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Functional Interpretations

The interpretation

|[ANBlGY, = |AlG AIBIG,

|AV Blgeb = if(b, A, |B[7,)

|A— BILS, = Vy<gzwl|Alf —|B|fF
VzAR)f. = AR

BzA(R)l5* = AR

|-AlZ = -Vy<gz|Alf



Functional Interpretations

Exercise

Find witnesses for the (parametrised) interpretation of
A. ==3n(P(n) — YmP(m))
B. ¥n(P(n) — P(n+1)) — (P(0) — P(3))
C. VzIyA(z,y) — IfVzA(z, f) (Axiom of Choice)

D. =VzAq(z) — Jz—Aqg(z)  (Markov Principle)
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Outline

© Classical logic
o Negative translation
@ A-translation

© Linear logic
@ Shirahata’s interpretation

© Extensions of basic interpretation
@ Interpretable principles
@ Arithmetic
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© Classical logic
o Negative translation
@ A-translation



Functional Interpretations

- Classical logic

Negative translation

Kuroda's translation

Classical logic is obtained with the stability rule

T+ --4
r'k-A

Theorem (Negative translation, Kuroda)

For each formula of A associate a new formula A" by placing —— after
each universal quantifier. Let AN = ——At. If

Tk A
the
TN AN




Functional Interpretations

- Classical logic

Negative translation

N-translation simplifications

Useful facts:
(i) (A — --B)< -—-(A— B)& (A— ——B)
(it) V-4 & V--A
For instance:
A
AN

Y(3V3P — V3Q)

—~
<0
S

Z

1=

Y(AY--3P — =-¥--3Q)

=
<)
S
Z

Y(3Y-—-3P — Y--3Q)

3

A (given Markov's principle)



Functional Interpretations

- Classical logic

Negative translation

Application 1: Relative consistency

o N-translation of L is (L—_1) —_L which is equivalent to L.
@ Adding classical logic cannot make intuitionistic theory inconsistent.

CLFL ifand only if IL L l




Functional Interpretations

- Classical logic

Negative translation

Application 2: Classical Herbrand theorem

Theorem (Herbrand, classical)
If

CLF 3zAq(2)
then, for some sequence of terms tgy, . ..,t,, we have
CLF Aqf(to) V...V Aqf(tn)

| \

Proof.
1. CLF 3zAgq(x) (assumption)
2. ILF —Vz-Ag(z) (by n.t.) .
3. ILE =(=Ag(to) A ... A=Age(tn))  (by int. Herbrand)
4. CLFE Ag(to) V...V Age(tn)




Functional Interpretations

- Classical logic

A-translation

A-translation

Negative translation as special case of the A-translation
o Negative translation
Pt P
(VzB(z))! = Vz((BT —L1) —1)

BY = (BT —1) —1, where {



Functional Interpretations

- Classical logic

A-translation

A-translation

Negative translation as special case of the A-translation
o Negative translation

Pt = P
BY = (BT —1) —1, where
(VzB(z))! = Vz((BT —L1) —1)
o A-translation (for fixed formula A)
Py = PVA

BA = (By — A) — A, where {
(VzB(z))a = Vz((Ba — A) — A)



Functional Interpretations

- Classical logic

A-translation

A-translation

Negative translation as special case of the A-translation
o Negative translation
Pt P
(VzB(z))! = Vz((BT —L1) —1)

BY = (BT —1) —1, where {

o A-translation (for fixed formula A)
Py = PVA

BA = (By — A) — A, where {
(VzB(z))a = Vz((Ba — A) — A)

Theorem (Friedman)

Assume A does not have free variables which are bounded in B.
IfT Fc. B then T4 b BA.




Functional Interpretations

- Classical logic

A-translation

Application: TI9-conservation

Observe that the A-translation of JyP(z,y) is
Fy(P(z,y) VA) - A) — A
Taking A = JyP(x,y) we have that JyP(z,y)H @) is
Cy(P(z,y) vV IyP(,y)) — 3yP(z,y)) — IyP(z,y)
which is equivalent to JyP(x,y), given that
W(P(z,y) vV IyP(z,y)) — JyP(z,y)

is intuitionistically provable.

CL - Va3yP(z,y) if and only if IL - Va3IyP(z,y)




Functional Interpretations
- Linear logic

Outline

© Linear logic
@ Shirahata’s interpretation



Functional Interpretations

- Linear logic

Linear vs. non-linear negation

@ Intuitionistic negation A —_L

some set of consequences of A is inconsistent (A A ... AN A —.1)
@ Linear negation A — 1

one single instance of A implies L



Functional Interpretations

- Linear logic

Linear vs. non-linear negation

@ Intuitionistic negation A —_L
some set of consequences of A is inconsistent (A A ... AN A —.1)
@ Linear negation A — 1

one single instance of A implies L

identifies A with (A+)+

@ Linear Logic
has the existence property



Functional Interpretations
Linear vs. non-linear negation

@ Intuitionistic negation A —
some set of consequences of A is inconsistent (A A ... AN A —.1)
@ Linear negation A — 1

one single instance of A implies L

identifies A with (A+)+

@ Linear Logic
has the existence property

@ Girard's comment:

“This exceptional behaviour of ‘nill’ (the linear negation) comes
from the fact that A negates a single action of type A, whereas
usual negation only negates some (unspecified) iteration of A, what
usually leads to a Herbrand disjunction of unspecified length”



Functional Interpretations

- Linear logic

Classical linear logic

Connectives Exponentials Structural
FT,A FT,B T T
_ (wkn) (per)

FI,AAB FT,7A F{T}
FT,A; FI,7A4,7A
—(Vy) | ———— (con) Fat,a (id)
FT,AgV Ay FT,7A
FT,A FAB FoT, A FT,A FA AL
—_— (® ! (cut)
FILAJA® B F0, 1A FT,A
FI,A B FT,A
FT,A% B FT,24
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- Linear logic

Classical linear logic

Connectives Exponentials Structural
FT,A FT,B T T
_ (wkn) (per)

FI,AAB FT,7A F{T}
FT,A; FI,74,7A
— (V) | ——— (con) Fat,a (id)
FT,AyV Ay FI,74
FT,A FAB F2T, A FT,A FA AL
—_— (® ! (cut)
FILAJA® B F, 1A FT,A
FI,A B FT,A
FT,A% B FT,24
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- Linear logic

Shirahata's interpretation

Shirahata’s interpretation

@ Symmetric logic should lead to a symmetric interpretation
@ Intuition: A interpreted as a two-player game |A|§

J-player chooses x and V-player chooses y simultaneously



Functional Interpretations

- Linear logic

Shirahata's interpretation

Shirahata’s interpretation

@ Symmetric logic should lead to a symmetric interpretation
@ Intuition: A interpreted as a two-player game |A|§

J-player chooses x and V-player chooses y simultaneously

AV BI” sl = (b, Al [BIR)



Functional Interpretations

- Linear logic

Shirahata's interpretation

Shirahata’s interpretation

@ Symmetric logic should lead to a symmetric interpretation
@ Intuition: A interpreted as a two-player game |A|§

J-player chooses x and V-player chooses y simultaneously

[AN By if(b,|A[5.1Bl,) VAR, = AR
[ AV Blgut = if(b|AlG,[Bl,)  [FzAGR)[F°

1A(2)F.



Functional Interpretations

- Linear logic

Shirahata's interpretation

Shirahata’s interpretation

@ Symmetric logic should lead to a symmetric interpretation
@ Intuition: A interpreted as a two-player game |A|§

J-player chooses x and V-player chooses y simultaneously

[ANBlgwy = if(6,[A[5IBl)  V2AR). = AR
AV Blgwb = if(b A5 [Bly)  BzA()[F7 = |A(2)%
A®BIZY = |AZ, A Bl
A Blfg, = |AlgYVIBILY



Functional Interpretations

- Linear logic

Shirahata's interpretation

Shirahata’s interpretation

@ Symmetric logic should lead to a symmetric interpretation
@ Intuition: A interpreted as a two-player game |A|§

J-player chooses x and V-player chooses y simultaneously

[ANBlgwy = if(6,[A[5IBl)  V2AR). = AR
AV Blgwb = if(b A5 [Bly)  BzA()[F7 = |A(2)%
AQBEY = A, A B, AR — vy afelAR
|A e B|1f/:g) = |A|g“’ Vv |B|fy |7A|£ = Jx<fy |A|§



Functional Interpretations
Shirahata's interpretation
@ Symmetric logic should lead to a symmetric interpretation

@ Intuition: A interpreted as a two-player game |A|§

J-player chooses x and V-player chooses y simultaneously

[ANBlgwy = if(6,[A[5IBl)  V2AR). = AR
AV Blgwb = if(b A5 [Bly)  BzA()[F7 = |A(2)%
AQBEY = A, A B, AR — vy afelAR
|A e B|£:19U = |A|g“’ Vv |B|fy |?A|1f; = Jz < fylAly

o |ALE ==
o |4 Bl = |Alg, — B



Functional Interpretations
L Linear logic

Soundness

Theorem (Shirahata)

IfELL Ao, ..., A, then there are sequences of terms t, ..., t,
(y; & FV(t;)) such that k¢ |A0|§00’ - |An|1tj;

0




Functional Interpretations
L Linear logic

Soundness

Theorem (Shirahata)

Ifu Ao, ..., A, then there are sequences of terms to, ..., t,
(y; & FV(t;)) such that k¢ |A0|§00’ - |An|§" )

3
N

Proof.
Consider “promotion”. Assume we have

e [7T[e), | AE]




Functional Interpretations
L Linear logic

Soundness

Theorem (Shirahata)

If=LL Ao, ..., Ay then there are sequences of terms tg, ..., t,
(y; & FV(t;)) such that k¢ |A0|§Joo - |An|§" )

3
N

Proof.

Consider “promotion”. Assume we have
Fewe 170, AT

Unwinding the definition of ?T" we have
Fewe Fv < sly)(w) T3, AL




Functional Interpretations
L Linear logic

Soundness

Theorem (Shirahata)

If L Ao, ..., A, then there are sequences of terms t, ..., t,
(y; & FV(t;)) such that Fcie [Aglte ... | A,

Proof
Consider “promotion”. Assume we have
Fewe 170, AT
Unwinding the definition of ?T" we have
Fewe Fv < sly)(w) T3, AL
Let 3[£1(w) = Uy p(sju) (Ay-3[] (w))0), then
Few Jv < 3(f)(w) [TJ2, Yy < £ (tlw]) | Al
ie. Fero [70)R7), 1afi™. 0

5
<
(=]
3
&
\
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L*Extensions of basic interpretation

Outline

© Extensions of basic interpretation
@ Interpretable principles
@ Arithmetic



Functional Interpretations

L*Exv:ensions of basic interpretation

Soundness Extension |

@ We have seen how to interpret IL into IL*
o Interpretation extends easily to IL“ +— IL¥

@ ... with a neutral treatment of equality:
x =, y for each finite type p
reflexivity

transitivity

2=y — 2(z) = 2(y)

T =por Y — TZ =7 Yz



Functional Interpretations

L*Exv:ensions of basic interpretation

Extensional equality

@ We would like to have an extensional treatment of equality, i.e.

Vel (22 =r yz) = & =pr Y

Theorem (Howard)

Any witness for the Dialectica interpretation of
EXT : VY) f7 g(vn(fn o gn) - Y(f) o Y(g))

is not majorizable.




Functional Interpretations
|—Ext:ensions of basic interpretation
Extensional equality

@ We would like to have an extensional treatment of equality, i.e.

Vel (22 =r yz) = & =pr Y

Theorem (Howard)

Any witness for the Dialectica interpretation of
EXT : VY7 fa (Vn(fn o gn) - Y(f) o Y(g))

is not majorizable.

The Dialectica interpretation of EXT asks for a functional ® satisfying

VY, f,9((f(®Y fg) =0 9(®Y fg)) — Y (f) =0 Y(9))
Let ® <* ®* and Y, f,g <* 1 so that @Y fg < ®*111 = k, for some k.
Let f, g coincide up to k and differ at k + 1, and Y (f) = f(k+1). [
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L*Exv:ensions of basic interpretation

Soundness Extension |

Theorem (Soundness - Extension )

Let the monoidal embedding be fixed. If
T'hHe A

then there are sequences of terms t, s such that
Yw < svy T2, Fie |A]5




Functional Interpretations

L*Exv:ensions of basic interpretation

Interpretable principles

Interpretable principles

Definition (Interpretable principles)

If P is such that IL I/ P but IL* - 3xVy|P|Z then P is called a
<-interpretable principle (for short, 15).

One such example (for all instantiations) is the axiom of choice
AC : Vaf3y A(z,y) — IfP7 Ve Az, fx)
given |A(x,y)|%, the interpretation of premise is
Az, y) [

which is the same as |A(z, fx)|%7, (the interpretation of conclusion).
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L*Exv:ensions of basic interpretation

Interpretable principles

Soundness Extension Il

Theorem (Soundness - Extension )

Let the monoidal embedding be fixed. If
Fhep, A

then there are sequences of terms t, s such that
Vw < svy |T|Y, FiLe |A|;[v]




Functional Interpretations
|—E><t:ensions of basic interpretation

Image

Definition (V<i-bounded formulas)
The V<i-bounded formulas (we use A}, and By,) are those built out of

and kernel of interpretation

prime formulas

conjunction (Ap A By,)

implication (A, — By,) and
bounded quantification (Vz <1 tAy)

The verifying system only needs <-bounded formulas
Most interpretations are idempotent, so that ||A|| < |A4]
<-bounded formulas also form kernel K of interpretation

Formulas in the kernel can be trivially added to soundness



Functional Interpretations

L*Exv:ensions of basic interpretation

Interpretable principles

Image of Functional Interpretations

z<da <I-bounded formulas
Modified realizability | true I-free formulas
Diller-Nahm r €a | VeE-bounded formulas
Bounded f.i. x <* a | V<*-bounded formulas
Dialectica r = a | quantifier-free formulas



Functional Interpretations

L*Exv:ensions of basic interpretation

Interpretable principles

Soundness Extension Il

Theorem (Soundness - Extension II)

Let the monoidal embedding be fixed. If
Dhpeq 4k, A
then there are sequences of terms t, s such that

Vw < svy [T, Fie sk, |A|Z[v]
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L*Exv:ensions of basic interpretation

Arithmetic

Interpreting induction

We consider the induction rule and recursor

A©) A(k‘)ﬁA(k/) IND Rec(g, f,0) g
A(n) Rec(g, f,n') = f(n,Rec(g, f,n))

That can be interpreted as follows:

vy’ < gl y] [AK)[3 F AR

H1A0)l;, VylA(K)|Z F Yy Ak L
[ vy|A(0)|Z Vy|A( ) Rec(s,t,k) - vy|A(kl)|;Rec(s,t,k)
F Vy|A(0) ZR/ec(S,t,O) Yyl A(k ) Rec(s,t,k) | Vy|A(k/)|5ec(s,t,k’)

= VylA(n) [t

IND




Functional Interpretations
|—E><t:ensions of basic interpretation
Feasible arithmetic

@ Functional interpretations can also be used for very weak subsystem

o Consider induction restricted to X¢-formulas
A(0) AVn(A(n/2) — A(n)) — VnA(n)

where A(n) is of the form 3k < s (t[k,n] = 0).

@ Restricted induction can be interpreted via restricted recursion
a n=20
R(n) =< b(n) b(n) < ¢(n, R(n/2))
¢(n,R(n/2)) otherwise



Functional Interpretations

L*Exv:ensions of basic interpretation

Arithmetic

Application: Parikh’s theorem

Theorem (Parikh)

Let Ay(z,y) be a bounded formula. If
CPV¥ |- Va°3y° Ay (z,y)
then there exists a term t such that

CPV¥ F Vady < tlx]Ap(z,y).




Functional Interpretations
|—E><t:ensions of basic interpretation

Application: Parikh’s theorem

Theorem (Parikh)

Let Ay(z,y) be a bounded formula. If
CPV¥ |- Va°3y° Ay (z,y)

then there exists a term t such that
CPV¥ F Vady < tlx]Ap(z,y).

| \

Proof.

The bounded functional interpretation of Vz3yAy(x,y) is
VavVx <* adbdy <* bAy(z,y)
Va3bVe <* aJy <* bAy(z,y)
JfVave <* ay <* fadp(z,y)

Proof gives monotone witness ¢ such that
VaVz <* a3y <* t[a]Ap(z,y) O

6
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L*Exv:ensions of basic interpretation

Arithmetic

Parikh's theorem: extension

Let X9-UB be the following uniform boundedness principle:

Vi <y hEIele(f, e) — Jg¥f <1 hde <1 gAo(f,e)

Let Ay(z,y) a bounded formula. If
CPV* + £9-UB I Vx°3y* Ay (z,y)

then there exists a term t such that
CPV* - Va°3y <5 t[x] Ap(z,y).
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|—E><t:ensions of basic interpretation
Quiz
Consider the following game with 3 people.

1. Each person i builds a function g; which given her number
x; > 0 should give the (predicted) sum of all numbers z1 + x2 + 3.

E.g. go(z2) := T3 + 111
2. Person i € {1,2,3} is then assigned the number z; := g;(%)
3. It should be the case that g;(x;) = 21 + x2 + x3

How should the participants proceed in choosing g;?

Restriction: Functions g; must be linear, i.e. g;(z) = a;x + b;.
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