=Baccl=yaccl.E=E=>B=ys@(C), 52 cc1=Bacclzy, 53 cc1=>E=B=(y)@ys@(C), 54 (y)@ys@(C), 55 xx4,
56 cc1=>E=>B=xx4, 57 cc1=E=>B=(y)@ys@(C)>cc1=Brcc1=E=>C=(y)@ysAC.E=B,

58 list(xA=E=B)>xA=>E=>B=(y)@ys@(C)>xA=BAXA=E=C=(y)@ysAC.E=B, 59 cc=E=C=(), 60 cc=B,

61 cc#Bacc=>E=C=(), 62 cc=BAcc=E=>C=()AC.E=B, 63 cc.E=B, 64 cc=C, 65 cc, 66 xx5, 67 xx5.E=B,

68 cc.E=E=B=(), 69 cc.E, 70 cc#Bacc=Cacc.E=E=B=(), 71 cc=Bacc=C, 72 cc=E=B=(C)@{(), 73 (),

74 cc=E=B=(C), 75 (C)@(), 76 xx3, 77 cc=2E=>B=xx3, 78 cc=2E=B=()@(C), 79 ()@(C), 80 xx2,

81 cc=E=>B=xx2, 82 list(cc=E=B), 83 cc=>E=B=()@(C)>cc=BAcc=E=>C=()~C.E=B,

84 list(xA=E=B)>xA=E=>B=()@(C)>xA=BAXxA=E=C=()AC.E=B,

85 VxA:(list(xA=E=>B)>xA=>E=>B=xs@(C)>xA=BAxA=>E=>C=xs~C.E=B), 86 xs, 87 S,

88 finitesequence xs—>VxA:(list(xA=E=B)>XA=>E=>B=xs@(C)>xA=BAXxA=E=C=xsAC.E=B), 89 list S,

90 finitesequence S, 91 VxA:(list(xA=E=B)->xA=>E=>B=S@(C)>xA=BAXA=>E=>C=SAC.E=B), 92 A,

93 list(xA=E=B)>xA=>E=>B=S@(C)>xA=BAXA=E=>C=SAC.E=B, 94 list(A=E=B),

95 A=E=>B=S@(C)>A=BAA=E=>C=SAC.E=B, 96 A=E=>B=S@(C), 97 A=BAA=E=C=SAC.E=B,

98 list SAlist{C)AS-n(C), 99 list SAlist{C), 100 S-n(C), 101 list(C), 102 list(S@(C)), 103 xx, 104 A=E=B,
105 S@(C), 106 xx1, 107 list xx1

SEQ

(cut«96,97/B,C»)

(GIVEN 0)

(cut«94,97/B,C»)

(GIVEN 1)

(cut«102,97/B,C»)

("rewrite="«105,106,104,107/A,xx,B,P»)

(LAYOUT HIDEROOT
("symmetric="«104,105/A,B»)
(hyp«96/A»))

(hyp«94/A»)

(cut«98,97/B,C»)

(LAYOUT "list(R@S)zlist Ralist SAR-AS" ALL
("rewrite2"«98,103,102,103/A,xx,B,P»)
(LAYOUT HIDEROOT

("symmetricz"«102,98/A,B»)
(LAYOUT HIDEROOT
("list(R@S)zlist Ralist SAR-(S"«87,29/R,S»)))

(hyp«102/A»))

(LAYOUT HIDECUT
(cut«99,97/B,C»)

"A-E(L)"«100,99/B,A»)

(hyp«98/A»)

(cut«89,97/B,C»)

(LAYOUT "A-E" ALL
("A-E(L)"«101,89/B,A»)
(hyp«99/A»))

(cut«101,97/B,C»)

(LAYOUT "A-E" ALL
("A-E(R)"«89,101/A,B»)
(hyp«99/A»))

(cut«100,97/B,C»)

(LAYOUT "A-E" ALL
("~-E(R)"«99,100/A,B»)
(hyp«98/A»))

"--E"«96,97/A,B»)

(hyp«96/A»)

("->-E"«94,95/A,B»)

(hyp«94/A»)

("V-E"«92,93,50/B,A,x»)
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("->-E"«90,91/A,B»)

("FROM list S INFER finitesequence S"«87/S»)

(hyp«89/A»)

("V-E"«87,88,86/B,A,x»)

("finite sequence induction (L)"«8,10,85,86/y,ys,P,xs»)

("V-1"«65,84,50/cc,A,x»)

">-"«82,83/A,B»)

("->-1"«78,62/A,B»)

(cut«74,62/B,C»)

(LAYOUT "()@S=S" ALL
("rewrite2"«29,80,79,81/A,xx,B,P»)
(LAYOUT HIDEROOT

("symmetricz"«79,29/A,B»)

(LAYOUT HIDEROOT

("()@S25"«29/S»)))

(hyp«78/A»))

(cut«72,62/B,C»)

(LAYOUT "S@()=S" ALL
("rewritez"«75,76,29,77/A,xx,B,P»)
(LAYOUT HIDEROOT

("S@()2S"«29/S»))

(hyp«74/A»))

(cut«70,62/B,C»)

("FROM A=E=B=(C)@S INFER A=BAA=CAA.E=E=>B=S"«65,46,17,18,73/A,B,C,E,S»)

(hyp«72/A»)

(LAYOUT HIDECUT
(cut«71,62/B,C»)
("A-E(L)"«68,71/B,A»)
(hyp«70/A»)

(cut«60,62/B,C»)

(LAYOUT "A-E" ALL
("A-E(L)"«64,60/B,A»)
(hyp«71/A»))

(cut«64,62/B,C»)

(LAYOUT "A-E" ALL
"A-E(R)"«60,64/A,B»)
(hyp«71/A»))

(cut«68,62/B,C»)

(LAYOUT "A-E" ALL
("A-E(R)"«71,68/A,B»)
(hyp«70/A»))

(cut«60,62/B,C»)

(hyp«60/A»)

(cut«59,62/B,C»)

("FROM A=B INFER A=E=B=()"«65,17,18/A,B,E»)

(hyp«64/A»)

(cut«63,62/B,C»)

("FROM A=E=B=() INFER A=B"«69,46,18/A,B,E»)

(hyp«68/A»)

(cut«0,62/B,C»)

("rewrite="«17,66,65,67/A,xx,B,P»)

(LAYOUT HIDEROOT
("symmetric="«65,17/A,B»)
(hyp«64/A»))

(hyp«63/A»)

(cut«0,62/B,C»)

(hyp«0/A»)

(LAYOUT COMPRESS "A-I" ALL
"A-1"«61,0/A,B»)

(LAYOUT COMPRESS "A-I" ALL

"A-1"«60,59/A,B»)
(hyp«60/A»)
(hyp«59/A»))

(hyp«0/A»)))
("V-1"«7,58,50/cc,A,x»)
("->-1"«33,57/A,B»)
("->-1"«53,4/A,B»)
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(cut«34,4/B,C»)

(LAYOUT "(R@S)@T=R@(S@T)" ALL
("rewritez"«36,55,54,56/A,xx,B,P»)
(LAYOUT HIDEROOT

("symmetricz"«54,36/A,B»)

(LAYOUT HIDEROOT
("(R@S)@T2R@(S@T)"«28,10,29/R,S5,T»)))

(hyp«53/A»))

(cut«51,4/B,C»)

("FROM A=E=B=(C)@S INFER A=BAA=CAA.E=E=B=5"«7,46,8,18,32/A,B,C,E,S»)

(hyp«34/A»)

(LAYOUT HIDECUT
(cut«52,4/B,C»)
"A-E(L)"«43,52/B,A»)
(hyp«51/A»)

(cut«2,4/B,C»)

(LAYOUT "A-E" ALL
"A-E(L)"«6,2/B,A»)
(hyp«52/A»))

(cut«6,4/B,C»)

(LAYOUT "A-E" ALL
("A-E(R)"«2,6/A,B»)
(hyp«52/A»))

(cut«43,4/B,C»)

(LAYOUT "A-E" ALL
"A-E(R)"«52,43/A,B»)
(hyp«51/A»))

(cut«2,4/B,C»)

(hyp«2/A»)

(cut«44,4/B,C»)

("V-E"«48,49,50/B,A,x»)

(hyp«47/A»)

(cut«45,4/B,C»)

("FROM A=B AND list(A=E=B) INFER list(A.E=E=B)"«7,46,18/A,B,E»)

(hyp«2/A»)

(hyp«33/A»)

(cut«42,4/B,C»)

(">-E"«45,42/A,B»)

(hyp«45/A»)

(hyp«44/A»)

(cut«39,4/B,C»)

("=>-E"«43,39/A,B»)

(hyp«43/A»)

(hyp«42/A»)

(LAYOUT HIDECUT
(cut«40,4/B,C»)
("A-E(L)"«0,40/B,A»)
(hyp«39/A»)
(cut«41,4/B,C»)

(LAYOUT "A-E" ALL
("A-E(L)"«5,41/B,A»)
(hyp«40/A»))

(cut«5,4/B,C»)

(LAYOUT "A-E" ALL
"A-E(R)"«41,5/A,B»)
(hyp«40/A»))

(cut«0,4/B,C»)

(LAYOUT "A-E" ALL
"A-E(R)"«40,0/A,B»)
(hyp«39/A»))

(cut«6,4/B,C»)

(hyp«6/A»)

(cut«5,4/B,C»)

(hyp«5/A»)

(cut«31,4/B,C»)

("rewrite="«36,37,35,38/A,xx,B,P»)

(LAYOUT HIDEROOT
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("symmetric="«35,36/A,B»)

(hyp«34/A»))

(hyp«33/A»)

(cut«27,4/B,C»)

("FROM list({A)@S) INFER (A)=nS"«8,32/A,S»)

(hyp«31/A»)

(cut«25,4/B,C»)

(LAYOUT "R-nS@T2R-ASAR-AT" ALL
("rewritez"«25,30,27,30/A,xx,B,P»)
(LAYOUT HIDEROOT

("symmetric2"«27,25/A,B»)
(LAYOUT HIDEROOT
("R~AS@T2R~SAR-T"«28,10,29/R,S,T»)))

(hyp«27/A»))

(cut«26,4/B,C»)

(LAYOUT "A-E" ALL
("A-E(L)"«23,26/B,A»)

(hyp«25/A»))

(cut«23,4/B,C»)

(LAYOUT "A-E" ALL
("A-E(R)"«26,23/A,B»)

(hyp«25/A»))

(cut«14,4/B,C»)

(LAYOUT "(A)-n(B)2A=B" ALL
("rewritez"«14,24,23,24/A,xx,B,P»)
(LAYOUT HIDEROOT

("symmetricza"«23,14/A,B»)
(LAYOUT HIDEROOT
("{A)~(B)2A=B"«8,17/A,B»)))

(hyp«23/A»))

(cut«1,4/B,C»)

(LAYOUT "FROM A=B INFER A=E=B=(A)@A.E=E=B" ALL
("rewrite="«19,20,21,22/A,xx,B,P»)
(LAYOUT HIDEROOT

("FROM A=B INFER A=E=B=(A)@A.E=E=B"«7,17,18/A,B,E»)
("rewrite="«15,7,16,8/P,A,xx,B»)

(hyp«6/A»)

(hyp«14/A»))

(LAYOUT "(A)@R=(B)@S=A=BAR=S" ALL
("rewritez"«11,12,13,12/A,xx,B,P»)
(LAYOUT HIDEROOT

("(AY@R=(B)@S2A=BAR=S"«7,8,9,10/A,B,R,S»))
(LAYOUT COMPRESS "A-I" ALL

"A-1"«6,5/A,B»)

(hyp«6/A»)

(hyp«5/A»))))

(cut«0,4/B,C»)

(hyp«0/A»)

(LAYOUT COMPRESS "A-I" ALL
("A-1"«3,0/A,B»)

(LAYOUT COMPRESS "A-I" ALL
("A-1"«2,1/A,B»)

(hyp«2/A»)
(hyp«1/A»))
(hyp«0/A»)))))
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DERIVED RULE IS FROM A=B AND list(A=E=B) INFER A=A.E

—_

:| A=A.E

O W 00 N O u »Hh W N

[ A=Az(A)-

([ A=A

A=B
A=E=>B=(A)@A.E=E=B
A=>E=>B=(A)@A=>E=B
list(A=E=B)
list((A)Y@A=E=B)
list(A) Alist(A=E=B) A(A)
list(A)

list(A=E=B)
(A)-nA=E=B

(A)@A=>E=>B=-A=E=B

(A)-n(A)@A=E=B
(A)-A(A)Y@A=E=>B2(A)-n(A)A(A)-nA=>E=B
(A" A(A) A(A)~(A=E=B2(A)-H(A)@A=>E=>B
(
(
(
(A

~AA=E=B

A)=A) A (A) - AA>E=B
A)-n(A)

A)-nA=E=B

) N(A)2 A=A

“N(A)

)=
)=
)
)
)
)

A=A
-(A=A)zA=A
=(A=A)

1

: =(A=A.E)
26:

A=A.E

Given:
A=B
list(A=E=B)

FORMULAE 0 -(A=A),
9 (A)-nA=E=B,
15 (A)@A=>E=B,
20 list{A),

10 (A)-n(A)@A=>E=B,
16 xx5, 17 {(A)-xx5,

11 (A),

assumption
A=B
Derived Rule FROM A=B INFER A=E=B=(A)@A.E=E=B 2

rewrite= 1,3

list(A=E=B)

rewrite= 4,5

list(R@S)zlist Ralist SAR-AS 6
~E 7

~E 7

~E7

symmetric= 4
rewrite= 11,10
R-nS@T2R-ASAR-AT
symmetrica 13
R-AS@T2R~ASAR-AT 14,12
~E 15

~E 15
(A)-n(B)=A=B
symmetrics 18
(A)-n(B)2A=B 19,16
-(A=B)zA=B
-(A=B)zA=B 21,20
reflexive=

-E 23,22

-1 1-24
-(A=B)zA=B 25

1A, 2A=A, 3 A=A, 4xx7, 51, 6 (A)n(A), 7 xx6, 8 (A)~n(AIA(A)-nA=E=B,
12 ASE=B,
18 list{A) alist(ASE=B) A(A)=nA=E=B,
21 list(A=>E=B), 22 list((A)J@A=E=B), 23 xx1,

13 xx4, 14 A=E=>B=(A)@A=E=B,
19 list{A)Alist(A=E=B),

24 xx3, 25 list(xx3), 26 A=E=B=(A)@A.E=E=B,

27 A=A.E, 28 xx2, 29 A.E, 30 A=>E=>B=(A)@xx2=E=B, 31 B, 32 E, 33 A=A.E, 34 -(A=A.E), 35 xx

LAYOUT "-(A=B)2A=B" ALL
("rewrite2"«33,35,34,35/A,xx,B,P»)
(LAYOUT HIDEROOT

("symmetricz"«33,34/B,A»)
(LAYOUT HIDEROOT
("-(A=B)2A=B"«1,29/A,B»)))

("=-1"«27/A»)
(cut«26,5/B,C»)
("FROM A=B INFER A=E=B=(A)@A.E=E=B"«1,31,32/A,B,E»)
(GIVEN 0)

(cut«14,5/B,C»)
("rewrite="«1,28,29,30/A,xx,B,P»)
(hyp«27/A»)

(hyp«26/A»)

(cut«21,5/B,C»)
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(GIVEN 1)

(cut«22,5/B,C»)

("rewrite="«15,24,12,25/A,xx,B,P»)

(LAYOUT HIDEROOT
("symmetric="«12,15/A,B»)
(hyp«14/A»))

(hyp«21/A»)

(cut«18,5/B,C»)

(LAYOUT "list(R@S)zlist Ralist SAR-S" ALL
("rewritez"«18,23,22,23/A,xx,B,P»)
(LAYOUT HIDEROOT

("symmetricz"«22,18/A,B»)
(LAYOUT HIDEROOT
("list(R@S)zlist Ralist SAR~(S"«11,12/R,S»)))

(hyp«22/A»))

(LAYOUT HIDECUT
(cut«19,5/B,C»)

"A-E(L)"«9,19/B,A»)

(hyp«18/A»)

(cut«20,5/B,C»)

(LAYOUT "A-E" ALL
("A-E(L)"«21,20/B,A»)
(hyp«19/A»))

(cut«21,5/B,C»)

(LAYOUT "A-E" ALL
" ~-E(R)"«20,21/A,B»)
(hyp«19/A»))

(cut«9,5/B,C»)

(LAYOUT "A-E" ALL
"A-E(R)"«19,9/A,B»)
(hyp«18/A»))

(cut«10,5/B,C»)

("rewrite="«15,16,12,17/A,xx,B,P»)

(LAYOUT HIDEROOT
("symmetric="«12,15/A,B»)
(hyp«14/A»))

(hyp«9/A»)

(cut«8,5/B,C»)

(LAYOUT "R-AS@T2R-ASAR-AT" ALL
("rewritez"«8,13,10,13/A,xx,B,P»)
(LAYOUT HIDEROOT

("symmetricz"«10,8/A,B»)
(LAYOUT HIDEROOT
("R-NS@T2R-SAR-AT"«11,11,12/R,S,T»)))
(hyp«10/A»))

(cut«6,5/B,C»)

(LAYOUT "A-E" ALL
"A-E(L)"«9,6/B,A»)

(hyp«8/A»))

(cut«9,5/B,C»)

(LAYOUT "A-E" ALL
("A-E(R)"«6,9/A,B»)

(hyp«8/A»))

(cut«3,5/B,C»)

(LAYOUT "(A)-n(B)2A=B" ALL
("rewritez"«3,7,6,7/A,xx,B,P»)
(LAYOUT HIDEROOT

("symmetricz"«6,3/A,B»)
(LAYOUT HIDEROOT
("(A)=(B)2A=B"«1,1/A,B»)))
(hyp«6/A»))

(cut«0,5/B,C»)

(LAYOUT "-(A=B)zA=B" ALL
("rewritez"«3,0,4,4/B,A,xx,P»)
(LAYOUT HIDEROOT

"< (A=B)2A=B"«1,1/A,B»))
(hyp«3/A»))
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("--E"«2/B»)

(LAYOUT HIDEROOT
("reflexive="«1/A»))

(hyp«0/A»))

DERIVED RULE IS FROM A=B AND list(A=E=>B) INFER list(A.E=E=B)

1: list(A=E=B) list(A=E=B)

2: A=B A=B

3: list((A)@A.E=E=B) FROM A=B INFER A=E=B=(A)@A.E=E=B 2,1
4: list{A)Alist(A.E=E=B) A{(A)-AA.E=E=B list(R@S)=list Ralist SAR"nS 3
5: list(A) ~E 4

6: list(A.E=E=B) ~E 4

7: (A)-nA.E=E=B ~E 4

8: list(A.E=E=B) hyp 6

Given:

A=B

list(A=E=B)

FORMULAE O list(A.E=E=B), 1 list{A)alist(A.EE=B)A(A)-(A.E=E=B, 2 list(A)Alist(A.E=>E=B),
3 (A)-AA.E=E=B, 4 list(A), 5 list((A\@A.E=E=B), 6 (A), 7 AE=E=B, 8 xx1, 9 list(A=E=B), 10 A, 11 B,
12 E, 13 A=E=B, 14 (A)\@A.E=E=B, 15 xx, 16 list xx

SEQ

(cut«9,0/B,C»)

(GIVEN 1)

(cut«5,0/B,C»)

(LAYOUT "FROM A=B INFER A=E=B=(A)@A.E=E=B" ALL
("rewrite="«14,15,13,16/A,xx,B,P»)
(LAYOUT HIDEROOT

("symmetric="«13,14/A,B»)
(LAYOUT HIDEROOT
("FROM A=B INFER A=E=B=(A)@A.E=E=B"«10,11,12/A,B,E»)
(GIVEN 0)))
(hyp«9/A»))

(cut«1,0/B,C»)

(LAYOUT "list(R@S)zlist Ralist SAR-AS" ALL
("rewritez"«1,8,5,8/A,xx,B,P»)

(LAYOUT HIDEROOT
("symmetrica"«5,1/A,B»)
(LAYOUT HIDEROOT
("list(R@S)zlist Ralist SAR-RS"«6,7/R,S»)))
(hyp«5/A»))

(LAYOUT HIDECUT

(cut«2,0/B,C»)
("A-E(L)"«3,2/B,A»)
(hyp«1/A»)
(cut«4,0/B,C»)
(LAYOUT "A-E" ALL

"A-E(L)"«0,4/B,A»)
(hyp«2/A»))
(cut«0,0/B,C»)
(LAYOUT "A-E" ALL
("A-E(R)"«4,0/A,B»)
(hyp«2/A»))
(cut«3,0/B,C»)
(LAYOUT "A-E" ALL
("A-E(R)"«2,3/A,B»)
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(hyp«1/A»))
(hyp<O/A»))

DERIVED RULE IS FROM A=B AND list(A=E=B) INFER (A)-nA.E=E=B

1: list(A=E=B) list(A=E=B)

2: A=B A=B

3: list((A)@A.E=E=B) FROM A=B INFER A=>E=B=(A)@A.E=E=B 2,1
4: list{A)alist(A.E=E=B) A (A)~nA.E=E=B list(R@S)=list Ralist SAR-NS 3

5: list(A) ~E 4

6: list(A.E=E=B) ~E 4

7: (A)-nA.E=E=B ~E 4

Given:

A=B

list(A=E=>B)

FORMULAE 0 (A)-nA.E=E=B, 1 list(A)Alist(A.EE=B)A(A)-nA.E=E=B, 2 list(A)Alist(A.E=E=B), 3 list(A),
4 list(A.E=E=B), 5 list((AJ@A.E=E=B), 6 (A), 7 A.E=E=B, 8 xx1, 9 list(A=E=B), 10 A, 11 B, 12E,
13 ASE=B, 14 (A)@A.E=E=B, 15 xx, 16 list xx

SEQ

(cut«9,0/B,C»)

(GIVEN 1)

(cut«5,0/B,C»)

(LAYOUT "FROM A=B INFER A=E=B=(A)@A.E=E=B" ALL
("rewrite="«14,15,13,16/A,xx,B,P»)
(LAYOUT HIDEROOT

("symmetric="«13,14/A,B»)
(LAYOUT HIDEROOT
("FROM A=B INFER A=E=B=(A)@A.E=E=B"«10,11,12/A,B,E»)
(GIVEN 0)))
(hyp«9/A»))

(cut«1,0/B,C»)

(LAYOUT "list(R@S)zlist Ralist SAR-AS" ALL
("rewritez"«1,8,5,8/A,xx,B,P»)

(LAYOUT HIDEROOT
("symmetricza"«5,1/A,B»)
(LAYOUT HIDEROOT
("list(R@S)zlist Ralist SAR-AS"«6,7/R,S»)))
(hyp«5/A»))
(LAYOUT HIDECUT
(cut«2,0/B,C»)
"A-E(L)"«0,2/B,A»)
(hyp«1/A»)
(cut«3,0/B,C»)
(LAYOUT "A-E" ALL
("A-E(L)"«4,3/B,A»)
(hyp«2/A»))
(cut«4,0/B,C»)
(LAYOUT "A-E" ALL
("A-E(R)"«3,4/A,B»)
(hyp«2/A»))
(cut«0,0/B,C»)
(LAYOUT "A-E" ALL
"A-E(R)"«2,0/A,B»)
(hyp«1/A»))
(hyp«0/A»))
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DERIVED RULE IS FROM A=A.E INFER A=E=A.E=(A)

1: A=A.E A=A.E

2: (A)@()=(A) S@()2S

3: (A)@A.E=E=>A.E=(A) A=E=A=() 2

4: A=>E=>A.E=(A) FROM A=B INFER A=E=B=(A)@A.E=E=B 1,3
Given:

A=A.E

FORMULAE 0 (A), 1 (A)@(), 2 xx2, 3 xx2=(A), 4 A.E, 5E, 6 AE=>E=AE, 7 xx1, 8 (), 9 (A)@xx1=(A), 10 A,
11 ASE=AE, 12 xx, 13 (A@A.ESE=A.E, 14 xx=(A)

LAYOUT "FROM A=B INFER A=E=B=(A)@A.E=E=B" ALL
("rewrite="«11,12,13,14/A,xx,B,P»)
(LAYOUT HIDEROOT
("FROM A=B INFER A=E=B=(A)@A.E=E=B"«10,4,5/A,B,E»)
(GIVEN 0))
(LAYOUT "A=E=A=()" ALL
("rewrite="«6,7,8,9/A,xx,B,P»)
(LAYOUT HIDEROOT
("A=E=>A=()"«4,5/A,E»))
(LAYOUT "S@{)aS" ALL
("rewritez"«1,2,0,3/A,xx,B,P»)
(LAYOUT HIDEROOT
("S@()2S"«0/S»))
(LAYOUT HIDEROOT
("reflexive="«0/A»))))

DERIVED RULE IS FROM A=A.E AND A=B INFER A=E=A.E = A=>(E®A~B)=B

1: A=A.E A=A.E

2: A=B A=B

3: (A)=(A)@() S@()2S

4: (A)=(A)@B=(E®A~B)=B  A=E=A-() 3

5: (A)=A=(E®A~B)=B FROM A=B INFER A=E=B=(A)@A.E=E=B 2,4

6: ASE=>A.E-A=(E®A~B)=>B FROM A=A.E INFER A=E=A.E=(A) 1,5

Given:
A=A.E
A=B

FORMULAE 0 (A), 1 (A)@(), 2 xx4, 3 (A)=xx4, 4 B, 5 E®A~B, 6 B=(E®APB)=B, 7 xx3, 8 (), 9 (A)=(A)@xx3,
10 A, 11 E, 12 A.(E®A=B), 13 xx2, 14 (A)=(A)@xx2=(E®A~B)=B, 15 A=>(E®A~B)=B, 16 xx1,
17 (A)@A.(E®@A-B)=(E®A-B)=B, 18 (A)=xx1, 19 ASE=A.E, 20 xx, 21 xx=A=(E®A~B)=B

LAYOUT "FROM A=A.E INFER A=E=A.E=(A)" ALL
("rewrite="«19,20,0,21/A,xx,B,P»)
(LAYOUT HIDEROOT
("FROM A=A.E INFER A=E=A.E=(A)"«10,11/AE»)
(GIVEN 0))
(LAYOUT "FROM A=B INFER A=E=B=(A)@A.E=E=B" ALL
("rewrite="«15,16,17,18/A,xx,B,P»)
(LAYOUT HIDEROOT
("FROM A=B INFER A=E=B=(A)@A.E=E=B"«10,4,5/A,B,E»)
(GIVEN 1))
(LAYOUT HIDEROOT
(LAYOUT "iterate" (1)
("rewrite="«12,13,4,14/A,xx,B,P»)
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("A.(BOAE)=E"«10,11,4/A,B,E»)
(LAYOUT "A=E=>A=()" ALL
("rewrite="«6,7,8,9/A,xx,B,P»)
(LAYOUT HIDEROOT
("A=E=>A=()"«4,5/A,E»))
(LAYOUT "S@()=S" ALL
("rewritez"«1,2,0,3/A,xx,B,P»)
(LAYOUT HIDEROOT
("S@()2S"«0/S»))
(LAYOUT HIDEROOT
("reflexive="«0/A»)))))))

DERIVED RULE IS FROM F-nA=E=B AND A=B INFER F-(A)AF-AA.E=E=B

1: F-nA=E=B F-nA=E=B
2: A=B A=B

3 F-n(A)@A.E=>E="B FROM A=B INFER A=E=B=(A)@A.E=E=B 2,1
4: F_'n(A)/\F_'nA-E:EéB RﬂnS@TéR"ﬂSAR"ﬂT 3

Given:
F-nA=E=B
A=B

FORMULAE 0 F-(A)AF-nA.E=E=B, 1 F-n(A)J@A.EE=B, 2 F, 3 (A), 4 AE=E=B, 5 xx1, 6 F-nA=E=B, 7 A,

8B, 9E, 10 A=E=B, 11 (A)@A.E=E=B, 12 xx, 13 F~xx

SEQ
(cut«6,0/B,C»)
(GIVEN 0)
(cut«1,0/B,C»)

(LAYOUT "FROM A=B INFER A=E=B=(A)@A.E=E=B" ALL

("rewrite="«11,12,10,13/A,xx,B,P»)

(LAYOUT HIDEROOT
("symmetric="«10,11/A,B»)
(LAYOUT HIDEROOT

("FROM A=B INFER A=E=B=(A)@A.E=E=B"«7,8,9/A,B,E»)

(GIVEN 1)))
(hyp«6/A»))

(cut«0,0/B,C»)

(LAYOUT "R-[S@T2R-ASAR-AT" ALL
("rewritez"«0,5,1,5/A,xx,B,P»)
(LAYOUT HIDEROOT

("symmetrica"«1,0/A,B»)
(LAYOUT HIDEROOT

("R-AS@T2R-ASAR~AT"«2,3,4/R,S,T»)))

(hype1/A»))
(hyp«0/A»)
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DERIVED RULE "list induction"(A, OBJECT cA, OBJECT xA) WHERE FRESH cA IS
FROM list(A=E=B) AND P«B/xA» AND cA=B, P«cA.E/xA» + P«CcA/xA»
INFER P«A/xA»
1: list(A=E=B) list(A=>E=B)
2: finitesequence(A=E=B) FROM list S INFER finitesequence S 1
3:|cc=>E=B=() assumption
4:|cc=B Derived Rule FROM A=E=B=() INFER A=B 3
5: |P«B/xA» P«B/xA»
6: |P«cc/xA» rewrite= 4,5
7: cc=>E=>B=()~>P«cc/xA» -1 3-6
8: VYA:(YA=E=B=()>P«yA/xA») V17
9: | VYA:(YA=E=>B=ys—>P«yA/xA») assumption
10: || cCA=>E=>B=(y)@ys assumption
11: || CA=BACA=yACA.EmE=>B=ys Derived Rule FROM A=E=B=(C)@S INFER A=BAA=CAA.E=E=B=S 10
12: || cA=B AE 11
13: || cA=y AE 11
14: || cA.E=E=B=ys AE 11
15: || cA.E=E=>B=ys—>P«cA.E/xA» v-E 9
16: || P«<cA.E/xA» >-E 14,15
17: || P«cA/xA» CA=B, P«cA.E/xA» F P«cA/xA» 12,16
18: | CA=E=>B=(y)@ys—>P«cA/xA» ->110-17
19: | VYA:(YA=E=>B=(y)@ys—>P«yA/xA») v 18
20: Vxt:(finitesequence xt->VyA:(yA=E=B=xt—>P«yA/xA»)) finite sequence induction (L) 8,9-19

21:
22:
23:
24:

VyA:(yA=E=>B=A=E=B->P«yA/xA»)
A=E=>B=A=E=B->P«A/xA»
P«A/xA»

Given:

list(A=E=B)

P«B/xA»

cA=B, P«cA.E/xA» + P«cA/xA»
Provided:

FRESH cA

FORMULAE O cA.E=E=B=ys—>P«cA.E/xA», 1 cA.E=E=>B=ys, 2 P«cA.E/xA», 3 P«CcA/xA»,

4 VyA:(yA=>E=>B=ys—>P«yA/xA»), 5 cA.E, 6 YA=E=>B=ys—>P«yA/xA», 7 yA, 8 cA=BACA=yACA.E=E=B-=ys,
9 cA=BAcA=y, 10 cA=B, 11 cA=y, 12 cA=E=B=(y)@ys, 13 CcA, 14B, 15y, 16E, 17 ys,

18 yA=E=B=(y)@ys—>P«yA/xA», 19 cc=B, 20 P«x/xA», 21 cc, 22 x, 23 cc=E=>B=(), 24 P«cc/xA»,

25 yA=E=>B=()>P«yA/xA», 26 VyA:(YA=>E=>B=xt->P«yA/xA»), 27 xt, 28 A=E=B,

29 finitesequence xt=>VyA:(yA=E=>B=xt->P«yA/xA»), 30 (A=E=B), 31 finitesequence(A=E=B),

32 VyA:(yA=E=>B=A=E=B->P«yA/xA»), 33 A, 34 yASE=>B=A=E=B-P«yA/xA», 35 A=E=>B=A=E=B,
36 P«A/xA»

SEQ

("—>-E"«35,36/A,B»)
(LAYOUT HIDEROOT
("reflexive="«28/A»))
("V-E"«33,34,7/B,A,x»)
"->-E"«31,32/A,B»)
("FROM list S INFER finitesequence S"«30/S»)
(GIVEN 0)
("V-E"«28,29,27/B,A,x»)
("finite sequence induction (L)"«15,17,26,27/y,ys,P,xs»)
("V-1"«21,25,7/cc,A,x»)
(">-1"«23,24/A,B»)
(cut«19,24/B,C»)
("FROM A=E=B=() INFER A=B"«21,14,16/A,B,E»)
(hyp«23/A»)
("rewrite="«20,21,22,14/P,A,xx,B»)
(hyp«19/A»)
(GIVEN 1)
("V-1"«13,18,7/cc,A,x»)
("=>-1"«12,3/A,B»)

finitesequence(A=E=B)->VyA:(yA=E=>B=A=E=B->P«yA/xA»)

V-E 20
->-E 2,21
V-E 22
--E 23
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(cut«8,3/B,C»)
("FROM A=E=B=(C)@S INFER A=BAA=CAA.E=E=B=5"«13,14,15,16,17/A,B,C,E,S»)
(hyp«12/A»)
(LAYOUT HIDECUT
(cut«9,3/B,C»)
"A-E(L)"«1,9/B,A»)
(hyp«8/A»)
(cut«10,3/B,C»)
(LAYOUT "A-E" ALL
("A-E(L)"«11,10/B,A»)
(hyp«9/A»))
(cut«11,3/B,C»)
(LAYOUT "A-E" ALL
" A-E(R)"«10,11/A,B»)
(hyp«9/A»))
(cut«1,3/B,C»)
(LAYOUT "A-E" ALL
"A-E(R)"«9,1/A,B»)
(hyp«8/A»))
(cut«0,3/B,C»)
("V-E"«5,6,7/B,A,x»)
(hyp«4/A»)
(cut«2,3/B,C»)
("=-E"«1,2/A,B»)
(hyp«1/A»)
(hyp«0/A»)
(GIVEN 2))
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DERIVED RULE IS FROM (C)-nA=E=B AND list(A=E=B) INFER A=E=B=A=(E®CHF)=B

1: (C)~nA=E=B (C)-nA=E=B

2: list(A=E=B) list(A=E=B)

3:| (C)-nB=>E=B assumption

4:| B=E=>B=() Theorem A=E=A=()

5:| B®E=B=B=>(E®C~F)=B ASE=>A=() 4

6: (C)-nB=E=>B->B=E=B=B=>(E®C—F)=B > 3-5

7:[ cA=B, (C)-ncA.E=E=>B->cA.E=E=>B=cA.E=(E®C—F)=B assumptions

8:[ [{C)-ncA=E=B assumption

9:| | {C)~n(cA)@cA.E=E=B FROM A=B INFER A=E=B=(A)@A.E=E=B 7.1,8
10: [ | {C)~n(cA)A(C)-nCA.E=E=B R-S@T2R~SAR-AT 9

11: || {C)=n(cA) ~E10

12:[|{C)~-ncA.E=E=B ~-E10

13:| | cCA.E®E=>B=cA.E=(E@C~F)=>B >E12,7.2

14:| | CCA (A)=n(B)2A=B 11

15:| [ (cA)@cA.E=(E®C~F)=B=(cA)@cA.(E®C~F)=(E®C—F)=B [[ FROM A=C INFER A.(B®C~E)=A.B 14

16:| | CA=E=>B

17: = (CA)@cA.E=E=B FROM A=B INFER A=E=B=(A)@A.E=E=B 7.1
18: = (cA)@cA.E=(E®C—F)=B rewrite= 13

19: = (cA)@cA.(EeC~F)=(EeC~F)=B transitive= 15

20: = cA=(EeC—F)=B FROM A=B INFER A=E=B=(A)@A.E=E=B 7.1
21:[ (C)-ncA=E=B->cA=E=B=cA=(EeC—F)=B -1 8-20

22: (C)-nA=E=>B->A=E=>B=A=(E@C—F)=B Derived Rule list induction 2,6,7-21

23: ASE=>B=A=(E®C—F)=>B >-E 1,22
Given:

(C)-nA=E=B

list(A=>E=B)

FORMULAE O (cA)@cA.(EeC—F)=(E®C—F)=B, 1 cA=B, 2 cA, 3 B, 4 E®C~F, 5 cA=(E®C—F)=B, 6 xx4,

7 (cA)@cA.(E®C—F)=(E®C—F)=B=xx4, 8 (CA)@cA.E=(E®C~F)=B, 9 C=cA, 10C, 11 E, 12 F, 13 cA.(EeC~F),
14 xx5, 15 cA.E, 16 (cA)@cA.E=(E®C—F)=B=(cA)@xx5=(E®C~F)=B, 17 cA.E=E=B=cA.E=(E®C—F)=B,

18 (cA)@x=(cA)@cA.E=(E@C~F)=B, 19 cA.E=E=B, 20 x, 21 cA.E=(EeC~F)=B, 22 (cA)@cA.E=E=B,

23 cA=E=B, 24 xx3, 25 xx3=(cA)@cA.E=E=B, 26 (C)-n(cA), 27 xx6, 28 cA=>E=B=cA=>(E®C—F)=B,

29 (C)-ncA.E=E=B->cA.E=E=>B=cA.E=>(E®CHF)=B, 30 (C)-ncA.E=E=B, 31 (C)-n(cA)A{C)-nCA.E=E=B,

32 {C)-nlcA)Y@cA.E=E=B, 33 (C), 34 (cA), 35 xx2, 36 (C}-ncA=>E=B, 37 xx1, 38 (C)-nxx1,

39 B=>(E®C—F)=B, 40 xx, 41 (), 42 B=E=>B=xx, 43 (C)-nB=E=B, 44 B=>E=B=B=(E®C—F)=B, 45 A, 46 xA,
47 (C)~AxA=E=>B->XA=>E=>B=xA=(E®CrF)=B, 48 (C)-nA=E=B, 49 A=E=B-A=(E®CHF)=B

SEQ
("—>-E"«48,49/A,B»)
(GIVEN 0)
("list induction"«45,2,46,3,11,47/A,cA,xA,B,E,P»)
(GIVEN 1)
("=>-1"«43,44/A,B»)
(LAYOUT "A=E=A=()" ALL
("rewrite="«39,40,41,42/A,xx,B,P»)
(LAYOUT HIDEROOT
("A=>E=>A=()"«3,4/A,E»))
("A=E=>A=()"«3,11/A,E»))
("—>-1"«36,28/A,B»)
(cut«32,28/B,C»)
(LAYOUT "FROM A=B INFER A=E=B=(A)@A.E=E=B" ALL
("rewrite="«22,37,23,38/A,xx,B,P»)
(LAYOUT HIDEROOT
("symmetric="«23,22/A,B»)
(LAYOUT HIDEROOT
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("FROM A=B INFER A=E=B=(A)@A.E=E=B"«2,3,11/A,B,E»)
(hyp«1/A»)))
(hyp«36/A»))
(cut«31,28/B,C»)
(LAYOUT "R-AS@T2R-ASAR-AT" ALL
("rewritez"«31,35,32,35/A,xx,B,P»)
(LAYOUT HIDEROOT
("symmetrica"«32,31/A,B»)
(LAYOUT HIDEROOT
("R-AS@T2R~ASAR-AT"«33,34,19/R,S,T»)))
(hyp«32/A»))
(cut«26,28/B,C»)
(LAYOUT "A-E" ALL
"A-E(L)"«30,26/B,A»)
(hyp«31/A»))
(cut«30,28/B,C»)
(LAYOUT "A-E" ALL
"A-E(R)"«26,30/A,B»)
(hyp«31/A»))
(cut«17,28/B,C»)
("=>-E"«30,17/A,B»)
(hyp«30/A»)
(hyp«29/A»)
(cut«9,28/B,C»)
(LAYOUT "(A)-n(B)2A=B" ALL
("rewritez"«9,27,26,27/A,xx,B,P»)
(LAYOUT HIDEROOT
("symmetrica"«26,9/A,B»)
(LAYOUT HIDEROOT
("(A)~A(B)2A=B"«10,2/A,B»)))
(hyp«26/A»))
("transitive="«23,22,5/A,B,C»)
(LAYOUT "FROM A=B INFER A=E=B=(A)@A.E=E=B" ALL
("rewrite="«23,24,22,25/A,xx,B,P»)
(LAYOUT HIDEROOT
("FROM A=B INFER A=E=B=(A)@A.E=E=B"«2,3,11/A,B,E»)
(hyp«1/A»))
(LAYOUT HIDEROOT
("reflexive="«22/A»)))
("transitive="«22,8,5/A,B,C»)
("rewrite="«18,19,20,21/P,A,xx,B»)
(hyp«17/A»)
(LAYOUT HIDEROOT
("reflexive="«8/A»))
("transitive="«8,0,5/A,B,C»)
("transitive="«8,8,0/A,B,C»)
(LAYOUT HIDEROOT
("reflexive="«8/A»))
(LAYOUT "FROM A=C INFER A.(B®C—E)=A.B" ALL
("rewrite="«13,14,15,16/A,xx,B,P»)
(LAYOUT HIDEROOT
("FROM A=C INFER A.(BeC—E)=A.B"«2,11,10,12/A,B,C,E»)
(LAYOUT HIDEROOT
("symmetric="«10,2/A,B»)
(hyp«9/A»)))
(LAYOUT HIDEROOT
("reflexive="«8/A»)))
(LAYOUT "FROM A=B INFER A=E=B=(A)@A.E=E=B" ALL
("rewrite="«5,6,0,7/A,xx,B,P»)
(LAYOUT HIDEROOT
("FROM A=B INFER A=E=B=(A)@A.E=E=B"«2,3,4/A,B,E»)
(hyp«1/A»))
(LAYOUT HIDEROOT
("reflexive="«0/A»)))
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DERIVED RULE IS FROM (C)-nA=>E=B AND list(A=E=B) INFER A=E=B@B=E=C = A=E=C

1: (C)~nA=E=B (C)~nA=E=B

2: list(A=E=B) list(A=E=>B)

3:[(C)-nB=>E=B assumption

4:[()@B=>E=>C=B=>E=C ()@S=2S

5:| B=E=>B@B=E=C

6:| = ({@B=>E=C ASE=A=()

7:| = B=E=C transitive= 4

8: (C)-nB=E=>B->B=E=B@B=>E=C=B=>E=C -1 37

9:[cA=B, (C)-nCcA.E=E=>B-cA.E=E=>B@B=E=C=cA.E=E=C| assumptions

10:| [{C)-AcA=E=B assumption

11:| [ {C)~(cA)@CcA.E=E=B FROM A=B INFER A=E=B=(A)@A.E=E=B 9.1,10
12:| [ {C)=A({cAYA(C)~nCA.E=E=B R-AS@T2R~SAR-AT 11

13:| | {C)=n(CcA) ~E12

14:[ | {C)~ncA.E=E=B ~E12

15:| | CA.E=>E=>B@B=E=C=cA.E=E=C >-E 14,9.2

16:| | C=CcA (A)-n(B)2A=B 13

17:| | {cCA)@CcA.E=E=>C=cA=E=C FROM A=B INFER A=E=>B=(A)@A.E=E=B 16
18:|| cCA=E=B@B=E=C

19: = {cA)@cA.E=E=B@B=E=C FROM A=B INFER A=E=>B=(A)@A.E=E=B 9.1
20: = (cA)@(cA.E=E=>B@B=E=() (R@S)@T=R@(S@T)
21: = (CA)@cA.E=E=C rewrite= 15
22: = cA=>E=C transitive= 17
23:|{C)~-ncA=>E=>B->cA=>E=>B@B=E=>C=cA=E=C ~-110-22
24: (C)-nA=>E=>B->A=>E=>B@B=E=>C=A=E=C Derived Rule list induction 2,8,9-23
25: A=>E=>B@B=>E=>C=A=>E=C ->-E1,24
Given:

(C)-nA=E=B

list(A=E=B)

FORMULAE 0 cA=E=C, 1 C=cA, 2C, 3 cA, 4E, 5(cA)@cA.E=E=C, 6 xx6, 7 xx6=cA=E=C,

8 CA.E=E=>B@B=E=C=cA.E=E=>C, 9 (cA)@x=(cA)@cA.E=E=C, 10 cA.E=E=B@B=E=C, 11 x,

12 cA.E=E=C, 13 (cA)@(cA.E®E=B@B=E=C), 14 (cA), 15 cA.E=E=B, 16 B=E=C,

17 (cA)@cA.E=E=>B@B=E=C, 18 xx5, 19 xx5=(cA)@(cA.E=E=B@B=E=C), 20 cA=B, 21 B, 22 cA=E=B,
23 xx4, 24 (cCA)@cA.E=>E=B, 25 xx4@B=E=>C=(cA)@cA.E=E=>B@B=E=>C, 26 cA=E=>B@B=E=C,

27 {C)-nf(cA), 28 xx7, 29 cA=>E=B@B=>E=C=cA=E=C,

30 (C)~ncA.EmE=>B-cA.EmE=>B@B=>E=>C=cA.E=E=>C, 31 (C)-ncA.E=E=B, 32 (C)-n{cA)A(C)-nCcA.E=E=B,
33 (C)=ni{cA)@cA.E=E=B, 34 (C), 35 xx3, 36 (C)-ncA=E=B, 37 xx2, 38 (C)-nxx2, 39 ()@B=E=C, 40 xx1,
41 xx1=B=E=C, 42 B=E=B, 43 xx, 44 (), 45 xx@B=E=>C=(/@B=E=C, 46 B=E=>B@B=E=C,

47 {C)~-nB=E=B, 48 B=>E=>B@B=E=C=B=E=C, 49 A, 50 xA,

51 {C)-xA=E=>B->xA=>E=>B@B=E=>C=xA=E=C, 52 (C)-nA=E=B, 53 A=E=>B@B=E=>C=A=E=C

SEQ
("->-E"«52,53/A,B»)
(GIVEN 0)
("list induction"«49,3,50,21,4,51/A,cA,xA,B,E,P»)
(GIVEN 1)
(">-1"«47,48/A,B»)
("transitive="«46,39,16/A,B,C»)
(LAYOUT "A=E=A=()" ALL
("rewrite="«42,43,44,45/A,xx,B,P»)
(LAYOUT HIDEROOT
("A=E=A=()"«21,4/A,E»))
(LAYOUT HIDEROOT
("reflexive="«39/A»)))
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("transitive="«39,16,16/A,B,C»)

(LAYOUT "()@S2S" ALL
("rewritez"«39,40,16,41/A,xx,B,P»)
(LAYOUT HIDEROOT

(")@S2S"«16/S»))
(LAYOUT HIDEROOT
("reflexive="«16/A»)))

(LAYOUT HIDEROOT
("reflexive="«16/A»))

("—>-1"«36,29/A,B»)

(cut«33,29/B,C»)

(LAYOUT "FROM A=B INFER A=E=B=(A)@A.E=E=B" ALL
("rewrite="«24,37,22,38/A,xx,B,P»)
(LAYOUT HIDEROOT

("symmetric="«22,24/A,B»)
(LAYOUT HIDEROOT
("FROM A=B INFER A=E=B=(A)@A.E=E=B"«3,21,4/A,B,E»)
(hyp«20/A»)))
(hyp«36/A»))

(cut«32,29/B,C»)

(LAYOUT "R-S@T2R~SAR-AT" ALL
("rewritez"«32,35,33,35/A,xx,B,P»)
(LAYOUT HIDEROOT

("symmetricz"«33,32/A,B»)
(LAYOUT HIDEROOT
("R-AS@T2R-ASAR-(T"«34,14,15/R,S,T»)))
(hyp«33/A»))
(cut«27,29/B,C»)
(LAYOUT "A-E" ALL
"A-E(L)"«31,27/B,A»)
(hyp«32/A»))

(cut«31,29/B,C»)

(LAYOUT "A-E" ALL
("A-E(R)"«27,31/A,B»)
(hyp«32/A»))

(cut«8,29/B,C»)

("->-E"«31,8/A,B»)

(hyp«31/A»)

(hyp«30/A»)

(cut«1,29/B,C»)

(LAYOUT "(A)-n(B)2A=B" ALL
("rewritez"«1,28,27,28/A,xx,B,P»)
(LAYOUT HIDEROOT

("symmetrica"«27,1/A,B»)
(LAYOUT HIDEROOT
("(A)"n(B)éA#B"«Z,3/A,B»)))
(hyp«27/A»))
("transitive="«26,17,0/A,B,C»)
(LAYOUT "FROM A=B INFER A=E=B=(A)@A.E=E=B" ALL
("rewrite="«22,23,24,25/A,xx,B,P»)
(LAYOUT HIDEROOT
("FROM A=B INFER A=E=B=(A)@A.E=E=B"«3,21,4/A,B,E»)
(hyp«20/A»))

(LAYOUT HIDEROOT
("reflexive="«17/A»)))

("transitive="«17,13,0/A,B,C»)

(LAYOUT "(R@S)@T=2R@(S@T)" ALL
("rewritez"«17,18,13,19/A,xx,B,P»)
(LAYOUT HIDEROOT

("(R@S)@T2R@(S@T)"«14,15,16/R,S,T»))
(LAYOUT HIDEROOT
("reflexive="«13/A»)))

("transitive="«13,5,0/A,B,C»)

("rewrite="«9,10,11,12/P,A,xx,B»)

(hyp«8/A»)

(LAYOUT HIDEROOT
("reflexive="«5/A»))
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("transitive="«5,0,0/A,B,C»)
(LAYOUT "FROM A=B INFER A=E=B=(A)@A.E=E=B" ALL
("rewrite="«5,6,0,7/A,xx,B,P»)
(LAYOUT HIDEROOT
("symmetric="«0,5/A,B»)
(LAYOUT HIDEROOT
("FROM A=B INFER A=E=B=(A)@A.E=>E=B"«3,2,4/A,B,E»)
(LAYOUT HIDEROOT
("symmetric="«2,3/A,B»)
(hyp«1/A»))))
(LAYOUT HIDEROOT
("reflexive="«0/A»)))
(LAYOUT HIDEROOT
("reflexive="«0/A»))

DERIVED RULE IS FROM list(A=E=B) INFER (B)-nA=E=B

1: list(A=E=B) list(A=E=B)
2: (B)=n() S-n)
3: (B)-nB=E=B ASE=>A=() 2
4:| cA=B, (B)-nCcA.E=E=B assumptions
5:| (B)=n(cA) (A)~n(B)2A=B 4.1
6:| CA=>E=B=(CA)@cA.E=E=B Derived Rule FROM A=B INFER A=E=B={A)@A.E=E=B 4.1
7:| (B)~n{CA)@CcA.E=E=B2(B)-n(CA)A(B)~ACA.E=E=B| R-nS@T2R-nSAR-AT
8:[ (B}=n(CAYA(B)-nCA.E=E=B ~15,4.2
9:[ (B)~n(cA)@cA.E=E=>B R-NS@T2R~nSAR~T 7,8
10:| (B)-ncA=E=B FROM A=B INFER A=E=B=(A)@A.E=E=B 6,9
11: (B)-nA=E=B Derived Rule list induction 1,3,4-10
Given:
list(A=E=B)

FORMULAE O (B)-ncA.E=E=B, 1 (B)-n(cA), 2 (B), 3 (cA), 4 cA.E=E=B, 5 (B)-n(CA)@cA.E=E=B, 6 xx2,

7 (B)=n(CAIA(B)-CA.EE=B, 8 cA=B, 9 cA, 10B, 11E, 12 cA=E=B, 13 xx1, 14 (CAJ@cA.E=>E=B,

15 (B)~xx1, 16 (B)-qCA=E=B, 17 xx3, 18 B=cA, 19 B=E=B, 20 xx, 21 (), 22 (B)-nxx, 23 A, 24 xA,

25 (B)-nxA=E=B

SEQ
("list induction"«23,9,24,10,11,25/A,cA,xA,B,E,P»)
(GIVEN 0)
(LAYOUT "A=E=>A=()" ALL
("rewrite="«19,20,21,22/A,xx,B,P»)
(LAYOUT HIDEROOT
("A=E=>A=()"«10,11/A,E»))
("S~n{)"«2/S»))
(cut«1,16/B,C»)
(LAYOUT "(A)-n(B)2A=B" ALL
("rewritez"«1,17,18,17/A,xx,B,P»)
(LAYOUT HIDEROOT
("(A)~n(B)2A=B"«10,9/A,B»))
(LAYOUT HIDEROOT
("symmetric="«9,10/A,B»)
(hyp«<8/A»)))
(cut«0,16/B,C»)
(hyp«0/A»)
(LAYOUT "FROM A=B INFER A=E=B=(A)@A.E=E=B" ALL
("rewrite="«12,13,14,15/A,xx,B,P»)
(LAYOUT HIDEROOT
("FROM A=B INFER A=E=B=(A)@A.E=E=B"«9,10,11/A,B,E»)
(hyp«8/A»))
(LAYOUT "R-AS@T2R-ASAR-AT" ALL
("rewritez"«5,6,7,6/A,xx,B,P»)
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(LAYOUT HIDEROOT
("R-nS@T2R~nSAR-(T"«2,3,4/R,S,T»))
(LAYOUT COMPRESS "A-I" ALL
("A-1"«1,0/A,B»)
(hyp«1/A»)
(hyp«0/A»))))

THEOREM IS A=E=+B = ()

1: ASE=>B@(B)@()=() R@(A)@T=()
2: A=SE=>B@(B)=() S@()2S 1
3: A=>E=>+B=() A=E=>+BzA=>E=>B@(B) 2

FORMULAE 0B, 1 A=E=B, 2 (), 3 A=E=>B@(B), 4 A=E=>B@(B)@(), 5 xx1, 6 xx1=(), 7 A, 8 E, 9 A=>E=+B,
10 xx, 171 xx=()

LAYOUT "A=E=+BzA=E=B@(B)" ALL
("rewrite2"«9,10,3,11/A,xx,B,P»)
(LAYOUT HIDEROOT

("A=E=>+B2A=E=B@(B)"«7,0,8/A,B,E»))
(LAYOUT "S@()=S" ALL

("rewritez"«3,5,4,6/A,xx,B,P»)
(LAYOUT HIDEROOT

("symmetricz"«4,3/A,B»)

(LAYOUT HIDEROOT

("S@()2S"«3/S»)))

("R@(A)@T=()"«0,1,2/A,R,T»))

THEOREM IS A=E=+A = (A)

1: (Y@(A)=(A) ()@S=S
2: ARE=>A@(A)=(A) A=E=A=() 1
3: A=SE=>+A=(A) A=E=+BzA=E=B@(B) 2

FORMULAE 0 (A), 1 @A), 2 xx2, 3 xx2=(A), 4 A, 5E, 6 ASE=A, 7 xx1, 8(), 9 xx1@(A)=(A),
10 ASE=+A, 11 xx, 12 ASE=A@(A), 13 xx=(A)

LAYOUT "A=E=+B2A=E=B@(B)" ALL
("rewrite2"«10,11,12,13/A,xx,B,P»)
(LAYOUT HIDEROOT

("A=E=>+BzA=>E=>B@(B)"«4,4,5/A,B,E»))
(LAYOUT "A=E=A=()" ALL
("rewrite="«6,7,8,9/A,xx,B,P»)
(LAYOUT HIDEROOT
("A=E=>A=()"«4,5/A,E»))
(LAYOUT "()@S=S" ALL
("rewritez"«1,2,0,3/A,xx,B,P»)
(LAYOUT HIDEROOT
("()@S2S"«0/S»))
(LAYOUT HIDEROOT
("reflexive="«0/A»))))
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DERIVED RULE IS FROM A=B INFER A=E=+B = (A)

1: A=B A=B
2: (B)=(A) rewrite= 1
3: ()@(B)=(A) ()@S2S 2

4: ASE=>B@(B)=(A) FROM A=B INFER A=E=B=() 1,3
5: A=E=>+B=(A) A=E=>+BzA=E=B@(B) 4

Given:
A=B

FORMULAE O (B), 1 A=B, 2 (B)=(x), 3 A, 4x, 5B, 6 ()@(B), 7 xx2, 8 xx2=(A), 9 E, 10 A=E=B, 11 xx1,
120, 13 xx1@(B)=(A), 14 A>E=+B, 15 xx, 16 A=E=>B@(B), 17 xx=(A), 18 A=>E=+B=(A)

SEQ

(cut«1,18/B,C»)

(GIVEN 0)

(LAYOUT "A=E=>+BzA=E=B@(B)" ALL
("rewrite2"«14,15,16,17/A,xx,B,P»)
(LAYOUT HIDEROOT

("A=E=>+B2A=>E=>B@(B)"«3,5,9/A,B,E»))

(LAYOUT "FROM A=B INFER A=E=B=()" ALL

("rewrite="«10,11,12,13/A,xx,B,P»)

(LAYOUT HIDEROOT
("FROM A=B INFER A=E=B=()"«3,5,9/A,B,E»)
(hyp«1/A»))

(LAYOUT "(y@Sz2S" ALL
("rewritez"«6,7,0,8/A,xx,B,P»)
(LAYOUT HIDEROOT

("()@S2S"«0/S»))
("rewrite="«2,3,4,5/P,A,xx,B»)
(hyp«1/A»)

(LAYOUT HIDEROOT

("reflexive="«0/A»)))))

DERIVED RULE IS FROM A=B INFER A=E=+B = (A)@A.E=E=+B

1: A=B A=B

2: (A)@(A.E=E=>B@(B))=(A)@A . E=E=>+B A=E=+B:A=E=B@(B)
3: (A)@A.E=>E=>B@(B)=(A)@A.E=E=+B (R@S)@T2R@(S@T) 2

4: AE=>B@(B)=(A)@A.E=E=+B FROM A=B INFER A=E=B=(A)@A.E=E=B 1,3
5: A=E=>+B=(A)@A.E=E=+B A=E=>+BzA=E=B@(B) 4

Given:

A=B

FORMULAE O (A)@A.E=E=+B, 1 A.E, 2B, 3 E, 4 AE=E=+B, 5 A.E=E=B@(B), 6 xx3,

7 (A)@xx3=(A)@A.E=>E=>+B, 8 (A), 9 A[E=>E=B, 10 (B), 11 (A)@A.ESE=>B@(B), 12 xx2,

13 (A)@(A.E=E=>B@(B)), 14 xx2=(A)@A.E=E=+B, 15 A, 16 A=E=B, 17 xx1, 18 (AJ@A.E=E=B,
19 xx1@(B)=(A)@A.E=E=>+B, 20 A=E=+B, 21 xx, 22 A=E=>B@(B), 23 xx=(A)@A.E=E=+B

LAYOUT "A=E=+BzA=E=B@(B)" ALL
("rewrite2"«20,21,22,23/A,xx,B,P»)
(LAYOUT HIDEROOT
("A=E=>+B2A=E=>B@(B)"«15,2,3/A,B,E»))
(LAYOUT "FROM A=B INFER A=E=B=(A)@A.E=E=B" ALL
("rewrite="«16,17,18,19/A,xx,B,P»)
(LAYOUT HIDEROOT
("FROM A=B INFER A=E=B=(A)@A.E=E=B"«15,2,3/A,B,E»)
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(GIVEN 0))

(LAYOUT "(R@S)@T2R@(S@T)" ALL
("rewritez"«11,12,13,14/A,xx,B,P»)
(LAYOUT HIDEROOT

("(R@S)@T2R@(S@T)"«8,9,10/R,S,T»))
(LAYOUT "A=E=+BzA=E=B@(B)" ALL

("rewritez"«5,6,4,7/A,xx,B,P»)
(LAYOUT HIDEROOT

("symmetricz"«4,5/A,B»)

(LAYOUT HIDEROOT

("A=E=>+B2A=E=B@(B)"«1,2,3/A,B,E»)))

(LAYOUT HIDEROOT

("reflexive="«0/A»)))))

DERIVED RULE IS FROM A=E=+B=(A) INFER A=B
1: A=E=>+B=(A) A=E=+B=(A)

2: A=>E=>B@(B)=(A) A=E=>+B2A=E=>B@(B) 1
3: ASE=B@(B)=()@(A) n@s:S 2

4: A=>E=>B=()AB=A R@(A)=S@(B)2R=SAA=B 3
5: ASE=B=() ~-E 4

6: B=A ~E 4

7: A=B symmetric= 6

Given:

A=E=4+B=(A)

FORMULAE 0 A=B, 1 B=A, 2B, 3 A, 4 A>E=>B=()AB=A, 5 A=E=B=(), 6 A=E=B@(B)=()@(A), 7 A=E=B,
8 (), 9xx2, 10 A=E=B@(B)=(A), 11 (A), 12 )@(A), 13 xx1, 14 A=>E=>B@(B)=xx1, 15 A=E=+B=(A), 16 E,

17 A=E=>+B, 18 A=E=B@(B), 19 xx, 20 xx=(A)

SEQ

(cut«0,0/B,C»)

(cut«15,0/B,C»)

(GIVEN 0)

(cut«10,0/B,C»)

(LAYOUT "A=E=+BzA=E=B@(B)" ALL
("rewritez"«18,19,17,20/A,xx,B,P»)
(LAYOUT HIDEROOT

("symmetrica"«17,18/A,B»)
(LAYOUT HIDEROOT
("A=E=>+B2A=E=>B@(B)"«3,2,16/A,B,E»)))
(hyp«15/A»))

(cut«6,0/B,C»)

(LAYOUT "()@S=S" ALL
("rewritez"«12,13,11,14/A,xx,B,P»)
(LAYOUT HIDEROOT

(")@S2S"«11/S»))
(hyp«10/A»))

(cut«4,0/B,C»)

(LAYOUT "R@(A)=S@(B)2aR=SAA=B" ALL
("rewritez"«4,9,6,9/A,xx,B,P»)
(LAYOUT HIDEROOT

("symmetricz"«6,4/A,B»)
(LAYOUT HIDEROOT
("R@(A)=S@(B)2R=SAA=B"«2,3,7,8/A,B,R,S»)))
(hyp«6/A»))

(cut«5,0/B,C»)

(LAYOUT "A-E" ALL
"A-E(L)"«1,5/B,A»)

(hyp«4/A»))
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(cut«1,0/B,C»)

(LAYOUT "A-E" ALL
("A-E(R)"«5,1/A,B»)
(hyp«4/A»))

(LAYOUT HIDEROOT
("symmetric="«2,3/A,B»)
(hyp«1/A»))

(hyp«0/A»)

DERIVED RULE IS FROM A=B AND list(A=E=+B) INFER A=A.E

1: list(A=E=+B) list(A=E=+B)

2: list(A=E=>B@(B)) A=E=>+B2A=E=B@(B) 1

3: list(A=E=B) Alist{B)AA=E=B-(B) list(R@S)zlist Ralist SAR-S 2
4: list(A=E=B) ~E 3

5: list(B) ~E3

6: A=E=>B-n(B) ~E3

7: A=B A=B

8: A=A.E Derived Rule FROM A=B AND list(A=E=B) INFER A=A.E 7,4
Given:

A=B

list(A=E=>+B)

FORMULAE O list(A=E=B), 1 A, 2B, 3 E, 4 list(A=E=B)list(B)AA=E=B-n(B), 5 list(A=E=B)Alist(B),
6 A=E=B-n(B), 7 A=A.E, 8 list(B), 9 list(A=E=B@(B)), 10 A=E=B, 11 (B), 12 xx1, 13 list(A=E=+B),
14 A=>E=>+B, 15 A=E=>B@(B), 16 xx, 17 list(xx)

SEQ

(cut«13,7/B,C»)

(GIVEN 1)

(cut«9,7/B,C»)

(LAYOUT "A=E=+BzA=E=B@(B)" ALL
("rewrite2"«15,16,14,17/A,xx,B,P»)
(LAYOUT HIDEROOT

("symmetrica"«14,15/A,B»)
(LAYOUT HIDEROOT
("A=E=+B2zA=E=B@(B)"«1,2,3/A,B,E»)))
(hyp«13/A»))

(cut«4,7/B,C»)

(LAYOUT "list(R@S)zlist Ralist SAR-S" ALL
("rewritez"«4,12,9,12/A,xx,B,P»)
(LAYOUT HIDEROOT

("symmetricz"«9,4/A,B»)
(LAYOUT HIDEROOT
("list(R@S)zlist Ralist SAR-AS"«10,11/R,S»)))
(hyp«9/A»))

(LAYOUT HIDECUT
(cut«5,7/B,C»)

"A-E(L)"«6,5/B,A»)
(hyp«4/A»)
(cut«0,7/B,C»)
(LAYOUT "A-E" ALL
("A-E(L)"«8,0/B,A»)
(hyp«5/A»))
(cut«8,7/B,C»)
(LAYOUT "A-E" ALL
"A-E(R)"«0,8/A,B»)
(hyp«5/A»))
(cut«6,7/B,C»)
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(LAYOUT "A-E" ALL
" A-E(R)"«5,6/A,B»)
(hyped/A»))

("FROM A=B AND list(A=E=B) INFER A=A.E"«1,2,3/A,B,E»)

(GIVEN 0)
(hyp«0/A»))

DERIVED RULE IS FROM A=E=+B=
: A=E=>4+B=(C)@S

A=B
(A)=(C)@S
(A)@()=(C)@S
A=CA()=S

—_

Y ® N o U h oW
>
I
@)

—_

11: =(A=B)

12: A=B

13: (A)@A.E=E=>+B=(C)@S
14: A=CAA.E=>E=>+B=S

15: A=C

16: A.E=E=>+B=S

17: AzBAA=C

18: AzBAA=CAA.E=E=>+B=S
Given:

A=E=>+B=(C)@S
S={()

(C)@S AND S={) INFER A=BAA=CAA.E=E=>+B=S
A=E=>+B=(C)@S

assumption

FROM A=B INFER A=E=+B=(A) 2,1
S@()=S 3

(A)@R=(B)@S2A=BAR=S 4

A~-E5

A~-E5

S=()

-(A=B)2A=B 8

-E7,9

-1 2-10

-(A=B)zA=B 11

FROM A=B INFER A=E=+B=(A)@A.E=E=+B 12,1
(A)@R=(B)@SzA=BAR=S 13

~-E 14

~-E 14

112,15

A1 17,16

FORMULAE O A.E=E=+B=S, 1 A=C, 2 A=B, 3 A=BAA=C, 4 A=BAA=CAA.E=E=>+B=S, 5 A=CAA.E=E=+B=S,
6 (A)@A.E=E=>+B=(C)@S, 7 A, 8 C, 9 A.E=E=+B, 10 S, 11 xx6, 12 A=>E=>+B=(C)@S, 13 B, 14 E,
15 A=E=+B, 16 (AJ@A.E=E=+B, 17 xx5, 18 xx5=(C)@S, 19 (), 20 -(()=S), 21 xx4, 22 (}=S, 23 ()=S,

24 A=CA{)=S, 25 1, 26 (A)@()=(C)@S,

27 xx3, 28 (A)=(C)@S, 29 (A), 30 (A)@(), 31 xx2, 32 xx2=(C)@S,

33 A=B, 34 xx1, 35 xx1=(C)@S, 36 ~(A=B), 37 xx

SEQ
(cut«12,4/B,C»)
(GIVEN 0)
(cut«2,4/B,C»)
(LAYOUT "~(A=B)2A=B" ALL

("rewritez"«2,37,36,37/A,xx,B,P»)

(LAYOUT HIDEROOT
("symmetrica"«2,36/B,A»)
(LAYOUT HIDEROOT

"=(A=B)zA=B"«7,13/A,B»)))
"=-1"«33/A»)
(cut«28,25/B,C»)

(LAYOUT "FROM A=B INFER A=E=+B=(A)" ALL

("rewrite="«29,34,15,35/A,xx,B
(LAYOUT HIDEROOT

,P»)
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("symmetric="«15,29/A,B»)
(LAYOUT HIDEROOT
("FROM A=B INFER A=E=+B=(A)"«7,13,14/A,B,E»)
(hyp«33/A»)))
(hyp«12/A»))

(cut«26,25/B,C»)

(LAYOUT "S@{)aS" ALL
("rewritez"«30,31,29,32/A,xx,B,P»)
(LAYOUT HIDEROOT

("S@()2S"«29/S»))
(hyp«28/A»))

(cut«24,25/B,C»)

(LAYOUT "(A)@R=(B)@S2A=BAR=S" ALL
("rewritez"«24,27,26,27/A,xx,B,P»)
(LAYOUT HIDEROOT

("symmetricz"«26,24/A,B»)
(LAYOUT HIDEROOT
("(AY@R=(B)@SzA=BAR=5"«7,8,19,10/A,B,R,5»)))
(hyp«26/A»))

(cut«1,25/B,C»)

(LAYOUT "A-E" ALL
("A-E(L)"«23,1/B,A»)
(hyp«24/A»))

(cut«23,25/B,C»)

(LAYOUT "A-E" ALL
"A-E(R)"«1,23/A,B»)

(hyp«24/A»))
("--E"«23/B»)
(hyp«23/A»)
(LAYOUT "-(A=B)2A=B" ALL
("rewritez"«20,21,22,21/A,xx,B,P»)
(LAYOUT HIDEROOT
("-(A=B)2A=B"«19,10/A,B»))

(LAYOUT HIDEROOT
("symmetric="«10,19/A,B»)
(GIVEN 1))))

(cut«6,4/B,C»)

(LAYOUT "FROM A=B INFER A=E=+B=(A)@A.E=E=+B" ALL
("rewrite="«16,17,15,18/A,xx,B,P»)
(LAYOUT HIDEROOT

("symmetric="«15,16/A,B»)

(LAYOUT HIDEROOT
("FROM A=B INFER A=E=1B=(A)@A.E=>E=>+B"«7,13,14/A,B,E»)
(hyp«2/A»)))

(hyp«12/A»))

(cut«5,4/B,C»)

(LAYOUT "(A)@R=(B)@Sz=A=BAR=S" ALL
("rewritez"«5,11,6,11/A,xx,B,P»)
(LAYOUT HIDEROOT

("symmetricz"«6,5/A,B»)
(LAYOUT HIDEROOT
("(A)@R=(B)@S2A=BAR=5"«7,8,9,10/A,B,R,S»)))

(hyp«6/A»))

(cut«1,4/B,C»)

(LAYOUT "A-E" ALL

"A-E(L)"«0,1/B,A»)

(hyp«5/A»))

(cut«0,4/B,C»)

(LAYOUT "A-E" ALL
("A-E(R)"«1,0/A,B»)

(hyp«5/A»))

(cut«1,4/B,C»)

(hyp«1/A»)

(cut«0,4/B,C»)

(hyp«0/A»)

(LAYOUT COMPRESS "A-I" ALL
("A-1"«3,0/A,B»)
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(LAYOUT COMPRESS "A-I" ALL
"A-1"«2,1/A,B»)
(hyp«2/A»)
(hyp«1/A»))

(hyp«0/A»))

DERIVED RULE IS FROM list(A=E=>+B) INFER list(A=E=B)

1: list(A=E=+B) list(A=E=+B)

2: list(A=E=>B@(B)) A=E=+B2A=>E=>B@(B) 1

3: list(A=>E=B) Alist(B)AA=>E=B-(B) list(R@S)zlist Ralist SAR=nS 2
4: list(A=E=B) ~E3

5: list(B) ~E 3

6: A=>E=>B"n(B) ~E 3

7: list(A=E=B) hyp 4

Given:

list(A=E=+B)

FORMULAE O list(A=E=B), 1 list(A=E=B)list(B)JAA=E=B-~n(B), 2 list(A=E=B)list(B), 3 A=E=>B-~n(B),
4 list(B), 5 list(A=E=B@(B)), 6 A=E=B, 7 (B), 8 xx1, 9 list(A=E=+B), 10 A, 11 B, 12E, 13 A=E=>+B,
14 A=E=B@(B), 15 xx, 16 list(xx)

SEQ

(cut«9,0/B,C»)

(GIVEN 0)

(cut«5,0/B,C»)

(LAYOUT "A=E=+BzA=E=B@(B)" ALL
("rewritez"«14,15,13,16/A,xx,B,P»)
(LAYOUT HIDEROOT

("symmetrica"«13,14/A,B»)
(LAYOUT HIDEROOT
("A=E=+BzA=E=B@(B)"«10,11,12/A,B,E»)))
(hyp«9/A»))

(cut«1,0/B,C»)

(LAYOUT "list(R@S)zlist Ralist SAR-AS" ALL
("rewritez"«1,8,5,8/A,xx,B,P»)
(LAYOUT HIDEROOT

("symmetrica"«5,1/A,B»)
(LAYOUT HIDEROOT
("list(R@S)zlist Ralist SAR-RS"«6,7/R,S»)))
(hyp«5/A»))

(LAYOUT HIDECUT

(cut«2,0/B,C»)
("A-E(L)"«3,2/B,A»)
(hyp«1/A»)
(cut«0,0/B,C»)
(LAYOUT "A-E" ALL

"A-E(L)"«4,0/B,A»)
(hyp«2/A»))
(cut«4,0/B,C»)
(LAYOUT "A-E" ALL
("A-E(R)"«0,4/A,B»)
(hyp«2/A»))
(cut«3,0/B,C»)
(LAYOUT "A-E" ALL
("A-E(R)"«2,3/A,B»)
(hyp«1/A»))
(hyp«0/A»))
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DERIVED RULE IS FROM list(A=E=B) INFER list(A=E=+B)

: list(A=E=B)

: (B)ﬂnAéEéB

: A=E=>B-n(B)2(B)-nA=E=B
: AéEéBﬂn(B)

: ASE=>+BzA=>E=>B@(B)

: list(A=E=B) Alist(B)

: list(A=E=B) Alist(B)AA=E=B-n(B)
: list(A=E=B@(B))

: list(A=E=+B)

O O 00 N o u b wWw N =

—_

Given:
list(A=E=B)

: list(A=E=>B@(B))zlist(A=E=B) Alist(B) AA=E=>B-(B)

list(A=E=B)

Derived Rule FROM list(A=E=B) INFER (B)-nA=E=B 1
R-nS2S-R

R-AS2S-AR 3,2

A=>E=>+B2zA=E=>B@(B)

list(R@S)zlist Ralist SAR~AS

INH

~17,4

list(R@S)zlist Ralist SAR-AS 6,8
A=>E=>+B2A=>E=>B@(B) 5,9

FORMULAE O A=E=B-~(B), 1 list(B), 2 list(A=E=B), 3 list(A=E=B)list(B), 4 AE=B, 5 (B),
6 list(A=E=B@(B)), 7 xx1, 8 list(A=E=B)list(B)AA=E=>B-(B), 9 A, 10B, 11E, 12 ASE=+B, 13 xx,
14 AE=B@(B), 15 list xx, 16 (B)-nA=E=B, 17 xx2, 18 list(A=E=>+B)

SEQ
(cut«2,18/B,C»)
(GIVEN 0)
(cut«16,18/B,C»)

("FROM list(A=E=B) INFER (B)~qA=E=B"«9,10,11/A,B,E»)

(hyp«2/A»)

(cut«2,18/B,C»)

(hyp«2/A»)

(cut«1,18/B,C»)

(LAYOUT HIDEROOT
("list{A)"«10/A»))

(cut«0,18/B,C»)

(LAYOUT "R-nS2S-AR" ALL
("rewrite2"«0,17,16,17/A,xx,B,P»)
(LAYOUT HIDEROOT

("R-nS2S-nR"«4,5/R,S»))
(hyp«16/A»))

(LAYOUT "A=E=>+BzA=E=B@(B)" ALL
("rewritez"«12,13,14,15/A,xx,B,P»)
(LAYOUT HIDEROOT

("A=E=>+B2A=>E=B@(B)"«9,10,11/A,B,E»))

(LAYOUT "list(R@S)zlist Rnlist SAR~AS" ALL
("rewritez"«6,7,8,7/A,xx,B,P»)
(LAYOUT HIDEROOT

("list(R@S)zlist Ralist SAR=[S"«4,5/R,S»))

(LAYOUT COMPRESS "A-I" ALL
"A-1"«3,0/A,B»)
(LAYOUT COMPRESS "A-I" ALL
"A-1"«2,1/A,B»)
(hyp«2/A»)
(hyp«1/A»))
(hyp«0/A»))))
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DERIVED RULE IS FROM F-AA=E=+B INFER F-nA=E=B A F-n(B)

1: F-nA=E=>+B F-nA=E=+B
2: F-nA=E=>B@(B) A=>E=>+B2A=>E=>B@(B) 1
3: F-nA=E=BAF-A(B) R-nS@T2R-(SAR-AT 2

Given:
F-nA=E=+B

FORMULAE O F-nA=E=BAF-n(B), 1 F-nA=E=B@(B), 2 F, 3 A=E=B, 4 (B), 5 xx1, 6 F-nA=E=+B, 7 A, 8B,
9E, 10 A=E=>+B, 11 A=E=B@(B), 12 xx, 13 F-nxx

SEQ

(cut«6,0/B,C»)

(GIVEN 0)

(cut«1,0/B,C»)

(LAYOUT "A=E=+BzA=E=B@(B)" ALL
("rewritez"«11,12,10,13/A,xx,B,P»)
(LAYOUT HIDEROOT

("symmetric2"«10,11/A,B»)
(LAYOUT HIDEROOT
("A=E=>+B2zA=>E=B@(B)"«7,8,9/A,B,E»)))
(hyp«6/A»))

(cut«0,0/B,C»)

(LAYOUT "R-AS@T2R-ASAR-AT" ALL
("rewritez"«0,5,1,5/A,xx,B,P»)

(LAYOUT HIDEROOT
("symmetrica"«1,0/A,B»)
(LAYOUT HIDEROOT
("R-AS@T2R~ASAR-AT"«2,3,4/R,S,T»)))
(hyp«1/A»))
(hyp<0/A»)

DERIVED RULE IS FROM (C)-nA=E=B AND list(A=E=+B) INFER A=E=+B=A=(E®CHF)=>+B

1: (C)~-nA=E=B (C)-nA=E=B

2: list(A=E=+B) list(A=E=+B)

3: list(A=E=B) Derived Rule FROM list(A=E=+B) INFER list(A=E=B) 2
4: ASE=>B=A=(E®C~F)=B Derived Rule FROM (C)-nA=E=B AND list(A=E=B) INFER A=E=B=A=(E®C~F)=B 1,3
5: ASE=>B=A=>(E®C—F)=BAB=B -1 4

6: A>E=>+B

7. = A=E=>B@(B) A=E=1+BzA=>E=>B@(B)

8: = A=(E®C—F)=B@(B) R@(A)=S@(B)2R=S~A=B 5

9: = A=(E®CrF)=>+B A=E=1BzA=E=>B@(B)

Given:

(C)-nA=E=B

list(A=E=+B)

FORMULAE 0 A=(E®C—~F)=B@(B), 1 A, 2 B, 3 E®C~F, 4 A=(E®C-F)=+B, 5 xx1, 6 A=(E®C~F)=>B@(B)=xx]1,
7 B=B, 8 A>E=B=A=(E@C~F)=B, 9 A=E=B, 10 A=(E®C~F)=B, 11 A>E=B@(B)=A=(E®C~F)=B@(B),

12 xx2, 13 A>E=B=A=(E®C~F)=>BAB=B, 14 ASE=>B@(B), 15E, 16 ASE=+B, 17 xx, 18 xx=A=>E=>B@(B),
19 A=>E=>+B=A=>(E®C-F)=>+B, 20 C, 21 F

SEQ
(cut«8,19/B,C»)
("FROM (C)-nA=E=B AND list(A=E=B) INFER A=E=B=A=(E®C—F)=>B"«1,2,20,15,21/A,B,C,E,F»)
(GIVEN 0)
("FROM list(A=E=+B) INFER list(A=E=B)"«1,2,15/A,B,E»)
(GIVEN 1)
(cut«7,19/B,C»)
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(LAYOUT HIDEROOT
("reflexive="«2/A»))

("transitive="«16,14,4/A,B,C»)

(LAYOUT "A=E=+BzA=E=B@(B)" ALL
("rewritez"«16,17,14,18/A,xx,B,P»)
(LAYOUT HIDEROOT

("A=E=>+B2A=>E=B@(B)"«1,2,15/A,B,E»))
(LAYOUT HIDEROOT
("reflexive="«14/A»)))

("transitive="«14,0,4/A,B,C»)

(LAYOUT "R@(A)=S@(B)2aR=SAA=B" ALL
("rewritez"«11,12,13,12/A,xx,B,P»)
(LAYOUT HIDEROOT

("R@(A)=S@(B)2R=SAA=B"«2,2,9,10/A,B,R,S»))
(LAYOUT COMPRESS "A-I" ALL

("A-1"«8,7/A,B»)

(hyp«8/A»)

(hyp«7/A»)))

(LAYOUT "A=E=>+BzA=E=B@(B)" ALL
("rewritez"«4,5,0,6/A,xx,B,P»)

(LAYOUT HIDEROOT
("A=E=>+B2A=E=>B@(B)"«1,2,3/A,B,E»))
(LAYOUT HIDEROOT
("reflexive="«0/A»)))
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DERIVED RULE IS FROM (C)-nA=E=>+B AND list(A=E=+B)
INFER A=E=+B@B.E=E=>+C = A=E=>+C

1: (C)-nA=>E=>+B (C)-nA=E=+B

2: (C)=nA=E=BA(C)~n(B) Derived Rule FROM F-qA=E=+B INFER F-qA=E=BAF-n(B) 1
3: (C)-nA=E=B ~E 2

4: (C)~n(B) ~E 2

5: C=B (A)=(B)2A=B 4

6: list(A=E=>+B) list(A=E=+B)

7: list(A=E=B) Derived Rule FROM list(A=E=+B) INFER list(A=E=B) 6

8: A=>E=>+Bz A=>E=>B@(B) A=E=+B:A=E=B@(B)

9: A=>E=>B@(B)@B.E=E=>+C=A=>E=>B@(B)@B.E=E=>+C reflexive=

10: A>E=>B@(B)@B.E=E=>+C2zA=E=>B@((B)@B.E=E=+C) (R@S)@T2R@(S@T)

11: A=>E=>B@((B)@B.E=E=>+C)=A=>E=>B@((B)@B.E=>E=>+C) reflexive=

12: B=E=>+C=(B)@B.E=>E=>+C Derived Rule FROM A=B INFER A=E=+B=(A)@A.E=E=+B 5
13: (B)@B.E=E=>+C=B=E=+C symmetric= 12

14: ASE=>B@B=>E=>+C=A=>E=>B@B=E=>+C reflexive=

15: B=E=>+C2B=>E=>C@(C) A=E=+B:A=E=B@(B)

16: ASE=B@(B=E=>C®@(C))=A=E=B@(B=E=C@(C)) reflexive=

17: ASE=B@B=E=>C@(C):A=E=>B@(B=>E=>C@(C)) (R@S)@T2R@(S@T)

18: ASE=B@(B=E=C@(C))2:A=E=>B@B=E=C@(C) symmetricz 17

19: ASE=>B@B=E=>C@(C)=A=>E=B@B=E=C@(C) reflexive=
20: A=E=>B@B=E=C=A=>E=C Derived Rule FROM (C)-nA=E=B AND list(A=E=B) INFER A=E=B@B=E=C=A=E=C 3,7
21: ASE=>C@(C)=A=>E=>C@(C) reflexive=
22: A>E=>+CzA=>E=>C@(C) A=E=>+BzA=E=B@(B)
23: A=E=>C@(C)2:A=>E=>+C symmetricz 22
24: A=E=>+C=A=>E=>+C reflexive=
25: A=E=>+B@B.E=E=+C
26: = A=>E=>B@(B)@B.E=E=+C A=E=+B2A=E=B@(B) 8,9
27: = A=>E=B@((B)@B.E=E=+C) (R@S)@T2R@(S@T) 10,11
28: = A=>E=>B@B=E=>+C FROM A=B INFER A=E=+B=(A)@A.E=E=+B 13,14
29: = A=E=B@(B=E=C@((C)) A=E=>+B2A=E=B@(B) 15,16
300 = A=E=>B@B=E=C@(C) (R@S)@T=R@(S@T) 18,19
31: = A=E=C@(C) FROM (C)-nA=E=B AND list(A=E=B) INFER A=E=B@B=E=C=A=E=C 20,21
322 = A=>E=>+C ASE=>1B2A>E=>B@(B) 23,24
Given:

(C)-nA=E=+B

list(A=E=+B)

FORMULAE 0 A=E=+C, 1 A, 2C, 3 E, 4 ASE=C@(C), 5 xx6, 6 xx6=A=E=+C, 7 list(A=E=B),

8 (C)-nA=E=B, 9B, 10 A=E=B@B=E=C, 11 xx5, 12 A=E=C, 13 xx5@(C)=A=E=>C@(C),

14 A=E=B@B=E=C@(C), 15 A=E=B, 16 B=E=C, 17 (C), 18 A=E=B@(B=E=C@(C)), 19 xx4,

20 xx4=A=>E=>B@B=E=>C@(C), 21 B=E=>+C, 22 xx3, 23 B=E=>C@(C),

24 A=E=>B@xx3=A=E=>B@(B=E=C@(C)), 25 A=E=>B@B=E=>+C, 26 B=C, 27 (B)@B.E=E=>+C, 28 xx2,
29 A=E=>B@xx2=A=>E=>B@B=>E=>+C, 30 A=>E=>B@((B)@B.E=E=+C), 31 (B), 32 B.E=E=+C,

33 A=E=B@(B)@B.E=E=+C, 34 xx1, 35 xx1=A=E=>B@((B)@B.E=E=+C), 36 A=E=>+B, 37 xx,

38 A=E=>B@(B), 39 xx@B.E=E=>+C=A=>E=>B@(B)@B.E=E=>+C, 40 A=E=>+B@B.E=E=>+C,

41 A=>E=>+B@B.E=E=>+C=A=>E=>+C, 42 C=B, 43 (C)-n(B), 44 xx7, 45 (C)-nA=>E=BA(C)-n(B)

SEQ

(cut«45,41/B,C»)

("FROM F-nA=E=+B INFER F~qA=E=BAF-(B)"«1,9,3,17/A,B,E,F»)

(GIVEN 0)

(cut«8,41/B,C»)

(LAYOUT "A-E" ALL
"A-E(L)"«43,8/B,A»)
(hyp«45/A»))

(cut«43,41/B,C»)

(LAYOUT "A-E" ALL
("A-E(R)"«8,43/A,B»)
(hyp«45/A»))

(cut«42,41/B,C»)

(LAYOUT "(A)-n(B)2A=B" ALL
("rewritez"«42,44,43,44/A,xx,B,P»)
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(LAYOUT HIDEROOT
("symmetricza"«43,42/A,B»)
(LAYOUT HIDEROOT

("{A)~n(B)2A=B"«2,9/A,B»)))

(hyp«43/A»))

(cut«26,41/B,C»)

(LAYOUT HIDEROOT
("symmetric="«2,9/A,B»)

(hyp«42/A»))

(cut«8,41/B,C»)

(hyp«8/A»)

(cut«7,41/B,C»)

("FROM list(A=E=+B) INFER list(A=E=B)"«1,9,3/A,B,E»)

(GIVEN 1)

("transitive="«40,33,0/A,B,C»)

(LAYOUT "A=E=+BzA=E=B@(B)" ALL
("rewrite2"«36,37,38,39/A,xx,B,P»)
(LAYOUT HIDEROOT

("A=E=>+B2A=E=B@(B)"«1,9,3/A,B,E»))

(LAYOUT HIDEROOT
("reflexive="«33/A»)))

("transitive="«33,30,0/A,B,C»)

(LAYOUT "(R@S)@Tz2R@(S@T)" ALL
("rewritez"«33,34,30,35/A,xx,B,P»)
(LAYOUT HIDEROOT

("(R@S)@T2R@(S@T)"«15,31,32/R,S5,T»))

(LAYOUT HIDEROOT
("reflexive="«30/A»)))

("transitive="«30,25,0/A,B,C»)

(LAYOUT "FROM A=B INFER A=E=+B=(A)@A.E=E=+B" ALL
("rewrite="«27,28,21,29/A,xx,B,P»)
(LAYOUT HIDEROOT

("symmetric="«21,27/A,B»)

(LAYOUT HIDEROOT
("FROM A=B INFER A=E=+B=(A)@A.E=E=>+B"«9,2,3/A,B,E»)
(hyp«26/A»)))

(LAYOUT HIDEROOT
("reflexive="«25/A»)))

("transitive="«25,18,0/A,B,C»)

(LAYOUT "A=E=+BzA=E=B@(B)" ALL
("rewritez"«21,22,23,24/A,xx,B,P»)
(LAYOUT HIDEROOT

("A=E=>+BzA=E=B@(B)"«9,2,3/A,B,E»))

(LAYOUT HIDEROOT
("reflexive="«18/A»)))

("transitive="«18,14,0/A,B,C»)

(LAYOUT "(R@S)@TzR@(S@T)" ALL
("rewritez"«18,19,14,20/A,xx,B,P»)
(LAYOUT HIDEROOT

("symmetricza"«14,18/A,B»)
(LAYOUT HIDEROOT
("(R@S)@T2R@(S@T)"«15,16,17/R,S,T»)))

(LAYOUT HIDEROOT
("reflexive="«14/A»)))

("transitive="«14,4,0/A,B,C»)

(LAYOUT "FROM (C)-nA=E=>B AND list(A=E=B) INFER A=E=B@B=E=C=A=E=C" ALL
("rewrite="«10,11,12,13/A,xx,B,P»)
(LAYOUT HIDEROOT

("FROM (C)-nA=E=B AND list(A=E=B) INFER A=E=B@B=E=C=-A=E=(C"«1,9,2,3/A,B,C,E»)
(hyp«8/A»)
(hyp«7/A»))

(LAYOUT HIDEROOT
("reflexive="«4/A»)))

("transitive="«4,0,0/A,B,C»)

(LAYOUT "A=E=+BzA=E=B@(B)" ALL
("rewritez"«4,5,0,6/A,xx,B,P»)

(LAYOUT HIDEROOT



Some proofs of pointer programs (part 2: heap lists) Page 36

("symmetricz"«0,4/A,B»)
(LAYOUT HIDEROOT
("A=>E=>+B2A=>E=B@(B)"«1,2,3/A,B,E»)))
(LAYOUT HIDEROOT
("reflexive="«0/A»)))
(LAYOUT HIDEROOT
("reflexive="«0/A»))

DERIVED RULE IS FROM A=B INFER A=(E®A~B)=B = (A)
A=B 1: A=B
2: A=>(E®A~B)=B
(1) FROM A=B INFER A=E=B=(A)@A.E=E=B 3: (A)@A.(E®A~B)=>(E®2A~B)=B

A.BeA~E)=E 4: = (A)@B=(E®A~B)=B
A=E=A=() 5 = (A)@()
s@()sSs 6: = (A)
Given:
A=B

FORMULAE 0 (A), 1 (A)@(), 2 xx2, 3 xx2=(A), 4 B, 5 E®A~B, 6 B=(E®A~B)=B, 7 xx1, 8 (),
9 (A)@xx1=(A)@(), 10 (A)J@B=(E®A~B)=B, 11 A, 12 E, 13 A.(E®A~B), 14 xx,
15 (A)@xx=(E®A»B)=B=(A)@B=(E®A~B)=B, 16 (A)@A.(E2A~B)=(E®A~B)=B, 17 A=(E®A~B)=B

SEQ

("transitive="«17,16,0/A,B,C»)

("FROM A=B INFER A=E=B=(A)@A.E=E=B"«11,4,5/A,B,E»)

(GIVEN 0)

("transitive="«16,10,0/A,B,C»)

(LAYOUT "A.(B®A~E)=E" ALL
("rewrite="«13,14,4,15/A,xx,B,P»)
(LAYOUT HIDEROOT

("A.(B®A—~E)=E"«11,12,4/A,B,E»))
(LAYOUT HIDEROOT
("reflexive="«10/A»)))

("transitive="«10,1,0/A,B,C»)

(LAYOUT "A=E=>A=()" ALL
("rewrite="«6,7,8,9/A,xx,B,P»)
(LAYOUT HIDEROOT

("A=E=>A=()"«4,5/A,E»))
(LAYOUT HIDEROOT
("reflexive="«1/A»)))

(LAYOUT "S@()=S" ALL
("rewritez"«1,2,0,3/A,xx,B,P»)
(LAYOUT HIDEROOT

("S@()2S"«0/S»))
(LAYOUT HIDEROOT
("reflexive="«0/A»)))



