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—— Abstract

This paper considers discrete-time linear systems controlled by a quantized law, i.e., a piecewise
constant time function taking a finite set of values. We show how to generate the control by, first,
applying model reduction to the original system, then using a “state-space bisection” method for
synthesizing a control at the reduced-order level, and finally computing an upper bound to the
deviations between the controlled output trajectories of the reduced-order model and those of
the original model. The effectiveness of our approach is illustrated on several examples of the
literature.
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1 Introduction

We are focusing here on switched control systems, a class of hybrid systems recently used
with success in various domains such as automotive industry and power electronics. Several
strategies have been developped to design control laws for such systems; we use here the
invariance analysis [9, 8, 10]. The associated algorithms are very expensive and require a
limited state space dimension; we thus use a model order reduction in order to synthesize a
controller at the reduced-order level. Two methods are proposed to apply the controller to
the full-order system. Offline and online controls are enabled, and the computation of upper
bounds of the error induced by the reduction allowed to guarantee the effectiveness of the
controller.

Comparison with related work. Model order reduction techniques for hybrid or
switched systems are classically used in numerical simulation in order to construct at the
reduced level trajectories which cannot be computed directly at the original level due to
complexity and large size dimension [3].
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Han and Krogh make use of model reduction in order to perform set-based reachability
analysis [15]. They do not construct isolated trajectories issued from isolated points, but
(an overapproximation of) the infinite set of trajectories issued from a dense set of initial
points. This allows them to perform formal verification of properties such as safety. In both
approaches, the control is given as an input of the problem. In contrast here, the control is
synthesized using set-based methods in order to achieve by construction properties such as
convergence and stability.

The problem of control synthesis for hybrid and switched systems has been widely stud-
ied and various tools exist. The Multi-Parametric Toolbox (MPT 3.0 [17]) for example
solves optimal control problems using operations on polytopes. Most approaches make use
of Lyapunov or the so-called “multiple Lyapunov functions” to solve the problem of control
synthesis for switched systems - see for example [24]. The approximate bisimulation ap-
proach abstracts switched systems under the form of a discrete model [14, 12] under certain
Lyapunov-based stability conditions. The latter approach has been implemented in PESSOA
[18] and CoSyMA [20]. The approach used in this paper avoids using Lyapunov functions
and relies on the notion of “(controlled) invariant” [7].

Plan. In Section 2, we give some preliminaries about linear controlled systems and
reachability sets. In Section 3, we recall the principles of the state-space bisection method.
In Section 4, we explain how to construct a reduced model, apply the state-space bisection
method at this level, and compute upper bounds to the error induced at the original level.
In Section 5, we propose two methods of control synthesis allowing to synthesize (either
offline or online) a controller at the reduced-order level and apply it to the full-order system.
In Section 6, we apply our approach to several examples of the literature. We conclude in
Section 7.

2 Background

We consider a class of control systems composed of a plant and a controller defined as follows.
The plant is a discrete-time linear time invariant (DLTI) system X defined by (see [4, 24] for
more information on DLTI and sampled switched systems):

| x(t+71) = Agx(t) + Bqu(t),
z: { yt) = Cax(t) o

Here, the state x is an n-vector, the control input w a p-vector, the output y an m-vector,
and Ay an n X n-matrix, By an n X p-matrix, Cy a m x n matrix. The real positive constant
7 is the time sampling parameter. All the coefficients are reals. The system ¥ is obtained
from the temporal discretization of the continuous linear time invariant (LTT) system:

{ (t) = Az(t) + Bu(t),
y(t) = Cux(t),

with
Ad = eAT, Bd = / 6A(T_t)Bdt, Cd =C.
0

We consider here the case of a quantized control (see, e.g. [22]). This means that the
control law u = u(-) is a piecewise constant function that changes its value at each sampling
time 0, 7,27, ... Furthermore, u can take only a finite number of vector values. We denote
by U the finite set of values taken by u, every element of U is called a mode. The problem of
(discretized) quantized control is to find a state-dependent law u(t) which, at every sampling
time, finds the element of U that allows to achieve a given goal, such as the stabilization
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around an objective point yep;. Actually, the stabilization of such systems cannot be perfect

[22], and we thus look for practical stability: we do not look for an equilibrium point g5, but

only for a neighborhood of y,; in which we confine the system. We note that the controller

in the above model implements a state feedback law and has only discrete-state dynamics.
The entries of the problem are the following:

1. a subset R, C R™ of the state space, called interest set,

2. asubset R, C R™ of the output space, called objective set.

The objective is to find a law u(-) which, for any initial state zog € R,, stabilizes the output y

in the set R,.

Remark: In [10], we have proposed a procedure, called state-space bisection procedure?,
in order to achieve a similar goal. The context was simpler since we considered there only
the state equation z(t + 7) = Agqz(t) + Bgu(t) without the output equation y(t) = Cax(t).
Here, the stabilization problem is naturally extended to take into account the output y(¢).
Note that even if the initial state xy belongs to R, the corresponding output yo does not
necessarily belong to R,,.

The state-space bisection procedure being subject to the so-called curse of dimensionality,
it will be applied here to a reduced order model S of dimension n, < n in order to stabilize
its output in the objective set R,. We will show that the control law synthesized on the
reduced system 3 still stabilizes the output of the original system 3 with a tolerance ¢ > 0.
We now introduce some notations required to explain the state-space bisection procedure.

Some notations. We will use x(¢, z, 1) to denote the point reached by ¥ at time ¢ under
mode u € U from the initial condition z. This gives a transition relation —7, defined for x
and 2’ in R” by: « —7 o’ iff x(7,2,u) = /. Given a set X C R", we define the successor
set of a set X C R™ of states under mode u as:

Post,(X) = {2’ | x =] «’ for some z € X}.

The set Post,(X) is then the result of the affine transformation Ay X + Bgu. Likewise, we
define the output successor set of a set X C R"™ of states under mode u as:

Post, o(X) ={Cz' | x =], 2’ for some z € X }.

An input pattern named Pat is defined as a finite sequence of modes. A k-pattern is an
input pattern of length at most k. The successor set of X C R™ using Pat = (uy - uy) is
defined by

Postpa(X) ={a' |z =], - =], 2, v € X}

up
The mapping Postpg; is itself an affine transformation. The output successor set of X C R”
using Pat = (uy - - - uy) is defined by

Postpat,c(X) ={Ca' |z =], - =] 2, z € X}

Uk

Given an input pattern Pat of the form (uj - - - up,), and a set X C R™, the unfolding of
X wvia Pat, denoted by Unf p,,(X), is the set [J;*, X; with:

Xo =X,

Xiy1 = Posty,, (X;), forall 0 <i<m — 1.
The unfolding thus corresponds to the set of all the intermediate states produced when
applying the input pattern Pat to the states of X.

' In [9, 8, 10], this method was called “state-space decomposition”, but we use here “state-space bisection”
in order to avoid ambiguity with model reduction methods.
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3 Control Synthesis by State-Space Bisection

We now explain the method that we are going to use in order to find a control law u that
stabilizes the state x of the system ¥ into a given zone R, C R™ [10], and makes the output y
reach a given zone R, C R".

3.1 z-stabilization and y-convergence requirements

Given an interest set R, and an objective set R, we can define the notion of “z-stabilization”
and “y-convergence” in this context as follows.

» Definition 1. Given a system X, a set R, subset of R", a set R, subset of R™, and a
positive integer k, an z-stabilizing and y-convergent control for (R, Ry, k) with respect to X
is a function that associates to each z € R, a k-pattern Pat such that:

POStPat({.’E}) g Ram
Postpat,c({x}) C Ry

Note that we use the term “y-convergence” because the output corresponding to the initial
state can possibly be outside R, whereas the initial state necessarily belongs to R,. Given
a system X, an x-stabilizing and y-convergent control guarantees that all the trajectories
starting at R, return to R, within k£ steps and that the output is sent into R,. In order
to find an z-stabilizing and y-convergent control, we can adapt the method of “state-space
bisection” introduced in [§].

» Definition 2. Given a system X, two sets R, and R, respectively subsets of R™ and R™,
and a positive integer k, a successful decomposition of (R, Ry, k) w.r.t. ¥ is a set A of the
form {V;, Pat;};cr, where I is a finite set of indices, every V; is a subset of R,, and every
Pat; is a k-pattern such that:

(a) Uie[ Vi= va
(b) for all i € I: Postpa, (Vi) C Ry,
(c) forallie I: Postpar,,c(Vi) C Ry.

Remark: Note that in pratice, the condition Postpas, (Vi) € Ry is verified by veri-
fying that the bounding box of Postpg, c(Vi) (that is the smallest square box containing
Postpq,.c(V;)) belongs to R,,. All the set-based operations are carried out with zonotopes.
See [1] for the computation of the bounding box of a zonotope and operations realized on
zonotopes.

A successful decomposition A = {(V;, Pat;)};cr naturally induces a state-dependent con-
trol on R,. The control induced by A is defined as follows: consider an initial point xg
of R,; we know that o € V; for some i € I (since R, = [J;c; Vi). One thus applies Pat;
to xg, which gives a new state x; that belongs itself to R,, and the associated output be-
longs to R, (since Postpq, (Vi) € R, and Postpg, (Vi) € R,). The process can then be
repeated on x1, and so on iteratively. Obviously, the induced control is an z-stabilizing and
y-convergent control for (R, Ry, k). Formally, we have:

» Proposition 1. Suppose that A is a successful decomposition of (R, Ry, k) w.r.t. ¥. Then
the control induced by A is an x-stabilizing and y-convergent control for (R, R,, k) w.r.t.
3.

The problem of finding an x-stabilizing and y-convergent controller thus reduces to the
problem of finding a successful decomposition. The latter problem can be solved by using
the method of state-space bisection [8], as explained below.
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3.2 Bisection method

We give here a simple algorithm, adapted from [8], called Bisection algorithm. Given two
sets R, and R,, and a positive integer k, the algorithm, when it succeeds, provides for a
successful decomposition A of (R, Ry, k) w.r.t. X of the form {V;, Pat;};c;. The input
sets R, and R, are given under the form of bozes of R and R™ (i.e., cartesian products
of n closed intervals for R,, and cartesian products of m closed intervals for R,). The sub-
sets V;, 1 € I, of R, are boxes that are obtained by repeated bisection. At the beginning, the
Bisection procedure calls sub-procedure Find_ Pattern in order to get a k-pattern Pat such
that Postpa(R;) C Ry and Postpas,c(Ry) € Ry If it succeeds, then it is done. Otherwise,
it divides R, into 2" sub-boxes Vi, ..., Van of equal size. If for each V;, Find_Pattern gets
a k-pattern Pat; such that Postpq, (Vi) € R, and Postpa,,c(Vi) € Ry, it is done. If, for
some Vj, no such input pattern exists, the procedure is recursively applied to V;. It ends
with success when a successful decomposition of (R., Ry, k) is found, or failure when the
maximal degree d of bisection is reached. The algorithmic form of the procedure is given
in Algorithms 1 and 2. The main procedure Bisection(W, R, Ry, D, K) is called with R,
as input value for W, d for input value for D, and k as input value for K; it returns either
({(Vs, Pat;)}i, True) with |J, Vi = W, U, Postpat, (Vi) C Ry, J; Postpat, (Vi) € R, when
it succeeds, or (_, False) when it fails. Procedure Find Pattern(W,R;,R,,K) looks for a
K-pattern Pat for which Postpa (W) C R, and Postpq,c(W) C R, : it selects all the
K-patterns by increasing length order until either it finds such an input pattern Pat (out-
put: (Pat,True)), or none exists (output: { , Flalse)). The correctness of the procedure is
stated as follows.

» Theorem 3. If Bisection(R;,Ry, R, ,d k) returns (A, True), then A is a successful decom-
position of (Ry, Ry, k) w.r.t. 3.

Algorithm 1: Bisection(W, R, Ry, D, K)

/* with additional input e, for online version */

Input: A box W, a box R,, a box R, a degree D of bisection, a length K of input
pattern
Output: ({(Vi, Pat;)};, True) with |J, Vi = W, |, Postpa, (Vi) € R, and
U; Postpat,.c(Vi) € Ry, or (_, False)
(Pat,b) := Find_ Pattern(W, R, Ry, K)

=

2 if b = True then
3 L return ({(W, Pat)}, True)
4 else
5 if D =0 then

L return (_, False)

else
Divide equally W into (W7y,..., Wan)

9 fori=1...2" do
10 L (A;, b;) := Bisection(W;,R;,R,,,D — 1,K)
11 return (U;_; o0 Qi Aiy 20 i)

In [8], we have developed a tool that implements the Bisection procedure, using zonotopes
(see [13]); it is written in Octave [21].
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Algorithm 2: Find_Pattern(W, R,, R, K)

/* with additional input e, for online version */

Input: A box W, a box R,, a box Ry, a length K of input pattern
Output: (Pat, True) with ,Postpa(W) C Ry, Postpa,c(W) C R, and
Unfpat(W) C S, or (_, False) when no input pattern maps W into R, and
CW into R,
fori=1... K do
I := set of input patterns of length ¢
while II is non empty do
Select Pat in 11
II:=1I\ {Pat}
if Postpa (W) C R, and Postpe,c(W) C Ry /* condition modified for online
version */ then
7 L return (Pat, True)

(<) B N VU I

8 return (_, False)

4 Model Order Reduction

Actually, because of the computational cost of the bisection procedure, the application of the
bisection method at the full-order level n becomes rapidly intractable (typically for n > 15).
Therefore, it is interesting to apply projection-based model order reduction methods (see
[3]), then construct decompositions (hence control laws) at the reduced state level of dimen-
sion n, < n rather than at the full-order state level of dimension n. For many applications
and engineering problems, it is observed that the systems can be reduced while being accu-
rate enough. This is due to the underlying regularity of the solutions or, in other words, to
the low dimension of the actual trajectory submanifold.

Given a full-order system X, an interest set R, C R" and an objective set R, C R™, we
will construct a reduced-order system by using a projection 7 of R™ to R". If 7 € R™*"
is a projection, it verifies 72 = 7, and 7 can be written as ™ = w7, where w7 € R?X"r,
mr € R™*™ and n, = rank(w). The DLTI system 3 is defined by the matrices A4, By, C4,
and can be written:

A

o [ #(t+T) = Agi(t) + Bau(t),
> { yr (1) = Cyi(t),

with

The matrices fl, B and C are defined as follows:
A:’/TRA’/TL, EZ?TRB, é:CWL.

Here, % is an n,-vector, u a p-vector, y, an m-vector, and fld an n, X ny-matrix, Bd an n, X p-
matrix, Cy a m x n, matrix. The reduced system is obtained with the change of variable:
& = wrx. Accordingly, ]A%Z = mrR; C R" is the projection of R,. The objective set R,
is kept unchanged. Using the method described in Section 3, one generates a successful
decomposition A of (RmRy,k) w.r.t. 3 for some given k. This leads to a reduced-order
control uy. By Theorem 3, ug sends the output y. in R,. When this control is applied
to the full-order system 3, this leads to a trajectory y(t). The difference between the two

trajectories y(¢) and y,.(t) will be denoted by e(t). An upper bound of ||e(¢)|| will be computed
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> N >
Xg o] R - X
(4) Pat,‘ (1) | Pat,
v~
X, Xy
(5) | Pat, (2) | Pat,
LN
X, X,
(6) | Pat, (3) | Pat,
v
X, ,

Figure 1 Diagram of the offline procedure for a simulation of length 3.

in order to assess the deviation from R,. We will denote by 6; an upper bound of this error
for t = j7, and we will denote by £;° the maximum value of this bound: £7° = sup,;( &, (%)
(see Appendix 1 for the calculation of these bounds).

5 Reduced Order Control

In this section, we first explain the procedure of control synthesis, then we propose a method
to guarantee that the obtained controller sends the output of the full-order system in R,
with a tolerance €;°.

5.1 Guaranteed offline control

Suppose that we are given a system >, an interest set R, and an objective set R,. The
procedure first consists in reducing the system X of order n to a system $ of order n, < n
(see section 4). Here, the classical method of balanced truncation [5, 2, 19, 6] is used to
construct .

We apply the state-space bisection procedure to the reduced-order system f), we obtain
a successful decomposition A of (I%m,Ry,k) wort. 3. Therefore, the procedure returns a
successful decomposition A of the form {Vl, Pat;};cr such that:
1. I is a finite set of indices,
2. every Vi (i € I) is an interval product of dimension n, such that J,.; Vi=R,,
3. every Pat; (i € I) is a k-pattern such that for all i € I: POStPati(‘};) C R, and

A~

Postpy,. o(Vi) € Ry.

The successful decomposition A induces a control u A on R,. This control u A s 2-
stabilizing and y,-convergent for (I%x, R, k) w.r.t. 3. Let xo be an initial condition in R,.
Let 29 = mrxo be its projection belonging to IA%w, To = TRrXo is the initial condition for the
reduced system S 2 belongs to \Z—O for some iy € I; thus, after applying Pat;,, the system
is led to a state Z1; &1 belongs to ‘71'1 for some i; € I; and iteratively, we build, from an
initial state %o, a sequence of states &1, Zs,... obtained by application of the sequence of
k-patterns Pat;,, Pat;,, ... (steps (1), (2) and (3) of Figure 1).

The sequence of k-patterns is computed for the reduced system f], but it can be applied
to the full-order system >: we build, from an initial point x(, a sequence of points x1, o,. ..
by application of the k-patterns Pat;,,Pat;,,... (steps (4), (5) and (6) of Figure 1). For all
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zo € R, and for all t > 0, the error [|y(wo, u,t) —y-(TrT0,u,t)|| is bounded by £5°, as defined
in equation(5). This leads to the following proposition:

» Proposition 2. Let us consider a DLTI system X, an interest set R, and an objective set Iz,.
Let ¥ be the projection by balanced truncation of ¥. Let A be a successful decomposition
of (RI,Ry,k’) wort. . Then, for all xg € R, the induced control u applied to the full-order
system ¥ in z( is such that for all j > 0, the output of the full-order system y(¢) returns
to R, +,° after at most k 7-steps.

Here, R, + €;° denotes the set containing R, with a margin of €;°. More precisely,
if R, is an interval product of the form [ay,b1] X -+ X [@m, by, then R, + &5° is defined
by [a1 —e5°,b1 +&°] X -+ X [am — €5°, by + £5°].

Remark: Here, we ensure that y(xzo,u,t) is in R, +¢,° at the end of every input pattern,
but an easy improvement is to ensure that y(xo,u,t) stays in a given safety set S, D R, at
every step of time 7. Indeed, as explained in [8], we can ensure that the unfolding of the
output trajectory stays in S,. In order to guarantee that y(xo,u,t) stays in S, we just have
to make sure that y,(mgrxo,u,t) stays in the reduced safety set S, —e7°. We thus have to

y
add the condition: “and Unfp,,(CW) C S, —e7°” in the line 6 of Algorithm 2.

5.2 Guaranteed Online control

Up to this point, the procedure of control synthesis consists in computing a complete sequence
of input patterns on the reduced order model ¥ for a given initial state xg, and applying
the input pattern sequence to the full-order model . The control law is thus computed
offline. However, using the bisection method applied to the reduced system 3, we can use
the decomposition A online as follows: Let xo be the initial state in R, and g = wrxg
its projection belonging to R, (step (1) of Figure 2); &, belongs to V;, for some iy € I;
we can thus apply the associated input pattern Pat;, to the full-order system X, which
yields a state x1 = Postpas, (o) (step (2) of Figure 2); the corresponding output is sent
w0.C(T0) € Ry + €0 in order to continue to step (3), we have to guarantee
that mrPostpas, (z) belongs to R, for all x € R, and for all i € I. As explained below,
this is possible using the computation of an upper bound to the error ||TtgPostpas, (z) —
Postpa:, (mrx)|| and a reinforcement of the procedure for taking into account this error.

Let €J be an upper bound to ||7rPostpa:(r) — Postpa(mrz)||, j being the length of
the input pattern Pat (see Appendix 1 for the calculation of this bound). We modify the
Algorithms 1 and 2 by adding a new input ¢, = (¢,...,€%), k being the maximal length of

the input patterns. With such an additional input, we define an e-decomposition as follows:

to y1 = Postpg

» Definition 4. Given a system X, two sets R, and R, respectively subsets of R" and
R™, a positive integer k, and a vector of errors e, = (gl,... ,5’;), an e-decomposition of
(Rz, Ry, k,e5) wrt. X is a set A of the form {V;, Pat;}icr, where I is a finite set of indices,
every V; is a subset of R,, and every Pat; is a k-pattern such that:

(@) Uies Vi = R,

(b)) for all i € It Postpar, (Vi) C Ry — bt i1,

(¢’) forallieI: Postpa,,c(Vi) C Ry.

Note that condition (b’) is a strenghtening of condition (b) of definition 2. Accordingly,
line 6 of Algorithm 2 is modified as follows:

6 if Postp, (W) C R, — ¢’ and Postpat,c(W) C R, then

The computation of an e-decomposition with the modified algorithms enables to guarantee
that the projection mrx of the full-order system state always stays in R,. We can thus
perform the online control as follows:
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JT
X0 e R . g X,
(1)
Pat;
(2) |Pat;
TR
X1 """"""""""""" > J'[Rxl
(3)
Pat,
(4) |Pat
JT
D R » TTRX,
(5)
Pat,
(6) |Pat; a,
A,

Figure 2 Diagram of the online procedure for a simulation of length 3.

Since Postpat,, (‘A/ZO) CR, - ebo and mrzy € Aio, we have Postpat,, (Trxo) € R, — gho;
thus mrx1 = WRPOStpatiO () belongs to I:{m, because 5550 is a bound of the maximal distance
between Postpat,, (mrxo) and mrPostpat,, (x0); since mrx1 belongs to R,, it belongs to V;,
for some i; € I; we can thus compute the input pattern Pat;,, and we can thus reapply the
procedure and compute an input pattern sequence Pat;,,Pat;,,. ..

We finally have the proposition:

» Proposition 3. Let us consider a DLTI system X, an interest set R,, and an objective
set R,. Let ¥ be the projection by balanced truncation of ¥. Let A = {V;, Pat;},c; be an
e-decomposition for (R,,R, k) w.r.t. 3, e, being defined as above. Then:

Vo € Ry, Ji € 1: wRrPostpa,(x) € R, A Postpai,.c(x) € Ry + sLP“t”.

Using the decomposition A, we can perform an online control as explained above. We
have:

» Proposition 4. Let us consider a DLTI system X, an interest set R,, and an objective
set Rg. Let 3 be the projection by balanced truncation of ¥. Let A be a e-decomposition
for (Ry,Ry.k,e,) w.r.t. 2. Then, for all zyp € R,, the induced online control u yields an
output sequence of points ¥1,y2,... which belong to R, + Ego,Ry + 851 ,-.. Where £y, {1, ...
are the lengths of the input patterns successively applied.

The advantage of such an online control is that the estimated errors 550,5517. .. are dy-

namically computed, and are smaller than the static bound £;° used in the offline control.
The price to be paid is the strenghtening of the #-stabilization condition (b’) of definition 4.

6 Case Studies

6.1 Distillation Column

We consider a linearized model of a distillation column system [25] written under the form
of a DLTI system (1). The state x = (z1,%2,...,211)" of the system is of dimension 11:
T1,Za,...,2T10 correspond to the composition of the most volatile component in the different
stages of the column, and x1; corresponds to the pressure at the top of the column. The
perturbation of input feed w is neglected. The control variable u € U = {0,1} corresponds
to the state turned on (1) or turned off (0) of the reheater. The output y is of dimension 1
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and corresponds to the composition of the most volatile component in the bottom product.
The system is reduced from n = 11 to n, = 2. The sampling time is set to 7 = 100 s.

Pressure 0
Candenser

| Reflux o )
Top product

X

| x.1
x

) 4
O

Xg

[—
|
,_
| x.
Input Feed ’— E
PR
,_‘_A
_l

Baottom product

Figure 3 The 11-order distillation column system

The matrices A,B, and C are the following:

—1.4 -0.43 O 0 0 0 0 0 0 0 0
0.95 —1.38 0.46 0 0 0 0 0 0 0 0.05
0 095 —1.41 0.63 0 0 0 0 0 0 0.02
0 0 0.95 —1.58 1.1 0 0 0 0 0 0
-2 0 0 0 0.95 —-3.12 1.5 0 0 0 0 0
A=10 x 0 0 0 0 2.02 —3.52 2.2 0 0 0 0 )
0 0 0 0 0 2.02 —4.22 2.8 0 0 0
0 0 0 0 0 0 2.02 —4.82 3.7 0 0.02
0 0 0 0 0 0 0 2.02 —5.72 4.2 0.05
255 0 0 0 0 0 0 0 0 2.55 —1.85

B=1[0000001000000]" and C=[0000000000010]".

The interest set is R, = [0, 1]'!. The objective set is R, = [0.0015,0.0025]. The two methods
presented in this paper give the results of Figure 4. The circles in the simulations correspond
to the end of input patterns. The simulations have been performed with MINIMATOR, (an
Octave code available at https://bitbucket.org/alecoent /minimator_red) on a 2.80 GHz Intel
Core i7-4810MQ CPU with 8 GB of memory. The offline and online methods led to the same
decomposition because of the contractive behaviour of the system. The decompositions were
obtained in 106 seconds.

Figure 4 shows simulations of the offline and online methods. The initial point xy =
(0.55)! is in R,. Note that the corresponding output yo = Czg = 5.5 x 1072 lies outside R,.
For the offline method (on the left), the output y, of the reduced system (continuous blue) is
sent into R, (dashed blue), and the output y of the full-order system (continuous red) is sent
in R, +¢;° (dashed red). For the online method (on the right), the output ;. of the reduced
system (continuous blue) is sent into R, (dashed blue), and the output y of the full-order
system (continuous red) is sent in R, + 551' (dashed red).

Both methods are thus efficient, the offline method is guaranteed but implies a relatively
pessimistic tolerance. The online method is very efficient and the tolerances are much more
satisfying. A shift can however appear between the full-order model and the reduced order
model, this is an unavoidable consequence of the fact that the reduced order model does not
represent the dynamic of the model as accurately as the full-order model.
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Figure 4 Simulation of y(t) = Cz(t) and y,.(t) = C#(t) from the initial condition zo = (0.55)*.
Left: guaranteed offline control; right: guaranteed online control.

6.2 Square Plate

We consider here the problem of controlling the central node temperature of a metal square
plate discretized by finite elements. This example is taken from [16]. The square plate is

or
subject to the heat equation: E(x,t) — a?AT(z,t) = 0. After discretization, the system

is written under the form of a DLTT system (1). The plate is insulated along three edges,
the right edge is open. The left half of the bottom edge is connected to a heat source. The
exterior temperature is set to 0 °C, the temperature of the heat source is either 0 °C (mode 0)
or 1 °C (mode 1). The heat transfers with the exterior and the heat source are modelled by
a convective transfer. The full-order system state corresponds to the nodal temperatures.
The output is the temperature of the central node. The system is reduced from n = 897
to n, = 2. The interest set is R, = [0,0.15]%%7, the objective set R, = [0.06,0.09]. The
sampling time is set to 7 = 8 s. The geometry of the system and the decomposition obtained
with the offline procedure are given in Figure 5. The decompositions were obtained in 5
seconds. Simulations of the offline and online methods are given in Figure 6. We notice that
the trajectory y (resp. y,) exceeds the objective set R, (resp. R, +5§") during the application
of the second pattern, yet the markers corresponding to the end of input patterns do belong
to objective sets.

[e—— 10—
> 2
heat
diffusion
1
5 >
= Metal plate -
0
-
Heated edge 5 -1
e 04 _,
ol : I : : T
. 0.0 05 1.0 1.5 20 25 3.0
Insulation ¥

Figure 5 Geometry of the square plate (left) and decomposition of R, = 7rR, in the plane
(1, 22) with the offline procedure (right).
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Figure 6 Simulation of y(t) = Cz(t) and y,(t) = C%(t) from the initial condition zo = (0)%7.
Left: guaranteed offline control; right: guaranteed online control.

7 Final Remarks

Two methods have been proposed to synthesize controllers for switched control systems using
model order reduction and the state-space bisection procedure. An offline and an online use
are enabled, both uses are efficient but they present different advantages. The offline method
allows to obtain the same behaviour as the reduced-order model, but the associated bound
is more pessimistic, and the controller has to be computed before the use of the real system.
The online method leads to less pessimistic bounds but implies a behaviour slightly different
from the reduced-order model, and the limit cycles may be different from those computed
on the reduced system. The behaviour of the full-order system is thus less known, but its
use can be performed in real time.

There are still some open questions associated to the methods proposed here. During
a real online use, only the output y of the system ¥ is known, this implies that a recon-
struction of the reduced state & has to be performed online, either by reconstructing the
full-order state x and projecting it, or by reconstructing directly the projected state. Until
now, the reconstruction is supposed exact. Our future work will be devoted to the online
reconstruction of £, and this will be done with the use of extended Kalman filters [23, 11].

Acknowledgement. This work has been done within the framework of project SWITCH-
DESIGN supported by Institut Farman FR3311.
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Appendix 1: Model order reduction and error bounding

Error bounding for the output trajectory

Since the aim is to apply at the full-order level a control rule uy designed at the low-order
level, we need to evaluate the difference between the output trajectories at the different levels.
For each x¢ € R,, the difference is given by

C(CEO, U.A,t) = y(x(h U.A,t) - y’l"(ﬂ-Rx0>uA7t)'

Here, a scalar a posteriori error bound for e is given (adapted from [15]). An upper bound
of the Euclidean norm of the error over all possible initial conditions and controls can be
formalized as the solution of the following optimal control problem:

Ey(t) = sup ||€(.1307u,t)“ = sup Hy(x(huvt) _yT‘(ﬂ-Ranu7t>”
uwelU,xpER, ueU,zoER,

Since the full-order and reduced systems are linear, the error bound can be estimated
as gy(t) < e™0=0(t) + e"=0(t) where 2°=" is the error of the zero-state response, given
by

10:0

y

(t) = ma Jull - le(ao = 0,u, )] = max [ul - [y(wo = 0,u,t) — yr (w0 = 0,u, )],
uelU uelU

and EZ:O is the error of the zero-input response, given by

u

syzo(t) = sup |le(zo,u=0,t)|| = sup ||y(zo,u=0,t) — y.(TrE0, 0 =0,1)|.
ToER, T€ER,

u=0.
y -

’I,‘O:O

Using some algebraic manipulations, one can find a precise bound for & and e

< wenet 11 e [ ][5 ] )

g0 swilo e[ ]l ®

ToER, TRT0

The first error bound always increases with time whereas the second can either increase
or decrease. These properties will be used to compute a guaranteed control. For all j € N,
we have:

gy(J7) < 5;

with
) 0. T A eth
=l [Care e[ ]| B e+

sup ||| © —é]{ejm eWgH o }Il. (4)

ToER, TRTQ

Sy

Furthermore, we have:
VE >0, g,(t) <ey
with

g, =supey(t). (5)
>0

This bound exists when the modulus of the eigenvalues of e™ and e”* is strictly inferior
to one, which we suppose here.
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Error bounding for the state trajectory

We recall and introduce some notations, j being the length of the input pattern Pat tested
by the bisection method:

. T
Postpg(z) = ™z +/ eAUT=Y Bu(t)dt,
0

o T .
Postpa(nrz) = &/ A rpa —|—/ eAUT=0 Bu(t)dt,
0
Using an approach similar to the construction of the bounds (2) and (3), we obtain the
following bound, which depends on the length j of the input pattern Pat:
|mrPost pat(z) — Postpas(Tre)|| < €2, (6)

with

ef = [lu()]

JT tA B
[0,57] I € . = | ||dt
I | v | -4 T

ej‘rA 7o :|
su s -1, o (7
IR | R | B A
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