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Transforms

¥ Transform theory
¥ Fourier transform (DFT)

¥ Discrete cosine transform (DCT)

¥ Walsh-Hadamard transform (WHT)
¥ Wavelet transform (DWT)

Signal Summation

Periodic
function

Sines and/or
cosines

Frequency Analysis

¥ To use transfer functions, we must first
decompose a signal into its component
frequencies

¥ Basic idea: any signal can be written as the
sum of sines and cosines of different
frequencies

¥ The mathematical tool for doing this is the
Fourier Transform

Given an orthonormal (orthogonal, unit length) basis set of
vectors { ! k} :

Any vector in the space spanned by this basis set can be
represented as a weighted sum of those basis vectors:

To get a vectorÕs weight relative to a particular basis vector ! k:

Thus, the vector can be transformed into the weights ak

Likewise, the transformation can be inverted by turning the
weights back into the vector

General Idea of Transforms
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The inner (dot) product of two vectors is the sum of
the point-wise multiplication of each component:

The inner product of two functions:

L inear  Algebra with Functions
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Transforms with Functions

Inverse

Transform

Functions { ek(t)}Vectors { ! k[j]}
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Just as we transformed vectors, we can also
transform functions:
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The Four ier  Transform

F(s) is the Fourier Transform of f(t): F(f(t)) = F(s)

f(t) is the Inverse Fourier Transform of F(s): F-1(F(s)) = f(t)
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To get the weights (amount of each frequency):F

To convert weights back into a signal (invert the
transform):F - 1

To Interpret the Weights of F(s)

re-i!

a+bi

How much of a cosine of frequency sReal part

How much of a sinusoid of frequency sMagnitude

What phase that sinusoid needs to bePhase

How much of a sine of frequency s
Imaginary

part

The weights F(s) are complex numbers:

arctan
b
a
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r = a2 + b2

Use the Fourier Transform, denoted F, to get the
weights for each harmonic component in a signal:

And use the Inverse Fourier Transform, denoted FÐ1, to
recombine the weighted harmonics into the original
signal:

We write a signal and its transform as a Fourier
Transform pair:

Four ier  Pairs
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f (t) " F(s)

Does the FT Always Exist?
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Yes, if the signal has a finite sum (area under the curve):

For some non-infinite bound B.
If f(t) is periodic, only need to test over one period P:

What about a constant function?

1-D discrete Four ier  transform

¥ A periodic function may be
written as the sum of sines
and cosines of varying
amplitudes and frequencies.

Example:

1 1
( ) sin sin 2 sin 4

3 5
f x x x x= + +

1
sin2

3
y x=

1
sin4

5
y x=
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1-D discrete Four ier  transform

¥ Some functions will require
only a finite number of
functions in their
decomposition; others will
require an infinite number.

1 1 1 1
( ) sin sin3 sin5 sin 7 sin9

3 5 7 9
f x x x x x x= + + + +

1-D discrete Four ier  transform

¥ In image processing, we deal
with a discrete function.

¥ Since we only have to obtain a
finite number of values, we only
need a finite number of functions
to do it.

¥ For example

which we may take as a discrete approximation to the square wave 
of  last figure.This can be expressed as the sum of two sine functions 
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Definition of 1D DFT

0 1 2 1[ , , , , ]Nf f f f f != """Suppose

is a sequence of length N.  Define its discrete Fourier transform 
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We can express this definition as matrix multiplication

F f= F
Where      is an NxN matrix defined byF
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Definition of 1D DFT
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Given N, we shall define

Then we can write

=F
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Suppose N= 4,                     , then

2 3

2 4 6
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The inverse DFT
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Inverse DFT:

Difference with forward transform:
(1). There is no scaling factor 1/N
(2). The sign inside the exponential function has been changed to positive

Inverse DFT can also be expressed as matrix product

where
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Normalizing DFTs

InverseTransformBasis
Function
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Let
the DFT can be
If  N = 2M

Fast Four ier  Transform
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Fast Four ier  Transform

O(N log N)!Fast Fourier Transform

O(N2)!Discrete Fourier Transform

Computational Complexity:

Remember: The FFT is just a faster algorithm
for computing the DFT Ñ  it does not produce a
different result

Example of Four ier  Transform

Original image Fourier Transform
linearly mapped

http:/ /www.ee.siue.edu/ ~cvip/CVIPtools_demos/database.html

Fourier Transform
logarithm remapped

¥ An image f(x, y) of size NxN (N=2k)

Ð The exponent on the (" 1) is performed in modular 2 arithmetic.

Ð bi(x) is the ith bit of the binary number of x.

Walsh-Hadamard Transform
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1D WHT Kernel Functions
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2D WHT Kernel Functions

2D Walsh-Hadamard
kernel functions (N= 4)
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WHT and Four ier  Transform

¥ The Walsh-Hadamard transform kernel
functions are not sinusoids.

¥ Only square or rectangular waves with peaks
of ±1 are used in Walsh-Hadamard transform.

¥ One advantage of the Walsh-Hadamard
transform is that the computations are very
simple.

Example of WHT

Original image Walsh-Hadamard
Transform linearly
mapped

http:/ /www.ee.siue.edu/ ~cvip/CVIPtools_demos/ANALYSIS/database.html

Walsh-Hadamard
Transform logarithm
remapped

Discrete Cosine Transform
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¥ An image f(x, y) of size NxN

Inverse DCT

¥ An image f(x, y) of size NxN
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DCT basis functions
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DCT and Four ier  Transforms

¥ The cosine transform kernel functions
are not complex.

¥ Only the cosine functions and not sine
functions are used in cosine transform.

Example of DCT

Original image Cosine Transform
linearly mapped

http:/ /www.ee.siue.edu/ ~cvip/CVIPtools_demos/ANALYSIS/database.html

Cosine Transform
log remapped

Wavelet Transform Example of Wavelet Transform

Error  Compar ison

Fourier

Reconstructed
image

Error image

Hadamard

Cosine

512#512 image divided into
64#64 blocks of size 8#8

50% coefficients are
truncated

!  

eRMS =
1

mn
[ f (x,y) " ˆ f (x,y)]

2

y= 0

N" 1

#
x= 0

M " 1

#

Different Transforms

Time/frequency analysisVariousWavelets

Binary data
Square pulses of different
widths and offsets

Haar

Frequency analysis
(but not convolution)

CosinesCosine

Frequency analysis,
Convolution

Sines and Cosines (Complex
harmonics)

Fourier

Good forÉBasis FunctionsTransform
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Energy Compaction

Some spatial representation as wellGoodWavelets

Basis functions are signal-specificBestHotelling

FastBetterCosine

Convolution TheoremGoodFourier

Easily interpretedPoorImage

And/But ÉCompactionRepresentation

All of these transforms produce a more compact
representation, in terms of energy, than the original image
ÒEnergy compactionÓ means large part of information
content in small part of representation


