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Signal Summation
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General Idea of Transforms

Given an orthonormal (orthogonal, unit length) basis set of
vectors{!,}:
Any vector in the space spanned by this basis set can be
represented as a weighted sum of those basis vectors:
To get avector weight relative to a particular basis vector !
V=l ag
k
Thus, the vector can be transformed into the weights a,
a =vIg
Likewise, the transformation can be inverted by turning the
weights back into the vector

¥ Transform theory

¥ Fourier transform (DFT)

¥ Discrete cosine transform (DCT)

¥ Walsh-Hadamard transform (WHT)
¥ Wavelet transform (DWT)

Frequency Analysis

¥ To use transfer functions, we must first
decompose a signal into its component
frequencies

¥ Basic idea: any signal can be written as the
sum of sines and cosines of different
frequencies

¥ The mathematical tool for doing thisisthe
Fourier Transform

Linear Algebrawith Functions

The inner (dot) product of two vectorsis the sum of
the point-wise multiplication of each component:

u'v=1 ulj1"v[/]
J

The inner product of two functions:

f8g=1f09g(x)ax
P




Transformswith Functions

The Fourier Transform

Just as we transformed vectors, we can also
transform functions:

Vectors{! [j]} Functions { e (t)}

Transform |a =V & =1 V[JI"&[]| ax = f S8 = | f(Dec(t)ct
] #

Inverse V:!k a8 f@0)=1 are (1)

k

To Interpret the Weights of F(s)

To get the weights (amount of each frequency): ¥
F(s)= [f e gt

‘ F(s) is the Fourier Transform of f(t): #(f(t)) = F(S)‘

ft)= 1F(9e*®ds
»
To convert weights back into asignal (invert the
transform): 7~ 1
f(t) is the Inverse Fourier Transform of F(s): F!(F(s)) = f(t)

Fourier Pairs

The weights F(s) are complex numbers:

Real part | How much of acosine of frequency s

a+bi

Ima;]gal‘rr;ary How much of asine of frequency s
Magnitude| How much of asinusoid of frequency s
ret!

Phase What phase that sinusoid needs to be

b
r:qla2+b2 ! =arctang

Doesthe FT Always Exist?

Use the Fourier Transform, denoted , to get the
weights for each harmonic component in asignal:

F(9) =F(f(t)= ff(t)e’iz’ﬁdt

—0

And use the Inverse Fourier Transform, denoted #2L, to
recombine the weighted harmonics into the original

signal: o )
f©)=F(F(s))= [F(9e*™ds

We writeasignal and its transform as a Fourier
Transform pair: f)" F(9

1-D discrete Fourier transform

Yes, if thesigna hgs afinite sum (areaunder the curve):
I[f(t|dsB
-

For some non-infinite bound B.
If f(t) is periodic, only need to test over one period P:
P

ﬂf(t)‘a’t <B
0

What about a constant function?

¥ A periodic function may be /\—\ /\—\ /

written as the sum of sines \\/ \_\/
and cosines of varying
amplitudes and frequencies.
1.
==-sin2x
Y73
Example:
1.
==-s8n4x
Y 5

' 1 1
f (X) =sin X+ —sin 2X+—sin4X
3 5




1-D discrete Fourier transform

1-D discrete Fourier transform

y=r(
¥ Some functions will require
only afinite number of
functionsin their
decomposition; others will
require an infinite number.

v=1@[

[T
WO

[@)=sinz+Lsnde + beinke +benTz

f (X) =sin X+1sin3x+£sinS X+lsin7 X+Lsin()x
3 5 7 9

Definition of 1D DFT

Suppose f =[f,, f,, f,,"" fy..l
is a sequence of length N. Defineits discrete Fourier transform
F =[Fov Fl‘ Fzr“""' FN!l]

N"1 -7
where =i$ expl" 2 i 14,
N N

1

We can express this definition as matrix multiplication
F=Ff
Where F is an AN matrix defined by
1 .m
Fon=—exp["2/1—
N pl N ]

Example

-27i
1 ]
= C(-)S(— %) +isin(—%)

= exp[

Suppose N=4, f =[1,2,3,4], then

11 1 1" 11 1 1"
Then we have Fzzl % (%) (%fi:i‘l % A "%
HO%)e (%) (%P3 A %l 1 o
B o o ot B oo %®
11 1 1 " 10 "
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¥ |nimage processing, we deal
with a discrete function.

[

¥ Sincewe only haveto obtain a AT T
finite number of values, weonly I T T ;
need afinite number of functions ~1

I
todoit. l,J.
¥ For example \‘\,f/ <L — J

111161861 -1 B1

which we may take as a discrete approximation to the square wave
of last figure.This can be expressed as the sum of two sine functions

Definition of 1D DFT

Given N, we shall define
" exp[#z'l I]
N
So that E _Ll/m
mn N
N
Then we can write
11 1 L |
1wt w? w? wh e @M
1 ‘,.' Ml .,'} ‘,)6 . ‘.H.\’—H
F = L 1 W & w* w'? cee @EN-L
N1 o o Wiz W6 . gHN-1
1wt u,z\_.;'—u \.‘,s\‘&'—q k.‘,n_‘;_n ver @lV-IPE

Theinverse DFT

Inverse DFT: R Ny C)
= ) expl2
x, = 3 explami <],
Difference with forward transform:
(1). There is no scaling factor 1/N
(2). The sign inside the exponential function has been changed to positive

Inverse DFT can also be expressed as matrix product

f=F1F
with

L1
1@
1 =

Fro|1 @
Lo
1 @l gRIN—L gsN-L)




Normalizing DFTs

Fast Fourier Transform

Basis Transform Inverse
Function
i 1 o " i#st P i"
e—lnst/N Fls] =ﬁ$0f[t]e #stIN Fin) =$ F[s]e’ stIN
1= =0
Leﬂnsl/N F[SJ_ 1 %1 f[tJe"i#st/N f[[] 1 [§1F[ ] i"stIN
= =— sle"”
m '\/N t=0 '\W 5s=0
NI ) 1S inst/N
1 gimun | Flg= E fe=m | f[tl= NE F[sle
N t=0 S0

Fast Fourier Transform

"i2l (21 "
Wi =g m —e 2% =wz
HUETS
0

-i2
Let Wy=e %
the DFT canbe F[s] = 1 |
If N=2M N -
1 2M1 N o
F[S]=W)_o SUI"Wy,
1 M M!1

_ #1 nygrs(20) 1 ol 7S (20+1)
‘Ef’/“ﬁlo SR+ 5) SR

=0
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1#1 — sy
=2Vy) ST ST,

ot —Roth

1 R
= S {Els FoulsWs,

1 1
Fls+M]= 0 {even(s) ~ Foda (SMhiy J

Computational Complexity:
Discrete Fourier Transform ! O(N?)

Fast Fourier Transform | O(N log N)

Remember: The FFT isjust afaster algorithm
for computing the DFT N it does not produce a
different result

Walsh-Hadamard Transform

¥ Animagef(x, y) of size NxN (N=2K)

1 N'INT . b oom @ mpo]
WHEY) = Ty
x=0 y=0

B The exponent on the (" 1) is performed in modular 2 arithmetic.
b bj(x) istheith bit of the binary number of X.

k=3 N=2=8 x=4=(100), : by(x)=Lb(x)=0by(x)=0
k=4,N=2°=16, x=2=(0010), : by(x)=0,b,(x) =0,b,(x) =L by (x)=0

Original image Fourier Transform  Fourier Transform
linearly mapped logarithm remapped

1D WHT Kernel Functions

Py (U) =B, (1)

pi(u) =b ,(u) +b, (u) D) B (W) e by () by(u)  by(u)

RO-BMBL0 N N N

Polu)  pi(u)
Py (U) =By (U) + b, (U)
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2D WHT Kernel Functions
n m ll 2D Walsh-Hadamard
kernel functions (N=4)

0
L
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Example of WHT
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Walsh-Hadamard Walsh-Hadamard
Transform linearly ~ Transform logarithm
mapped remapped

Original image

Inverse DCT

¥ Animagef(x, y) of size NxN

N-I N-I

foy) = 2 Za(u)a(v)C(u,v)cos @yl

2N

(2x+1ur cos
2N

foru,v=0
where  a(u),a(v) =
foru,v=1,2,.,N-1

SEEE

WHT and Fourier Transform

¥ The Walsh-Hadamard transform kernel
functions are not sinusoids.

¥ Only square or rectangular waves with peaks
of £1 are used in Walsh-Hadamard transform.

¥ One advantage of the Walsh-Hadamard
transform is that the computations are very
simple.

Discrete Cosine Transform

¥ Animagef(x, y) of size NxN

cuv) = a(u)a(v)ZZf(x y)cos[(zx 1)””] [(Zy;j)"”}

N for u,v=0
where  a(u),a(v)=]"

=N z‘m

foru,v=12,...,N-1

DCT basis functions

FIGURE 8.30 Discrete-cosine basis functions for N = 4.The origin of each block is at its ,/‘
top left. Pa
5




DCT and Fourier Transforms

¥ The cosine transform kernel functions
are not complex.

¥ Only the cosine functions and not sine
functions are used in cosine transform.

Wavedet Transform

Columns
(along n)

Rows

(along m) dY(m. n)

Columns

a¥(m, n)

Columns

Columns

x(m, n)

N\

Error Comparison

Reconstructed Error image
image
. 1 M"IN"1 .
Fourier Brus =, ——HH LT FyP
MmN, oyeo
Hadamard

512#512 image divided into
64#64 blocks of size 8#8

50% coefficients are

truncated
Cosine

Example of DCT

Cosine Transform
log remapped

Cosine Transform
linearly mapped

Original image

cd
FIGURE7.23 A
three-scale FWT.

Different Transforms

Transform Basis Functions

Good forE

Sines and Cosines (Complex ~ Frequency analysis,

Fourier : :
harmonics) Convolution

Frequency analysis

Cosine Cosines (but not convolution)

Square pulses of different

Haar —\idths and offsets

Binary data

Wavelets Various Time/frequency analysis




Energy Compaction

All of these transforms produce a more compact
representation, in terms of energy, than the original image

CEnergy compactionOmeans large part of information
content in small part of representation

Representation | Compaction | And/But E
Image Poor Easily interpreted
Fourier Good | Convolution Theorem
Cosine Better | Fast
Hotelling Best Basis functions are signal-specific
Wavelets Good | Some spatia representation as well




