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Abstract. This article presents an analysis of Godel's Dialectidarjretation
via a refinement of intuitionistic logic known as linear logLinear logic comes
naturally into the picture once one observes that the strakctule of contrac-
tion is the main cause of the lack of symmetry in Godel'sriptetation. We use
the fact that the Dialectica interpretation of intuitidiidogic can be viewed as
a composition of Girard’s embedding of intuitionistic lognto linear logic fol-
lowed by de Paiva’s Dialectica interpretation of linearitoyVe then investigate
the various properties of the Dialectica interpretatiarchsas the characterisation
theorem, and variants of Godel's interpretation withie thmear logic context.
The role of contraction in extensions to classical logi¢hametic and analysis is
also discussed.

1 Introduction

This article aims at analysing Godel’s Dialectica intetption [14] via a refinement
of intuitionistic logic known as linear logic [11, 12]. Mogrecisely, we discuss how
Godel's ingenious interpretation can be obtained via aldoation of de Paiva’s in-
tuitive interpretation [25, 26] of linear logic and Girascembedding [11] of intuition-
istic logic into linear logic. By breaking the Dialecticatémpretation into two well-
defined steps we are able to give an analysis of the chaisatien principles required
by Godel’s interpretation and to gain flexibility in the ersions of the interpretation
to arithmetic and analysis. We also investigate some of &r@nts of the Dialectica
interpretation within the linear logic context. Our anadys based on recent work of
Shirahata [30]. Our main contribution with respect to dev®aiand Shirahata’s work
is the characterisation theorem of the linear logic Diadedcinterpretation, and the uni-
form treatment of the several variants of the Dialecticarptetation [22, 24].

Godel’s Dialectica interpretation of a formal systéhinto another systerfi asso-
ciates each formula € £(S) with a decidable binary relatioAp C p x 7in L(T).
By p andT we mean sequences of finite types. The sysfeim normally called the
interpreted systewhile 7 is called theverifying systemintuitively, the binary relation
Ap describes the adjudication relation in a one-move gamed®iiwo players (say
Eloise and Abelard) whose moves are taken from the finitestppend respectively.
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‘ S — T
Formulas as games A Ap(z;y)
Proofs as winning moves| + A FYyAp(a;y)

Table 1. The Dialectica interpretation

The game goes as follows: Eloise chooses an elemenp, Abelard then chooses an
elementb € T, Eloise wins ifAp(a; b) holds, otherwise Abelard wins. The interpre-
tation is such that from a proof of in S one can extract a winning mowve € p for
Eloise together with a proof thatis a winning move, i.evy Ap(a; y), in the verifying
system. More precisely, a formulais interpreted as the existence of a winning move
for Eloise in the gamelp(z; y), i.e.

3xVyAp(z;y) (1)

and a proof ofA provides a concrete winning move for Eloise. Notice thatith@esx
andy could possibly be empty, in which case the correspondingepls not asked to
make a move, but will win in case the truth value of the adjatiam relation goes in
her/his way. For instance, consider the trivial case of tiefilad = Vz(x = z). The
formula A is associated with the game in which Eloise does not need ke manove,
while Abelard tries to find a valug which refutesvz(z = z), i.e. such thab # b.
Since Abelard will never be able to find sulghEloise wins the corresponding game no
matter what choice Abelard makes.

In Godel's seminal workS was first-order intuitionistic arithmetic ari an ex-
tension of primitive recursive arithmetic to all finite types0ddel’s goal for developing
the interpretation was to provide a relative consistenoefgdor first-order intuitionistic
arithmetic. That is achieved since falsityis interpreted as the game where none of the
players need to make a move, and Abelard always wins. Bull that a proof ofA in
S gives rise to a winning move for Eloise and a verification @ fact in7. Assuming
T is consistent Eloise cannot win the game correspondinig, tehich implies thatL
cannot be derived in the interpreted syst&ni.e. S is consistent.

There are, however, several issues which make the Diadeatierpretation difficult
to understand or justify. First, there is the strange lackyofimetry between Eloise and
Abelard, since Eloise is always required to make the firsteramd Abelard’s move can
depend on Eloise’s move. This seems to make Abelard’s I§eegaand consequently,
Eloise’s task more difficult. The asymmetry in the roles of flayers comes from
the asymmetry in intuitionistic logic between assumptiand conclusions. Namely, in
intuitionistic logic one tries to derivesingleformula A from afinite setof assumptions
I'. In particular, a single assumptidh can be used repeatedly in a proof in different
ways in order to derive the single conclusidnIn other words, in intuitionistic logic
one allows the structural rule of contraction for formulashe premise

I'B,BF A
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but not in the conclusion, by restricting the conclusiondatain a single formula.

Another issue with the Dialectica interpretation conceahesinterpretation of im-
plicationsA — B. Given that interpretations fot and B in the form (1) have already
been obtained, the formula

JxVyAp(x;y) — FvVwBp(v; w) 3)

is interpreted as
3f, gvx, w(Ap(x; fwz) — Bp(gz; w)). (4)

Despite empirical evidence that this is a choice of integiren with excellent proper-
ties (cf. Bishop [5] and Kreisel [19]), it is difficult to arguvhy that should be so. All
we can say is that in order to go from (3) to (4) we use the |emstactive prenexation
of (3), namely

VeIvvwIy(Ap(z;y) — Bp(v;w)) )

and then apply the axiom of choice to obtain (4). This pretieras only valid in the
presence of semi-intuitionistic principles which turn ¢aibe sound for the Dialectica
interpretation. But again we have an asymmetry betweenipeeamd conclusion, as
the functionalf has access to both argumemtav while the forward functionag only
accesses. As we will see, this is again a consequence of contractiargtedlowed in
the premise but not in the conclusion (cf. also Shiraha803 fliscussion).

Finally there is the issue that the Dialectica interpretatiequires decidability of
quantifier-free formulas. This is once more due to the faatiththe rule of contraction,
which can be written ast — A A A, we must produce a single negative maye
in the gameAp (x; y) given two candidate negative movgg andy,. By requiring
that the adjudication relatiod p (x; y) is decidablewe can simply check which of
the two candidateg, andy, is actually the best negative move. The assumption of
decidability, however, can be quite strong when workindwiigher order objects, and
leads to restrictions on the amount of extensionality oradéiésved to use.

As we have indicated, the root cause of all the asymmetry,wlig and subtlety of
the Dialectica interpretation comes from the need to deti thie naive-looking (and
semantically trivial) structural rule afontraction(2). As we will discuss in the paper,
this becomes even more evident once one moves to linearwdgce contraction can
be isolated from the other connectives. Without contractao formulaA is actually
interpreted in a much more symmetric way as

<3m> Ap(aiy). 6)
Yy

with the help of a simple form branching quantifier. For siimip} of notation we write
this branching quantifier 837’;A. Without contraction, the intuitionistic implication
A — B becomdinear implicationsA — B, and that can also be given a symmetric
interpretation, since

¥, Ap(z;y) — F,, Bp(v;w) (7)

can be interpreted as

¥ 9 (Ap(z; fw) — Bp(gz;w)). (8)



4 Paulo Oliva

Finally, without contraction one does not need to assumildbitity of quantifier-free
formulas!

Unfortunately, one does need contraction in practiseegimoofs often make use of
a single assumption several times. In linear logic conwads recovered in a controlled
manner with the help of the modalityl. Contraction is only permitted for “marked”
formulas! A and the rule (2) becomes

I'VAJJA- B

con
EMFB( )

We then have to give an interpretation to the new modéalityAs one might suspect, the
interpretation of the modality introduces precisely thedking of symmetry between
the players. The new modality turns a symmetric game beti#eise and Abelard
into a game where Abelard has the advantage of playing seomhdhoosing his move
based on Eloise’s move. One way of giving Abelard this acagats to say that for the
game! A Abelard’s move is a functiongf which produces his move in gamkegiven
Eloise’s move. The adjudication relation fot is then

(1A)p(z; f) = Ap(=; fz).

For instance, the game associated with the formule %/, (+ > y) corresponds to
the “biggest number game” in which both players try to coolaugpgger number than
their opponent (equal numbers favour Eloise). Neither gidas a winning move in
this game. On the other hand, in the gdmé\belard has a winning move, since Eloise
will have to provide an: and Abelard is asked to produce a functjosuch thatr > fx
is false, and he can choose efgr) = = + 1.

In linear logic the intuitionistic implication is derivedavthe linear implication
A — B and the modalityA, which does the bookkeeping of contractions, as

A—B = IA—-B. 9)

Using this analysis of the intuitionistic implication wellxsee that the intrinsic diffi-
culty of the Dialectica interpretation of — B discussed above comes from the subtle
interpretation ot A.

The article is organised as follows. The next two subsestibd and 1.2 give a
brief introduction to Girard’s linear logic [11, 12] and @&’s Dialectica interpretation
[1, 14]. Section 2 presents de Paiva’s Dialectica integti@t of linear logic. The re-
lation between the Dialectica interpretations of lineagitoand intuitionistic logic is
discussed in Section 3. In Section 4 the characterisatiogiples required for the Di-
alectica interpretation of intuitionistic logic are ansdyl in the linear logic context. In
Sections 5.1, 5.2 and 5.3 we look at extensions of Dialeatiapretation to classical
logic, arithmetic and analysis, respectively. FinallySection 6 we discuss the relation
between three variants of the Dialectica interpretation.

1.1 Intuitionistic linear logic

In the following we will describe a fragment of intuitionistinear logic which is suffi-
cient for embedding full intuitionistic logic. We work witlin extension of the language
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I'cA AAFB I'FA
(cut)  ———(per) Ax b Ay (id)
A+ B m{I'}F A
I A+ B T'FA
I'FA—-B I'FVzA
I'cA ABFC IAFB
————— (=) ——(3) Alt/z] F 3zA (3,)
IAJA—BFC I 3:AF B
IhylFA I'lvi]FB | AFAOB :
L o
Il(2)(ve, )| FAC. B Ao, BEA[ "
Iy, AF Cleo)  I'ly,], BF Cled] or BI—A<>fB} o
z f
I'(2) (79, 71)], A ©2 B F C[(2)(co, €1)] AO¢BFB

Table 2. Exponential-free intuitionistic linear logic

of linear logic to all finite types. The set fihite typesT is inductively defined as fol-
lows:b,i € T;andifp,o € T thenp — o € T. For simplicity, we work with just two
basic finite type$ (boolean) and (integer).

The terms of the language contain all typeterms, i.e. variables” for each finite
type p; A-abstractiong\z”.t?)?—?; and term application&*—?s”)?. Besides these
we also add boolean constants for true and false, and therif¢lse term construction
(t")(r7, s7) for each typer. The term(t?)(r™, s™) reduces to either or s depending
on whether the boolean tertmeduces to true or false, respectively.

The atomic formulas arel,, B., - - .. For simplicity, the standard propositional
constants of intuitionistic linear logic have been omittehce the interpretation of
atomic formulas is trivial (see Section 2). Formulas ardtlmit of atomic formulas
Aat, Bat, . .. via the connectivegl — B (linear implication),A <, B (if-then-else),
and quantifier¥x A and3x A. The rules for these are shown in Table 2, with the usual
side condition in the rulesv() and @;) that the variablez: must not appear free in
I', B. The structural rules of linear logic do not contain the lisubes of weakening
and contraction. These are added separately in a controkesher via the use of the
modality! A. The rules governing the behaviour!ef are shown in Table 3.

Note that we are deviating from the standard formulatioimadr logic, in the sense
that we will use the if-then-else logical constructbg>, B instead of standard additive
conjunction and disjunctidn The standard additive connectives can be defined as

! See Girard’'s comments in [11] (p13) and [12] (p73) on thetimebetween the additive con-
nectives and the if-then-else construct.
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'+ A I''A+FB | I'N'AJ'AF B I'tB

(") (") (con) (wkn)
Ir=1A IN'A+ B IN'A+-B IN'A+ B

Table 3. Rules for the exponentials

ANB :=Vzb(A <, B)
AV B :=3:(A <, B)

with the help of quantification over booleans. In the follogiwe sometimes use the
abbreviationsi A B andA Vv B to stand for the corresponding formulas containing the
if-then-else connective.

Since we will be considering extensions of this basic systetrus denote the sys-
tem just described blL{ . After introducing the basic Dialectica interpretationLaf;
we will discuss extensions of this basic system for whichiterpretation can be char-
acterised.

Notation. We use bold face variableg, g, ..., x,y, ... for tuples of variables, and
bold face terms, b, . ... ~,d, ... for tuples of terms. Given sequences of tewrnsnd
b, by a(b) we mean the sequence of termgb), . . ., a,,(b); and bya[b/x] we mean
the sequencey[b/x], ..., a,[b/x].

1.2 Godel’s Dialectica interpretation

Godel's Dialectica interpretation [1, 7, 14] is normallsepented as in Definition 1 be-
low. Note the asymmetric treatment of conjunction/disjiorcand universal/existential
quantifiers.

Definition 1 (Dialectica interpretation). For each formulaA of intuitionistic logic we
associate a new quantifier-free formule, (x; y) inductively as follows:

(Aa)P := Ay,  whenA,, is an atomic formula.

Assume we have already definggd (x; y) and Bp (v; w). We then define

(AN B)p(z,v;y,w) :=Ap(x;y) A Bp(v;w)

(AV B)p(z,v, 21y, w) := Ap(x;y) 2 Bp(viw)
(A— B)p(f,g;z,w) = Ap(z; fwz) — Bp(gz;w)
(VzA)p(f;y,2) = Ap(fzy)

(F2A)p(z, 23 y) = Ap(z;y).

Finally, we defind A)” := JxVyAp (z;y).
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In the following, we will work with an equivalent formulaticof Godel's Dialectica
interpretation where the clauses for conjunction, digjiemcand the existential quan-
tifiers are slightly modified, so as to treat these in a symmetay. For the sake of
reference we state this variant as a definition:

Definition 2 (Equivalent formulation of Dialectica interpr etation). Same as in Def-
inition 1 except that the treatment of disjunction, confimtand the existential quan-
tifier are modified as:

(AN B)p(x, vy, w,2°) := Ap(xz;y) O Bp(vz;w)

O v
(AV B)p(z,v, 2%y, w) := Ap(z;yz) O, Bp(v;wz)

(Fz"A)p(x, z; f) = Ap(x; f2).
The formula(A)? is defined as before, i.64)" := JxvVy Ap(z;y).

This reformulation leads to (intuitionistically) equieait formulag A)”. In the case
of conjunction and disjunction, the extra boolean inforiorat given to the functionals
is irrelevant, since each functional will only be appliedestthe boolean is either true
or false. The reason for allowing the booleaas an argument for the functionals will
become clear in Section 3, where we show how this comes tigtinam the inter-
pretation of linear logic. In general terms, we can arguelierequivalence between
the two choices ofA” by noticing that both can be shown to be equivalenttasing
the same characterisation principles (see Section 4)e&igaivalences betweer,-
statements shown using the characterisation principleaisa be shown without these
principles the result then follows. The benefit of modifyiting interpretation is that
we obtain a symmetric treatment of the connectiwesN) and quantifiers¥/V). This
symmetry, which in this case is optional, is forced upon uhiécase of the Dialectica
interpretation of linear logic, as we will see in the followjisection.

2 The Dialectica Interpretation of Linear Logic

In this section we present de Paiva’s Dialectica interpiaid25] of intuitionistic linear
logic. To each formulal of the fragment of linear logitL; we associate a quantifier-
free formulg Al5, wherex, y are fresh-variables not appearingdnThe variables: in
the superscript are called thétnessing variablgswhile the subscript variableg are
called thechallenge variablesintuitively, the interpretation of a formuld is a one-
move two-player (Eloise and Abelard) game, whet¢; is the adjudication relation.
We want Eloise to have a winning move whenexeis provable inLLy. Consider first
the case of linear implicatioA — B. In this game, Eloise claims to have a justification
for B given a justification for4, and also, claims to give a refutation fdr given a
refutation for B. Hence, her move in this game is a pair of constructifng, while
Abelard must present argumentsn favour of A andw againstB. Using our notation
the adjudication relation for the game— B can be succinctly described as

A — BILS, = |A[%,, — [BIgE.
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The if-then-else game is just a flagged disjoint union of the gamesA and B,
where the boolean flagtells which game is indeed being played. Therefore, boty+pla
ers make moves in both gamdsand B, but only one of the games will be considered
depending on the boolean valuexgf.e.

|A O, B2, = |A]Z O, |BJY,

The quantifier games correspond to a parametrised familgoieg. Depending on
whether we have a universal or existential quantifier, on@fplayers selects which
particular instance of the game they want to play, while the other player is alldwe
choose their move depending on the chaiagf the instantiation. For instance, in the
case of the gamsgz A, Eloise chooses a value ferand makes a move in the game
A(z). Abelard’s move is a functiongt which transforms Eloise’s choice of instantia-
tion z into his movefz. A symmetric situation occurs in the game4, i.e.

3zA()[37 = |A(2) 3.

V2A:)I . = A1

In the gamé A the symmetry between the players is broken. Eloise must ieaike
movex available to Abelard, and depending #smbelard chooses his move. Equiva-

lently, we ask that Abelard’s move in this game be a functighproducing his move
whenever given Eloise’s move, i.e.

A2 = 1AL,

The interpretation of linear logic formulas given aboveusltsthat a linear logic
proof of A will provide Eloise’s winning move in the corresponding game, ixéy| A5
This is formally stated in the following theorem.

Theorem 1 (Soundness)Let Ao, ..., A,, B be formulas ofLLy, with z as the only
free-variables. If

Ao(z),..., An(2) F B(z)
is provable inLLy then termsay, . . ., a,, b can be extracted from this proof such that
[Ao(2)[50, - - [An(2) 5 F [B(2)[3,

is provable in the quantifier-free fragmentldf?’, where

- FV(a;) € {z,w,xo, ...,z }\{x:}
- FV(b) € {z,z0,...,xn}.

Proof. See [22—-24] for details of how the terras, .. ., a,,, b and a derivation of
[Ao(2)[50, - - [An(2)I5 = [B(2)[3,
can be constructed by induction on the derivatiodgfz), ..., A,(z) - B(z). O

Remark 1 (Chu spacespne can also view the Dialectica interpretation above as as-
sociating formulasA of LLg with Chu spaces, i.e. tripleip, 7, |A[y)), where|A[ is

a relation betweer: € p andy € 7. The Dialectica constructions, however, differ
slightly from the Chu constructions, as discussed in degParecent paper [27].
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The Dialectica interpretation of intuitionistic logic (st&ribed in Section 1.2) gives
a strange advantage to Abelard, since he is only asked tergres move after Eloise
has choser:. In view of the Dialectica interpretation of linear logicgsented above,
this lack of symmetry can be seen to come from the fact thatditas of intuitionistic
logic are viewed as$A, and the modality indeed breaks the symmetry between the
two players. If one looks at the interpretation of linearitogresented above, however,
except for the treatment 6fi, there is a nice conformity between the two players. The
reason is that a formuld of linear logic is actually interpreted as

T |Aly (10)

wherergA is a simple form of branching quantifier (we will refer to teesssimulta-
neous quantifiedsfor which we assume the following rule:

Ao(xo,ap), ..., Apn(xn, a,) F B(b,w)
Fy0 Ao(®0,Yo), - -+ » Yy " An(@n, y,,) F Ty B(v, w)

with the two side-conditions:

(F)

— x,; may only appear free in the terrh®r a;, for j # i;
— w may only appear free in the terms.

The simultaneous quantifier subsumes both existential aivérsal quantifiers, when
the tuplesw andwu are empty i, B(v, w), respectively. In terms of games, the new
quantifier embodies the idea of the two players performieq thhoves simultaneously.
Let us refer to the extension bt with the new simultaneous quantifier by} .
Theorem 2. Extend the interpretation above to the systdri by defining

|FoA(v, w)lf 5 = [A(v, w)lfy.

Theorem 1 holds for the extended systarfi.

Proof. We must show that the soundness theorem still holds whenyters is ex-
tended with the new rule for the simultaneous quantifier. iée rule is handled as
follows:

n 5
|Ao(vo, @0)[50, - - -, [An(vo, @n) |37 = [ B(b, y)l5, (fioc gb)
n 5 i)
|[Ao(vo, ao)l1950,. . [An(wo, @) T2 = BB y)loY = ™
|30 Ao(vo, wo) 2700 [0 A (0, w10 - [Fy Bl y)l3

where

- & = \y.d[f,a;/z;), foralli
= ;= Mv;.;(gb/u[fai /], foralli # ;.
This concludes the proof. O

In fact, note that the simultaneous quantifiers are elinethaia the interpretation,
and we obtain an interpretation bE}" into the quantifier-free fragment &L . Theo-
rem 2 also provides an assurance that the rule for the sinedtes quantifier suggested
above characterises that quantifier, since a proof of thelasion of the rule yields
terms satisfying the premise.
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Ly ———— — qflL*
Dialectica interpretation

)" )"

|-
LLY 4 (TA) > gfLLY

Fig. 1. Composing Girard’s embedding with Dialectica interprietapf LL +(TA")

3 Relation to Dialectica Interpretation of Intuitionistic Logic

In this section we describe how the interpretation of linegic presented above corre-
sponds to Godel’s Dialectica interpretation [14] of inimistic logic. A similar result
concerning the Dialectica interpretation of classicaiddg shown in Shirahata [30].
We will assume that intuitionistic logic is also formaliseith the if-then-else connec-
tive A &, B, so that conjunction and disjunction are defined notionstfFionsider a
variant of Girard’s embedding of intuitionistic logic intwr version of linear logic with
conditionals.

Definition 3 ([11]). For any formulaA of intuitionistic logic its linear translationA*
is defined inductively as

(Aat)” = Aat

(A O, B)* := A* &, B*
(A— B)* :=14* — B*
(VzA)* =VzA*
(3zA)* = JzA*

Girard’s original embedding makes use of an extfar the interpretation ofiz A
asdz!A*. We will see that in the presence of the principle

(TA) 1324 — F2IA.

this extra! is not necessary. The reason for assuming the prin¢ip#) is that it is
sound for the Dialectica interpretation under consideratin fact, this is a simple form
of the more general principlgl/A) to be discussed in Section 4.4.

Theorem 3. Let I', A be formulas in the language of intuitionistic logic. Thertsta-
tion given in Definition 3 is such that if - A is derivable inlL” then!(I"™*) - A* is
derivable inLLY + (TA").

Proof. By induction on the derivation of’ - A in IL“. The only difference from
Girard’s embedding is in the treatment of the existentiargifier. With the help of the
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extra principle TA') it can be treated as
I 1A* + B*
* * * (El)
Ir* 3214+ B
— (TA)
Ir*,13zA* + B*
(D3
Ir* (3zA)* + B*

The other cases are treated as usual (see [28]).

The next theorem states that, up to the embedding descrilizefi 3, the Dialectica
interpretation of intuitionistic logic corresponds to theerpretation of linear logic (see
diagram of Figure 1).

Theorem 4. Let A be a formula of intuitionistic logic. ThetAp(z;y))* = [A*[5
(where= denotes syntactic identity).

Proof. The proofis by induction on the logical structure of the ititunistic formulaA.
Recall thatd v B is defined aslz(A ¢, B). We have

Disjunction
(AV B)p(@,v, 2y, w)* = (Ap (@ y2) ©. Bp(v: w2))*
OB Ap(@:y2))* . (Bo(v;wz))*
D, ou By, F Baar 0. BY g
"2 av By,
Implication
(A= B)p(f,giz,w) "= (Ap(@; gzw) — Bp(fa;w))*
2 1(Ap (@ gzw))” — (Bp(foiw))”
DA, — B
2 1Atz — B T A — B,
2 (4 Bl
Existential quantifier
(B A)p(@, 2 £)* =7 (Ap(as f2)r C arfz, 2 Baar s

(Def3) @,z
=7 |(324)27,

The treatment of conjunction and universals is similar sguliction and existentials,
respectively. O
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In the remaining sections of the paper we will consider fartextensions of the
Dialectica interpretation of linear logic, and show howdhextensions correspond to
extensions of Godel’s Dialectica interpretation. We tstgrconsidering the principles
needed for the characterisation of the interpretatiom the conclude with the exten-
sions covering classical logic, arithmetic and analysis.

4 An Analysis of the Characterisation Principles

As mentioned in Section 1.2, the Dialectica interpretatiomased on a prenexation of
an arbitrary formulad into a formula of the form (1). The interpretation is sucht tha
intuitionistic proof of A gives us enough information to explicitly construct a wise
for the existential quantifier of (1). In fact, the followirsgmi-intuitionistic principles:
axiom of choice for universal formulas

(AC) VadyAy(z,y) — IfvzAy(x, fz)
independence of universal premises
(IP) (Ay — 3zBy) — Jz(Ay — By)
andMarkov principle

(MP) (VxAqr — Bqr) — Jx(Aqgf — Bqr)

are sulfficient for showing the equivalence betweeand its interpretation (1). Above,
by Aq¢, Bor we mean quantifier-free formulas, wheres By denote purely universal
formulas, i.e. formulas of the foriviz Aq¢(z).

Let us look at each of the principles in turn and investigagértinear logic counter-
parts. In other words, we look at which linear logic prineipko use in order to derive
the linear logic translationC)*, (IP)* and(MP)*. These will allows us to derive the
equivalence between an arbitrary formulaand its (linear) Dialectica interpretation
AL

4.1 Axiom of choice

The axiom of choicéAC) says that &3 quantifier dependence implies the existence
of a functional realising this dependence. When we movetitdinear logic context,
the axiom of choic¢ AC) boils down to the fact that if Eloise wins a parametrised game
W;Aqf(m, y, z) for any choice ofz, then she must have a stratefiywhich produces
her moves whenever given the value of the parametiee.

(AC) V=T Age(@,y, 2) — Fy Ag(F2.y,2).
Moreover, since we are working with linear implication,éntrapositive
(AC)) FF* Age(, f2,2) — F2F Age(, y, 2)

is also realised by the linear Dialectica interpretationtéNthat the converse of both
(AC;) and AC;) can be derived ihL7. Assuming that is equivalent ta¥, | A|Z, one
then obtains the equivalence betwé&em or 3z A and their interpretations as:
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H) e ape (ACLLL) :
vzA & veT|AlR e Al

(IH) z ) ,z
dzA & E|z37y|A|Z 37’]-?' |A|;’iz.

We will also make use of a simple form 6&(;) in Section 4.4, for the treatment of the
modality! A.

(LL;(’:,>AC§

4.2 Independence of premise

The independence of premise says that universal assurattonot contribute to wit-
nessing existential statements. Existential quantifiarstben be prenexed over such
universal premises. The linear logic counterpart®j étates that if Eloise wins a games
., Bqs(v) relative to another gam#, Aq¢(y) it must be because she has copy-cat
strategiesf, g which take positive moves in the first game into positive nsookthe
second, and negative moves of the second into negative robtes first, i.e.

(IP)) (F2 Agt(y) —o Fp Bat(v)) — L9 (Ae(gw) —o Byt (f)).
This is in fact a generalisation of the independence of erprinciple (case when
tuplesz andw are empty). Again, it is easy to see that the convergtpf is derivable
in LLY. Assuming thatd and B are equivalent t&7,;;| A|7 and¥/,, | B|;,, respectively,
one then obtains the equivalence betwdeno B and its interpretation as:
A—B & wEape w2y TS w4z, — | B,

,w

4.3 Markov principle

As the independence of premise, the Markov principl®) is a classically valid prin-
ciple which turns out to be validated by the Dialectica iptetation. Its importance
comes from the fact that up to the Markov principle the negatianslation off7
statements is intuitionistically equivalent to the stagets themselves. This is crucial
for concrete applications of proof theory to mathematids B, 29].

In the case ointuitionistic logic the Markov principle is used to obtain the equiv-
alence betweexxz Ay — Bqr and3dxz(Aqr — Bqr). On the other hand, in the case of
linear logic, given (P;), all we need to add is the principle

(MP[) V:B!Aqf —o !ViL‘Aqf

establishing the commutativity between the universal tjfianand the “bang” modal-
ity. This equivalence is not derivable in standard lineg@idpbut is validated by the
Dialectica interpretation. Having many copiesvafA,s seems to be stronger than only
being able to instantiatéx! A,s once and then being able to use that instantiation sev-
eral times. What the Dialectica interpretation shows i$ thia is not the case, at least
when we have decidability od.¢. The reason is that having decidability of quantifier-
free formulas allows us to incorporate several instawmiiegiinto a single instantiation,
via the definition by cases.

Using (P;) and (MP;) we can derivé MP)* as

(MPy) (IP7)
(!ViL‘Aqf —o qu) —0 (V:B!Aqf —o qu) —0 EiL‘(!Aqf —0 qu).

As it turns out, in order to show the equivalence betwetmand its interpretation we
need yet an extra principle, which is not visible in the itiaristic context.
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4.4 An extra principle!

By refining the Dialectica interpretation via linear logi@walso get soundness with
respect to a new principles which, lik&1P;), can not even be stated in the context of
intuitionistic logic, namely

(TA) 124 —o 3zlVyA.

We refer to this principle aBump advantagesince the “bang” modality turns a sym-
metric game?f;A into a game where Eloise has to play first, and Abelard’s msve
allowed to depend on Eloise’s. A simple form of this prineiplas already been dis-
cussed in Section 3, and basically states that-thedality commutes with the existen-
tial quantifier.

Assuming thatd is equivalentt(ilf; |A|%, we are then able to derive the equivalence
between A and its interpretation as:

TA LLy LLY
IH —_— > >
€T €T
1A ~—= 1 TT|A[2 SzlvylAlZ  SavylAlE  TEIARE,
B < <
LLY MP; ACy

4.5 Characterisation of linear logic Dialectica

Let us denote biL% the extension ofL} with these four schemataC,), (IP;), (MP;)
and(TA). The next lemma states that, in fact, these extra princgiesll one needs to
show the equivalence betwednand its interpretatiod?,;| A|7 .

Lemma 1. The equivalence betweehandZ/;| A|? can be derived in the systerh;'.
Proof. This has been shown above O

In particular, we obtain a (weak) completeness result, sigpivow winning moves
for Eloise in a gamgA|7 correspond to the linear logic formulabeing provable.

Theorem 5. Let A be a formula in the language aL. ThenA is derivable inLL3 if
and only if| Al is derivable inLL;, for some sequence of termhs

Proof. The forward implication follows from the extensions of theuddness Theorem
1 discussed above. For the other direction, asgutifgis derivable irLLg. In particular
we haved/;’|Al7. By Lemma 1 we get thad is derivable inLLy. O

5 Extensions of the Dialectica Interpretation

In this section we analyse three standard extensions otitie Dialectica interpretation
of intuitionistic logic, namely, extensions to classicagic (Section 5.1), arithmetic
(Section 5.2) and mathematical analysis (Section 5.3).é&Xtension to the classical
context is normally obtained via a combination of the Dititecinterpretation with one
of the possible variants of theegative translatiofil 3, 20]. In the case of arithmetic, the
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important step is the interpretation of the induction scaeimis can be done, as shown
by Godel [14], via a form ofrimitive recursion on all finite typed=inally, Spector
[32] solved the problem of the Dialectica interpretatiortomprehension via a form of
recursion on well-founded trees, knownlzer recursion In the following we analyse
the role of contraction in each of these extensions.

5.1 Extension 1: Classical logic and negative translations

The Dialectica interpretation does not provide a direariptetation of classical logic,

since one cannot in general find witnesses for the interfiwataf thedouble negation
elimination

(DNE) ~—A — A.

What one can do, however, is to bypass any uses of the doupédioe elimination
via some form of negative translation. Negative transtegiassociate formulas with
classically equivalent formulagd)”. The benefit is that even whet is only valid
classically, the formuldA)™ will also be valid intuitionistically. Hence, we can define
the Dialectica interpretation of a classical formulaas the Dialectica interpretation
of (4)N. These two steps can be combined into a single interprata® shown by
Shoenfield [31, 33].

In order to see the implicit role of contraction in the priplei ONE) we need to
move intoclassical linear logic Let us define linear negation as- := A — L. Then,
the double (linear) negation elimination principle

(DNE)) (A1)t — A

has a trivial Dialectica interpretation, sin¢AL|g’j = (|A]¥)*. This indicates that
“negation” is not the culprit in PNE). The difficulty in interpreting classical logic
comes from the fact that intuitionistic negatiel (= !A — 1) is weaker than linear
negationd+ (= A — ). In the context of linear logic, the principle correspanglto
(DNE)is (!(!4)*)+ — A. If we abbreviaté! A+)* as?A, we can write this as

(CEE) 1714 — A

which we will refer to as theoupled exponentials eliminatio8imilarly to the negative
translation of classical into intuitionistic logic, Gidis ?!-translation is precisely the
tool one needs to avoid any uses of this principle, and taé@sl CEE)-proof of A into

a proof of an equivalent theorem which does not (geH).

5.2 Extension 2: Arithmetic and Godel’s primitive recursion

As mentioned in the introduction, Godel's purpose for dafirthe Dialectica interpre-
tation was actually to interpret full Heyting arithmetidana quantifier-free calculus
(an extension of primitive recursive arithmetic to all fettypes). Godel's interpreta-
tion involves reducing induction farbitrary formulas to induction foguantifier-free
formulas. The interpretation of induction relies on a icaite argument. The problem is
that one has to carefully use the pair of withessgs  for A(n) — A(n + 1) in order
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to produce a witness fot(k), for arbitraryk. Due to the dependency gfonx in (4),
in the interpretation of intuitionistic implication, thevd witnesses must be used in a
subtle way.

As we will see, by moving into the linear logic context thisarference of the two
flows is restricted to the rule of contraction, which makes tiieatment of the rule of
induction very smooth. Consider the extension of the sydteghwith the following
linear inductionrule?

FA0) An)F An+1)
F A(k)
Let us refer to this system HyA“ (linear arithmetic). It is easy to see tHaA“ is still

embeddable intbA“ as in Definition 3. The translation of the induction ruleg-b&” is
derivable inLA® as:

F(A0)" o WA@)TE (A + 1)
FI(A0)* T W(An)*F FI(A(n + 1)) -
" (IND) " - (1)
FI(A(k)) I(A(K))" F (A(k)) (cu
= (A(K))*
The advantage of working with the rulND) of LA® is that its Dialectica interpretation
is much simpler, since contraction is dealt with separaatythe forward and backward

flows do not interact. Assuming we have Eloise’s winning nefee A(n) — A(n+1)
and A(0) we can obtain a winning move fot(k) as

ND)

JAM)[Z, (g F 1A+ D)5

R(s¢,7,n sr(n,R(s¢,r,n (1)
F|A<R0(>|; ) |§< >|s§),£n;¢|A<n+1>| i <f( R” @)
Sf,T, sf,n sr(n,R(s¢,r,n
" AO) (3) [AM)I5, (- RGE k1)) |A(”+1)|R}Esb,y AR
R(sf,r,0 R(sf,r,n sr,r,n+1
FA©)[RE T, |A(n >|R§s;jyk o 1A+ )[Rt D

(30,y,k—(n+1))) (|ND)

EFR
A |5

wheres, (k — n,y) = sp(n,y), R is Godel's primitive recursor (cf. [34]), and the fol-
lowing substitutions have been uset). 'f(sfm”"") ,(2) R(gb’y”;_"_l) and @) w.
This shows that we can interpieA® into qfLA“. The complexity of interpretinglA“

is then pushed from the Dialectica interpretation into tiibedding oHA® into LA“.

5.3 Extension 3: Mathematical analysis and bar recursion

The most surprising extension of the Dialectica intergietes due to Spector [32] and
covers the whole of classical analysis. As we have seen abtagsical logic can be
avoided via the use of negative translations, and arbitratyction can be interpreted
via quantifier-free induction and primitive recursion ihfalite types. The next step was
to interpret the whole of classical analysis by giving aefiptetation to comprehension

2 See the conclusion of Shirahata [30] for a discussion abwmutifferent ways of extending
linear linear logic with mathematical induction.
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(CA) 3fvn’(f(n) =0 < A(n))
which in the presence of classical logic can be reduced totebie choice
(AC.) Vnidz™ A(n,x) — IfVnA(n, fn).

Spector’s bar recursion [21, 32] comes up when one tries thWitnesses for the Di-
alectica interpretation of the negative translation A€ () (see also [2, 3]). Given that
(in an intuitionistic context) the countable choice itdedfs a trivial interpretation, in-
terpreting its negative translation boils down to intetiomgthe double negation shift

(DNS) Vni——A — ——VnA.

Let us move briefly to the context of classical linear logit\ere we also have the
modality 7 A, which is the dual of A. The modality?” A can be given an interpretation
dualto thatof 4, i.e.

2A)f = 7|4 fv.

As noticed by Girard (cf. Section 5.1), double negationgaiatuitionistic logic as?!
is to linear logic. Therefore, the linear logic countergrfDNS) is

(DNS;) Wn?A(n) —o 7WnA(n)).

Itis not surprising that in trying to produce a winning moee Eloise for the game
(DNS;) one is quickly led to solve precisely the same set of eqoat&pector solved in
the intuitionistic context. Our recent analysis of Spestbar recursion [21] suggests
that an interesting finitary version odb\S;) is |(?!AA?!B) — ?I(A A B), which is
indeed provable in classical linear logic, but requiresexrely tricky solutions as the
numbers of formulas in the conjunction grows (see also [10])

6 Variants of Godel's Dialectica Interpretation

Moving into the linear logic context also helps us to undardtthe subtle differences
between the variants of the Dialectica interpretationhia section we briefly discuss
three of these variants which do not require decidabilitgudntifier-free formulas, and
we sketch the different ways in which the problem of contoacis deal with. The three
variants we consider are: the Diller-Nahm variant [6], tlheitded functional interpre-
tation [8,9] and Kohlenbach’s monotone variant of God&lialectica interpretation
[15,16].

Regarding thdormula interpretatior(i.e., the interpretation of formulas as games)
the monotone interpretation is the same as the usual ietatwn, whereas the Diller-
Nahm and bounded interpretations are less strict with Allela he only has to produce
a “bound” on his move (and not the precise move). In the casheDiller-Nahm
variant the bound is a finite set of candidate moves, and Athelins if any of these is
a winning move. As for the bounded functional interpretatithe bound is a majorant
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(in the sense of Bezem [4]). In this case, Abelard wins if amyebelow the bound is
a winning move:

‘ Diller-Nahm Bounded Monotone

'A% = ‘ Yy € fx|Alj Vy <* fx |Al§ A[%,

When it comes to thproof interpretation(i.e., extraction of Eloise’s winning move
from the proof ofA) then the Diller-Nahm and bounded interpretations are ratriet
and ask for a precise witneaswhile in the monotone interpretatianis only required
to be a majorant for some witness

‘ Diller-Nahm Bounded Monotone

if -A then ‘ = vy|Alg FvylAlg  F3x<*aVy|Al]

The need for the decidability of quantifier-free formulagdidel’s original inter-
pretation comes from the need to decide which of two candidéthesses is indeed a
valid witness. There are basically two ways of circumventhe need for making such
a choice. Either one postpones the choice and simply csltetwitnesses into a set
(either finite or majorizable set) or one requires the chticke made but then at the
end bounds the choice functions so that it becomes unnegeBsa more details on
the different variants of the Dialectica interpretatiop §g2—24].
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