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Context

® Proof mining:

Logical analysis of (ineffective) mathematical proofs
with the aim of exfracting new information.
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Context

® Proof mining:

Logical analysis of (ineffective) mathematical proofs
with the aim of exfracting new information.

® New information:

(bound on) witnhess for existential quantifier.
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Driving Idea

If one is looking for bounds, then bounded quantifiers
shouldn’t have computational conftent.
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Bounded Quantifiers

® va < tA(x) intrinsically different from va A(z).
o Induction on NP-predicates.
» Bounded arithmetic.
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Bounded Quantifiers

® va < tA(x) intrinsically different from va A(z).
o Induction on NP-predicates.
» Bounded arithmetic.

® vaNN < tA(2) intrinsically different from vaN=N A(x).
o VNN <t . vz elo,1]...
o V=N Ve eR...
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Bounded Quantifiers

® va < tA(x) intrinsically different from va A(z).
o Induction on NP-predicates.
» Bounded arithmetic.

® vaNN < tA(2) intrinsically different from vaN=N A(x).
s V2NN <t . Vz e compact Polish space.
o VNN Va € Polish space.
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An Example

® RCA,: Basic theory of analysis.

® WKL: Every infinite binary tree has an infinite path.
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An Example

® RCA,: Basic theory of analysis.

® WKL: Every infinite binary tree has an infinite path.

® Thm(Kohlenbach'92)
If RCAg + WKL -Vz € Py € K,32" A5(x, y, z) Then

J closed ferm s s.t. Va € Py € K3z < s(x)A3(x,vy, 2).
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An Example

® RCA,: Basic theory of analysis.

® WKL: Every infinite binary tree has an infinite path.

® Thm(Kohlenbach'92)
If RCAg + WKL F V2NN gy < ¢(2)327 A5(2, v, 2) then

J closed term s s.t. Vo=, gy < ¢(2)32 < s(x)A5(x,y, 2).
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Goal

® |nferpretation distinguishing Vz* < tA(x) and Vazf A(x).
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Goal

® |nferpretation distinguishing Vz* < tA(x) and Vazf A(x).

® Need: bounded guantifiers for all finite types.
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Goal

® |Inferpretation distinguishing Va* < tA(x) and Vzf A(x).

® Need: bounded gquantifiers for all finite types.

® Need: extended < to dll finite types.
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One Solution: Pointwise

® Use pointwise less-than-equal-to relation:

v Spoo y =V ((2) <o y(2)).
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One Solution: Pointwise

® Use pointwise less-than-equal-to relation:

v Spoo y =V ((2) <o y(2)).

» Problem:

¢ <xandy <y doesnotimply z'(y') < z(y).
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Another Solution: Monofone

® Howard/Bezem'’s strong majorizabllity relation.

® Extension of the <-relatfion to higher types:
o T<jyY: =z <NY

e v < ,y:=VuVu <} fu(gju <7 yv Ayu < y?i))

Ve

above monotone
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Another Solution: Monofone

® Howard/Bezem's sfrong majorizabllity relation.

® Extension of the <-relation to higher types:
o v<jy =z <Ny

» <) ;Y= VoVu <} fv(gju <7 yv Ayu < y?i))

Ve

above monotone

® Example 1. for type N - N we have:

f <fon g :=Ym¥n <m(f(n) < g(m)Ag(n) < g(m)).

N Ve

above monotone
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Another Solution: Monofone

® Howard/Bezem'’s strong majorizabllity relation.

® Extension of the <-relatfion to higher types:
o T<jyY: =z <NY

e v < ,y:=VuVu <} fv(gju <7 yv Ayu < y?i))

Ve

above monotone

® Example 2: x <*_ _ x means that x is monotone

r <)o T = YolVu < v(zu <7 zv).
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Majorizability: Some Properties

® < yny<*z-ozxz<z
’ CLJ S*CU/\?J/ S*yﬁﬂf/(y/) S* CU(y)

® r<"y—-y<ty
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Majorizability: Some Properties

® < *yNy<*z-ox<*z
o CC, S*Cl?/\y/ S*y_)x,(y,) S* x(y)

® r<"y—-y<ty

Moreover, for each closed term t of e.g. HA* there is
another closed term t* such that, HAY ¢ <* ¢*,
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Majorizability: A New Symbol

® |dea: Add maijorizabillity relation < to the language,

functional inferpretation can access the relation.

® Cannot just take:
» TNy TINY
o <, .,y — YoVu’ <, v(zu <, yv A yu <, yov)

functional inferpretation would ask for a witness for

T Lpo Yy — VYU <, v(zu <, yo A yu <o yv)
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Majorizability: A New Symbol

® |dea: Add majorizabillity relation < to the language,

functional inferpretation can access the relation.

® One solution, use a rule instead of the implication:
® rAdNY <= T SNY

s x<4,,,y— VoVu’ <, v(zu <, yv A yu s yv)

Ay = Vu Jo(su Jto A tu Jto)

Ab—>8§]t
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The Basic Setffing

# With the intensional symbol < we are in the position to
define e.g. a "bounded quantifier” of arbitrary type:

By : Vo JtA(x) « Ve(x Jt - A(x))
By : dx JtA(x) <« Jx(x Jt A A(x)).

® Letthe theory ILZ be intuifionistic logic (in all finite
types) plus the axioms/rule for <, By and Bs.
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Monofone Quantifiers

® Quantify over "monotone functionals” as
Ve(x <x — A(x))
Jr(x Jx A A(x))
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Monofone Quantifiers

® Quantify over "monotone functionals” as
Ve(x <x — A(x))
Jr(x Jx A A(x))

® Use the following abbreviations:
VzA(z) instead of Vz(z <z — A(x))
Jz A(z) instead of Jz(z <z A A(z))
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The Inferprefation

» Main idea:

View VzA(z) as Vb Vo <bA(x).

Bounded Functional Interpretation — p. 13/24



The Inferprefation

o Main ideaq:
bounded

, ~ et
View VzA(x) as Vb Vx bA(x).
—~—
bounding
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The Inferprefation

o Main ideaq:
bounded

, ~ et
View VzA(x) as Vb Vx bA(x).
—~—
bounding
® A relafivization to Bezem’s model M:

VbVx < bA(z)

VbV (z < b — A(z))

Ve (Ib(z < b) — A(z))

Ve(r e M — A(x))
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The Inferprefation

$ Associafe arbitrary formulas of £ to formulas having
the form 3bVcAg(b, ¢).

A€ L4 — (A)B = IVeAg(b,c).
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The Inferprefation

$ Associafe arbitrary formulas of £ to formulas having
the form 3bVcAg(b, ¢).

A€ Ly — (A)B = IVeAg(b,c).

® Compare with Godel’s functional interpretation

AeLl” — (AP = FavyAge(z, ).
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The Inferprefation

$ Associafe arbitrary formulas of £ to formulas having
the form 3bVcAg(b, ¢).

A€ Ly — (A)B = IVeAg(b,c).

® Resulting matrix monotone on the first argument, i.e.

bl ANe<cA Ag(b,c,z) — Ag(V,c, x)
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The Inferprefation: Bounded quantifiers

® Assume (A(z))B = IVedg(b, ¢, z).
o (Vo QtA(z))B = IWeve <tAg(b, ¢, x).
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The Inferprefation: Bounded quantifiers

® Assume (A(z))B = IVedg(b, ¢, z).
o (Vo QtA(z))B = IWeve <tAg(b, ¢, x).

(Vo <tA(z))® = VY <tIVedi(b,c, )
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The Inferprefation: Bounded quantifiers

® Assume (A(z))B = IVedg(b, ¢, z).
o (Vo QtA(z))B = IWeve <tAg(b, ¢, x).

(Vo < tA(z))P Vo < t3VeAp(b, ¢, )

VeV QtAg(fz, ¢, )
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The Inferprefation: Bounded quantifiers

® Assume (A(z))B = IVedg(b, ¢, z).
o (Vo QtA(z))B = IWeve <tAg(b, ¢, x).

(Vo < tA(z))P Vo < t3VeAp(b, ¢, )
JfVeve QtAg(fz, ¢, )

3 VeV QtAg(ft, e, )
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The Inferprefation: Bounded quantifiers

® Assume (A(z))B = IVedg(b, ¢, z).
o (Vo QtA(z))B = IWeve <tAg(b, ¢, x).

(Vo < tA(z))P

Vo < t3VeAp(b, ¢, )
JfVeve QtAg(fz, ¢, )
3 VeV QtAg(ft,c, )
JVeve < tAg(b, ¢, x).
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The Inferpretation: Implication

® Assume (A)B = Ivedg(b, ¢) and (B)B = 3dveBg(d, e).
® (A — B)B=3f, gvb,e(Ve < gbeAr(b,c) — Bp(fb,e))
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The Inferpretation: Implication

® Assume (A)B = JVedg(b, ¢) and (B)B = JdVeBg(d, e).
® (A — B)B=3f, gvb,e(Ve < gbeAr(b,c) — Bp(fb,e))

(A— B)® = 3Jvedg(b,¢) — IdveBg(d,e)
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The Inferpretation: Implication

® Assume (A)B = JVedg(b, ¢) and (B)B = JdVeBg(d, e).
® (A — B)B=3f, gvb,e(Ve < gbeAr(b,c) — Bp(fb,e))

(A— B)b Ve Ag(b, ¢) — IdVeBg(d, €)

vb3d(VeAg(b, ¢) — YeBg(d, e))
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The Inferpretation: Implication

® Assume (A)B = JVedg(b, ¢) and (B)B = JdVeBg(d, e).
® (A — B)B=3f, gvb,e(Ve < gbeAr(b,c) — Bp(fb,e))

(A— B)b Ve Ag(b, ¢) — IdVeBg(d, €)
vb3d(VeAg(b, ¢) — YeBg(d, e))

vbIdVedd (Ve < ¢ Ag(b, ¢) — Bg(d,e))
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The Inferprefation: Implication

® Assume (A)B = JVedg(b, ¢) and (B)B = JdVeBg(d, e).
® (A — B)B=3f, gvb,e(Ve < gbeAr(b,c) — Bp(fb,e))

(A — B)B

Ve Ag(b, ¢) — IdVeBg(d, €)
vb3d(VeAg(b, ¢) — YeBg(d, €))
vbIdVedd (Ve < ¢ Ag(b, ¢) — Bg(d,e))
31, g¥b, e(Ve < gbeAg (b, ¢) — Bg(fb,e)).
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The Soundness Theorem

® let A(z) be an arbitrary formula of £

and assume (A(z))B = 3bVeAdg(b, ¢, 2).

Thm(Soundness |) If
ILY - A(z),

then there are closed monotone terms ¢t of appropriate
types such that

ILY - VaVz < aVeAg(ta,c, 2).
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Interpretfable Principles

bACPT[] : VaPIy™ A(z,y) — IfVVz < b3y < fad(z,y),
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Interpretfable Principles

bACP T[] : YarIy™ A(z,y) — VbV < by < faA(z,y),

bIPGyal<] -

~

(VrAp(z) — Jy?B(y)) — Ib(VxAp(z) — Jy JbB(y)),
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Interpretfable Principles

bACP T[] : YarIy™ A(z,y) — VbV < by < faA(z,y),

bIPGyal<] -

BMPY,[<]

~

(VrAp(z) — Jy?B(y)) — Fb(VxAp(x) — Jy JbB(y)).

~

(VaP Ay (x) — By) — Ja(Ve < aAyp(z) — By),
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Interpretfable Principles

bACPT[<] : VaPIy™ A(z,y) — IfVbVz < b3y < fad(z,y),

~

bIP, (9] : (VzAp(z) — FyB(y)) — 3b(VrAp(z) — Ty <bB(y)).

bMP? ,[] : (VP Ap(x) — Bp) — Ja(Ve <aAp(x) — By),

bBCPT[d] : Vz < ePTy™ Ay, z) — IVz < ey < bA(y, 2),
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Interpretfable Principles

bACPT[<] : VaPIy™ A(z,y) — IfVbVz < b3y < fad(z,y),

~

bIP, (9] : (VzAp(z) — FyB(y)) — 3b(VrAp(z) — Ty <bB(y)).

~

bMP? ,[] : (VP Ap(x) — Bp) — Ja(Ve <aAp(x) — By),
bBCPT[d] : Vz < ePTy™ Ay, z) — IVz < ey < bA(y, 2),

~

bBCCY T[]+ V™32 < c?Vy < bAy(y, 2) — 3z < cVyAp(y, 2).
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Interpretfable Principles

bACPT[<] : VaPIy™ A(z,y) — IfVbVz < b3y < fad(z,y),

~

bIP, (9] : (VzAp(z) — FyB(y)) — 3b(VrAp(z) — Ty <bB(y)).

bMP? .[<] : (VP Ap(x) — Bp) — Ja(Vz < aAp(z) — By),
bBCPT[d] : Vz < ePTy™ Ay, z) — IVz < ey < bA(y, 2),

bBCCY T[]+ V™32 < c?Vy < bAy(y, 2) — 3z < cVyAp(y, 2).

MAJP[] : VaP3y(x Jy).
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Soundness: First extension

#® Cadlling all the principles above P|<] we have:

Thm(Soundness II) If
ILL + P[] = A(z2),

then there are closed monotone terms ¢t of appropriate
types such that

ILY - VaVz < aVeAg(ta, ¢, 2).
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Sounadness: Second extension

#® |Induction is interpreted using iteration functional.

Thm(Soundness Il If
HAY + P[] F A(z),

then there are closed monotone terms ¢t of appropriate
types such that

HAZ VaVz < aVcAg (ta,c, z).
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Interpreting Classical Theories

® Py4(d]: restriction of P[] to bounded formulas.

Thm(Negative franslation) If
PAS + Pral] F A(2),
then
HAZ + Phal<] - (A(2)
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Uniform Weak Konig’s Lemma

® WKL: Every infinity binary tree has an infinite path, i.e.

VT'(Inf(T) A Bin(T) — dp(Inf(p) Ap € T)).
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Uniform Weak Konig’s Lemma

® WKL: Every infinity binary tree has an infinite path, i.e.

VT'(Inf(T) A Bin(T) — dp(Inf(p) Ap € T)).

® UWKL: Uniform version of weak Konig's lemma:

3OYT(Inf(T) A Bin(T) — (Inf(B(T)) A B(T) € T)).
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Uniform Weak Konig’s Lemma

® WKL: Every infinity binary tree has an infinite path, i.e.

VT'(Inf(T) A Bin(T) — dp(Inf(p) Ap € T)).

® UWKL: Uniform version of weak Konig's lemma:

3OYT(Inf(T) A Bin(T) — (Inf(B(T)) A B(T) € T)).

Thm. HA“ + P[<] - UWKL.
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Example of Mefa-theorem

bACy" : Va'dy'Ag(z,y) — 3fVaTy <1 f(x)Ao(z,y).
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Example of Mefa-theorem

bACy" : Va'Iy'Ag(z,y) — IfVaTy <y f(z)Ao(z,y).

Lemma. PA - A(z)

= PA¥ F A(2)[<* /<.
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Example of Mefa-theorem

bACy" : Va'Iy'Ag(z,y) — IfVaTy <y f(z)Ao(z,y).
Lemma. PAL - A(z) = PA*F A(2)[<" /4]

Thm. If

PA“ + bAC" + UWKL F Var3y™ Ag(x, 1),
where A is quantifier-free, then

PA“ |- VaVz <* ady <* q(a)Ao(x,y),

for somme monotone closed term g.
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Future work

® Feasible case
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Future work

® Feasible case

® Bounded modified realizability
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Future work

® Feasible case

® Bounded modified realizability

® Comparison with monotone functional intferpretation
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