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Abstract—Federated Learning (FL) is a promising privacy-
preserving distributed learning framework where a server aggre-
gates models updated by multiple devices without accessing their
private datasets. Hierarchical FL. (HFL), as a device-edge-cloud
aggregation hierarchy, can enjoy both the cloud server’s access
to more datasets and the edge servers’ efficient communications
with devices. However, the learning latency increases with the
HFL network scale due to the increasing number of edge
servers and devices with limited local computation capability and
communication bandwidth. To address this issue, in this paper,
we introduce model pruning for HFL in wireless networks to
reduce the neural network scale. We present the convergence
analysis of an upper on the />-norm of gradients for HFL with
model pruning, analyze the computation and communication
latency of the proposed model pruning scheme, and formulate an
optimization problem to maximize the convergence rate under a
given latency threshold by jointly optimizing the pruning ratio
and wireless resource allocation. By decoupling the optimization
problem and using Karush—-Kuhn-Tucker (KKT) conditions,
closed-form solutions of pruning ratio and wireless resource
allocation are derived. Simulation results show that our proposed
HFL with model pruning achieves similar learning accuracy
compared with the HFL without model pruning and reduces
about 50% communication cost.

Index Terms—Hierarchical Wireless network, federated prun-
ing, machine learning, communication and computatioin latency.

I. INTRODUCTION

In recent years, with the availability of enormous mobile
data and growing privacy concerns, stringent privacy protec-
tion laws, such as the European Commission’s General Data
Protection Regulation (GDPR) [1] and the Consumer Privacy
Bill of Rights in the U.S. [2], have been proposed. These
potentially impede the development of Artificial Intelligence
(AI)-based frameworks which are mainly cloud/edge-centric,
where data is delivered to a cloud/edge server for data analysis
by machine learning (ML) algorithms [3], [4].

In response, Federated Learning (FL) has emerged as a
powerful privacy-preserving distributed ML architecture [5].
The standard steps of FL are: 1) each device uses its dataset
to train a local model; 2) devices send their local models to
the server for model aggregation; 3) the server transmits the
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updated global model back to devices. These steps are repeated
across multiple iterations until convergence. Therefore, in FL,
only the updated local models, rather than the raw data,
are transmitted to the server for model aggregation, which
enables privacy preservation towards the development of Al-
empowered applications.

However, FL usually suffers from a bottleneck of communi-
cation overhead before achieving convergence because of long
transmission latency between the cloud server and devices [6].
Meanwhile, the wireless channel between the cloud server and
devices can be unreliable due to wireless fading, which further
affects model sharing and degrades learning performance
under latency constraints. In addition, since some ML models
have large size, directly communicating with the cloud server
over the wireless channel by a massive number of devices
could lead to congestion in the backbone network.

To mitigate this issue, hierarchical federated learning (HFL)
framework is proposed, where small-cell base stations are
equipped with edge servers to perform edge aggregation of
local models from local devices [7]. When edge servers
achieve a certain learning accuracy, updated edge models
are transmitted to the cloud server for global aggregation.
Therefore, by leveraging edge servers as intermediaries to
perform partial model aggregation in proximity, the commu-
nication overhead reduces significantly. Also, more efficient
communication and computation resource allocation, such as
energy and bandwidth allocation, can be achieved by the
coordination of edge servers [8], [9].

Unfortunately, there are still challenges for HFL in wireless
networks. First, with the increasing number of edge servers
and devices, the limited wireless resources cannot provide
efficient services, which leads to high communication latency
for model uploading. Second, the computation capabilities
of devices are limited, which results in high computation
latency, especially for large-scale learning models. To address
these issues, federated pruning is introduced in [10], [11],
where the model size is adapted during FL to reduce both
communication and computation overhead and minimize the
overall training time, while maintaining a similar learning
accuracy as the original model. However, authors in [10], [11]
only considered one edge server and multiple devices so that
the number of devices access to the edge server is limited,
leading to inevitable training performance loss [12]. Therefore,
we see a necessity for leveraging a cloud server to access
the massive training samples, while edge servers enjoy quick
model updates from their local devices with model pruning.

Motivated by the above, in this work, we propose a joint
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model pruning and wireless resource allocation for HFL in
wireless networks. First, the variation of computation and
communication latency caused by the model pruning are
mathematically analyzed. Second, the convergence analysis of
HFL with model pruning is proposed. Then, the pruning ratio
and wireless resource allocation under latency and bandwidth
constraints are jointly optimized to improve learning perfor-
mance. The main contributions are summarized as follows.

o To adapt to dynamical wireless environments, we propose
HFL with adaptive model pruning for device-edge-cloud
wireless networks. To the best of our knowledge, this
is the first paper considering adaptive model pruning in
HFL.

¢« We model the number of model weights based on the
pruning ratio. Also, we model the computation and com-
munication latency of the HFL framework under a given
pruning ratio. Furthermore, we analyze the convergence
of an upper bound on the ly-norm of gradients for HFL
with adaptive model pruning. Then, the pruning ratio
and wireless resource allocation are jointly optimized to
minimize the upper bound under latency and bandwidth
constraints.

o To obtain the optimal closed-form solutions of prun-
ing ratio and wireless resource allocation in each com-
muncation round, we decouple the optimization problem
into two sub-problems and deploy Karush—Kuhn-Tucker
(KKT) conditions.

o Simulation results show that our proposed HFL with
adaptive model pruning achieves similar learning ac-
curacy compared to the HFL without model pruning
and decreases about 50% communication cost. Also, the
learning accuracy of our proposed HFL with adaptive
model pruning is larger than that of non-hierarchy model
pruning.

The rest of this paper is organized as follows. Section II
presents the related works. The system model is detailed in
Section III. The convergence analysis and problem formulation
are presented in Section IV. The optimal pruning ratio and
wireless resource allocation are described in Section V. The
simulation results and conclusions are detailed in Section VI
and Section VII, respectively.

II. RELATED WORKS

In this section, related works on neural network pruning,
efficient FL, and resource allocation and device selection in
HFL are briefly introduced in the following three subsections.

A. Neural Network Pruning

Early works considered model pruning are second-order
Taylor expansion pruning [13], magnitude based pruning [14],
iterative synaptic slow pruning (SynFlow) [15], and single-shot
network pruning (SNIP) [16]. However, the computation of
Hessian matrix in the second-order Taylor expansion pruning
has high complexity which is infeasible for modern DNNs.
The learning models in magnitude-based pruning need to be
trained until convergence before the next pruning step, which
leads to a high computation latency. SynFlow prunes the model
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at model initialization (before training), and SNIP prunes
the model using first training round’s gradient information,
which cannot guarantee the learning accuracy as the original
model. To reduce the complexity of neural networks and
guarantee learning accuracy, importance-based pruning has
become popular in recent years [17], where weights with
smaller importance are removed from the network. It is
observed that directly training the pruned network can reach
a similar accuracy as pruning a pre-trained original network.
In addition to the importance-based pruning that trains the
learning model until convergence before the next pruning step,
there are iterative pruning methods where the model is pruned
after every few steps of training [18]. Furthermore, a dynamic
pruning approach that allows the neural network to grow
and shrink during training was proposed in [19]. However,
the pruning techniques in [17]-[19] are mainly considered in
centralized learning with full access to training data, which is
fundamentally different from our adaptive HFL pruning that
works with distributed datasets at local devices and preserves
device privacy.

B. Efficient Federated Learning

To improve the computation and communication efficiency
of FL, federated dropout (FedDrop) was studied [20]-[23]. A
FedDrop scheme in [20] was proposed building on the classic
dropout scheme for random model pruning. Specifically, in
each iteration of the FL algorithm, several subnets were
independently generated from the global model at the server
using heterogeneous dropout rates, each of which was adapted
to the state of an assigned channel. An adaptive FedDrop
technique was proposed in [21] to optimize both server-device
communication and computation costs by allowing devices
to train locally on a selected subset of the global model. In
[22], the authors argued that the metrics used to measure the
performance of FedDrop and its variants were misleading,
and they proposed and performed new experiments which
suggested that FedDrop was actually detrimental to scaling
efforts. In [23], ordered FedDrop was introduced, where a
mechanism that achieved an ordered, nested representation
of knowledge in neural networks and enabled the extraction
of lower footprint submodels without the need for retraining.
FedDrop is a simple way to prevent the learning model
from overfitting through randomly dropping neurons and is
only used during the training phase, which decreases com-
munication and computation latencies and slightly improves
learning accuracy. However, during the testing phase, the
whole learning model is transmitted between the server and
devices, which cannot guarantee efficient FL.

To address the issue in FedDrop, federated pruning was
proposed [10], [11]. In [10], authors considered federated
pruning of the whole learning model, the model gradient was
transmitted between the edge server and devices, and the
model was updated by gradient averaging. However, pruning
the convolutional layer of convolutional neural network (CNN)
decreases the robust capability of CNN and delivering the
whole model gradient cannot guarantee a low communication
latency. In [11], a novel FL approach with adaptive and
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distributed parameter pruning, called PruneFL, was proposed,
which adapted the model size during FL to minimize the
overall training time, while maintaining a similar accuracy
as the original model. PruneFL included initial pruning at
a selected device and further pruning as part of the FL
process. The model size was adapted during this process,
which included maximizing the approximate empirical risk
reduction divided by the time of one FL round. However,
initial pruning at only a selected device in [11] may lead to
extra training time if the trained model cannot be generalized
to other devices and the proposed PruneFL cannot be adapt to
dynamic wireless environments. In addition, authors in [10],
[11] only considered one edge server and multiple devices,
the performance of federated model pruning in hierarchical
wireless networks was still unclear.

Except from FedDrop and federated pruning for efficient
FL in training or testing phases, some other methods such
as device-to-device (D2D)-assisted efficient FL protocol, were
proposed to guarantee communication-efficient FL in wireless
networks [24]-[26]. In [24], a D2D-assisted FL scheme, called
(D2D-FedAvg), over mobile edge computing (MEC) networks
was proposed to minimize the communication cost. D2D-
FedAvg created a two-tier learning model where D2D learning
groups communicated their results as a single entity to the
MEC for traffic reduction. Also, D2D grouping, master device
selection, and D2D exit were proposed to form a complete
D2D-assisted FedAvg. In [25], sign-SGD was considered in a
D2D-assisted FL scheme to minimize communication costs. In
[26], an efficient FL protocol called local-area network (LAN)
FL was proposed, which involved a hierarchical aggregation
mechanism in LAN due to its abundant bandwidth and almost
negligible monetary cost than wide-area network (WAN).
LAN FL could accelerate the learning process and reduce the
monetary cost with frequent local aggregation in the same
LAN and infrequent global aggregation on a cloud across
WAN. However, the computation efficiency of FL in [24]—
[26] was not considered, especially for devices with limited
computation capability.

C. Resource Allocation and Device Selection

In [27]-[32], computation and communication resource
allocation and edge association of HFL were investigated.
Specifically, in [27], the sum of system and learning costs was
minimized by optimizing bandwidth, computing frequency,
power allocation, and sub-carrier assignment by successive
convex approximation and Hungarian algorithms. In [28], a
conflict graph-based solution was proposed to minimize the
overall energy consumption of training local models subject
to HFL latency constraints. In [29], a hierarchical game
framework was proposed to study the dynamics of edge
association and resource allocation in self-organizing HFL
networks, and a Stackelberg differential game was used to
model the optimal bandwidth and reward allocation strategies
of the edge servers and devices. In [30], a fog-enabled FL
framework was proposed to facilitate distributed learning for
delay-sensitive applications in resource-constrained internet
of things environments, where a greedy heuristic approach
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was formulated to select an optimal fog node for model
aggregation. In [31], a multi-layer FL protocol, called Hy-
bridFL, was designed for a MEC architecture, which could
mitigate stragglers and end device drop-out. In [32], an in-
network aggregation process (INA) was designed to enable
decentralizing the model aggregation process at the server,
thereby minimizing the training latency for the whole FL
network. However, the whole FL learning model still needs to
be transmitted between servers and devices in [27]-[32], which
cannot guarantee computation and communication efficient
HFL.

III. SYSTEM MODEL

In a HFL network, we assume a set of edge servers
K = {k = 1,2,..,K}, a set of mobile devices N' =
{n=1,2,..., N}, and a cloud server S. The kth edge server
provides wireless connections for AV, € A/ mobile devices and
is connected to the cloud server .S through a fiber link. Each
edge server is equipped with M antennas and each mobile
device is equipped with a single antenna. In addition, the nth
device has a local dataset D,, = {(z;, yi)} 27, where x; is the
ith input data sample, y; is the corresponding labeled output of
x;, and D,, is the number of data samples. The main notations
in this paper are listed in Table I.

A. Model Pruning

In the HFL framework, the scale of neural networks can
be very large with increasing requirements of learning perfor-
mance, such as high learning accuracy. Consequently, model
updating in local devices and transmission between edge
servers and devices could cause high computation and com-
munication latency. To solve these problems, model pruning
is deployed to decrease the model size.

Pruning unimportant neurons or weights effectively de-
creases the model size and only causes a small performance
loss. The learning accuracy only decreases dramatically with
a high pruning ratio. According to [17], the importance of
weight is quantified by the error induced by removing it,
and the induced error is measured as a squared difference of
prediction errors with and without the jth weight w,, ; of the
nth device, which is denoted as

I = (Fn(wy) — Fn(wn‘wn,j = 0))2 ) (1)

where F),(w,) and w,, are the local loss function and local
model of the nth device, respectively. The larger the error is,
the more important the weight will be. However, calculating
1,,; for each weight of the nth device in (1) is computationally
expensive, especially when the nth device has a large number
of model weights. To decrease the computational complexity
of the importance calculation, we calculate the difference
between the jth local model weight and the updated jth local
model weight as

Loy = |wn,j — tn,g). 2)
The importance calculation in (2) is easily computed since
the updated local model weight 1, ; is already available from
backpropagation.
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TABLE I
MAIN NOTATIONS
K set of edge servers N set of mobile devices
Dn local dataset Frn(wn) local loss function
W, local model L importance of weight
on pruning ratio mp® pruning mask
number of weights number of weights
Wn,conv g Wn,fully £

in convolutional layers

in fully-connected layers

VFE, (wz’:t, ghe ) local gradient

n learning rate

Chn number of CPU cycles Fn

CPU frequency

T number of local iterations Tﬁ[}“g’ local computation latency
RLY'K ke uplink transmission rate bn,e bandwidth fraction
B total bandwidth q quantization bit

P

n,k.e

uplink transmission latency wa

cloud model

The primary objective of model pruning is to alleviate the
high computational demands of the training and inference
phases. When the [th layer of the learning model is pruned
through importance-based model pruning given pruning ratio
Pn,1, there is no need to perform forward and backward passes
or gradient updates on the pruned units. As a result, model
pruning offers gains both in terms of floating point operation
(FLOP) count and model size [33]. Specifically, for the [th
fully-connected layer, the number of weights is calculated as

Wn,l = lpn,an,l,inl |—pn,an,l,oul-la (3)

where p,,; is the pruning ratio of the [th layer of the nth
device, and W, ;i and Wy, ;o correspond to the number
of input and output weights, respectw Wy and the number
of weights is decreased by - an”l “ﬁ‘ [pnl W] ™ i.
Furthermore, the b1as terms are reduced by a factor "of
% ~ p . For simplicity, we directly deploy p,
to denote the prumng ratio of the nth device in the following
sections. When considering the pruning strategy, the pruned
weight in the matrix is set to be zero, and the matrix can
be a sparse matrix. In the sparse matrix, only the non-
zero weights and their corresponding position information
are transmitted, namely, the index-value pairs of the sparse
matrix are transmitted. Based on the received index-value pairs
of the sparse matrix, the edge server is able to obtain the
position information of the unpruned weights and proceed

model aggregation.

B. Learning Process in HFL

The proposed HFL architecture is shown in Fig. 1, where
learning models are aggregated in the edge and cloud servers.
As a result, learning models updated by mobile devices in a
global iteration include edge aggregation and cloud aggrega-
tion. To quantify training overhead in the HFL framework,
we formulate latency overhead in edge and cloud aggregation
within one global iteration. The learning process is introduced
as follows:

1) Edge Aggregation: This stage has five steps, including
cloud model broadcasting, edge model broadcasting, local
model updating, transmission, and aggregation. That is, the
cloud server broadcasts the cloud model to edge servers, each
edge server broadcasts the edge model to its associated mobile

devices, and mobile devices update local models with their
datasets and transmit them to their associated edge servers for
model aggregation, which are introduced as following steps.

a) Step 1. Cloud Model Broadcast: In the gth global
communication round, the cloud model wg is broadcast to
all edge servers. Considering a convolutional neural network
(CNN) and the number of weights W in CNN is calculated
as

L—-1
W = Weony + VVfully = Weonv + Z NlNl+17 4
=1

where W,y is the number of weights of convolutional layers,
L is the number of fully-connected layers, and ZlL;ll NN
is the total number of weights of fully-connected layers. Since
the fiber links between the cloud and edge servers have a high
transmission rate, the transmission latency between them is
ignored.

b) Step 2. Edge Model Broadcasting: The kth edge
server transmits the received cloud model w% to its as-
sociated mobile devices through downlink transmission. In
actual scenarios, the transmission latency of downlink weights
broadcast is very small due to sufficient downlink broadcast
channel bandwidth. Therefore, downlink transmission latency
is ignored in the study of this paper.

c) Step 3. Local Model Updating: When the nth device
receives the model from the kth edge server in the beginning
of the eth edge communication round, it deploys a pruning

mask m % to prune the received edge model wk »,» Which is
calculated as
q,e,0 q,e g.€
wk no wk,n © mk,n‘ (5)
In the pruning mask my’, if mk’e’ =1, wk’e0 contains

the jth model weight, otherwise, m}’}; ©J =0, and m@%7 is

determined by (2). In addition, ¢ means the tth iteration in local
model updating. Then, by gradient descent, the nth device
updates the pruned local model wk 2¢0 Given a pruning ratio
pn,e of the nth mobile device, the number of weights after
pruning is calculated as

an,e = Wn,cnnv + (1 - pn,e)Wn,fully- (6)

In (6), we mainly consider weight pruning in the fully-
connected layer rather than the convolutional layer. It is
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Fig. 1. Hierarchical Federated Learning (HFL) framework.

because pruning in the convolutional layer decreases the robust
capability of CNN.

The local loss F,(w{<") of the nth device in the tth
iteration is defined on 1ts local dataset D,, and is denoted as

Fo(wi") an (@i, yi, wie"), (7)

where fn(mi,yz,waLt) is the loss function (e.g., cross-

entropy and mean square error (MSE)) that denotes the differ-
ence between the model output and the desired output based
on the local model wq’et The fact that calculating the loss
over the whole dataset is time-consuming, and in some cases
it is not feasible because of the limited memory capacity of
the mobile device, we employ minibatch stochastic gradient
descent (SGD) in which the nth mobile device deploys a sub-
dataset of its dataset to calculate the loss. The local model
updating in the tth iteration is calculated as

g,e;t+1 _ . q.e,t q.e,t £q.e,t
wk,n - wk,n - TIVF (wk n 'Sk,n ) O mk n? (8)

where VF, (wg’it, Z’Zt) is the gradient in the tth iteration,
7 is the learning rate, & k7e ' C D, is the mini-batch randomly
selected from the data samples D,, of the nth mobile device.

Then, we can calculate the computation latency incurred by
the nth device. We assume that the number of CPU cycles for
the nth device to update one model weight is C,,, thus, the total
number of CPU cycles to run one local iteration is C, W, ..
We denote that the allocated CPU frequency of the nth device
for computation is f,, with f,, € [f™in, fmax] Therefore, the
total latency of local iterations is calculated as

Temp Pn,e

TC), [ n,conv T (1 - pn)Wn,fully]
e In B In )
9

TC W cow s
—r—men s the computa-
Tcn(l Pn)Wn,fu]]y

TC, W,

where T is the number of iterations,

tion latency of the convolutional layers, and
is the computation latency of the fully-connected layers

Local Model | Edge Model
Uploading | | Downloading
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Cloud

Global Model
Downloading

d) Step 4. Local Model Uplink Transmission: After
finishing local model updating, the nth device transmits its
updated local model wqu to the kth edge server, which
results in wireless transmlssion latency. We assume that the
set of mobile devices associated with the kth server is Sy
with S, C .

According to [7] and [34], we consider an orthogonal
frequency-division multiple access (OFDMA) protocol for
devices associated with the edge server and there is no
interference among devices. The achievable transmission rate
between the nth mobile device and the kth edge server in the
eth edge communication round is denoted as

Rnkp—bneBlogz( +g”’“p”>7 (10)

where b, . is the bandwidth fraction allocated to the nth
mobile device in the eth edge communication round, B is
the total bandwidth allocated to each edge server, gfh i 18 the
channel gain between the nth mobile device and the kth edge
server, p,, is the transmission power of the nth mobile device,
and o2 is the noise power. Then, the uplink transmission
latency from the nth mobile device to the kth edge server
is calculated as

QW ne _ qA[Wn,conv + (1 - pn)Wn,fully]

T = (11)
mEET R Ry ’
where ¢ is the quantization bit, qW(,; <% is the uplink transmis-
n,k

G(1—=prn)Wa fuy -
d 40— Wntuy ’1;;.,), notully g

the uplink transmission latency of the fully-connectgél layers.
Quantization bit determines the precision of the model weights
in wireless transmission, and the learning accuracy decreases
with a lower quantization bit [35]. Furthermore, a higher
pruning ratio and a higher quantization bit achieves a lower
learning accuracy. It is because more important weights are
pruned with a higher pruning ratio, even if the precision of
the weights is high.

sion latency of the convolutional layers, an
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e) Step 5. Edge Model Aggregation: Because of model
pruning, some model weights are not contained in the re-
ceived local models. Let N; ,g q.c be the set of mobile devices
associated with the kth edge server and containing the jth
model weight in the eth edge communication round. Then,
edge model update of the jth model weight is performed by
aggregating local models with the jth model weight available,
which is calculated as

1 ,
~a,e,T.j _ q,¢,T.j
wy, = | j | E w7 (12)
k.q.e nEN,g de
where |\ 4 .| is the number of local models containing the

jth model weight.

Then, the kth edge server delivers wZ’eH to its associated
mobile devices in Sj for the next round of local model
updating in step 1. Actually, steps 1 to 5 of edge aggregation
continue iterating until the kth edge server reaches a certain
level of accuracy. Each edge server does not access the local
dataset of each mobile device, which preserves personal data
privacy. Since each edge server typically has high computation
capability, the computation latency of edge model aggregation
is neglected.

2) Cloud Aggregation: This stage has two steps, including
edge model uploading and cloud model aggregation. First, the
kth edge server transmits updated wk’E to the cloud for global
aggregation after £/ edge communication rounds. Then, the
cloud server aggregates edge models from all edge servers as

wg = |,C| > wj (13)

ke

where |K| is the number of edge servers. The detailed HFL
with model pruning is presented in Algorithm 1.

The edge devices first update the received edge model w k’e
by wiy, = wi —nVF, (w7}, &) for several iterations.
Then, the importance of each welght in the local model is
calculated by (2), and the local model weights are sorted in
a descending order. Given the pruning ratio p, of the nth
device and the number of weights of the fully-connected layers
Wy funy» the weights whose importance ranked last an,'L’fu"y

are pruned and their corresponding coefficients in mj’’ are

set to be 0, otherwise, the corresponding coefficients in m%"’ -J
are set to be 1. Then, the device is able to update the pruned
model by (8), which further reduces the computation latency

during the training phase.

C. Computation and Communication Latency

Synchronous training is deployed in HFL and we mainly
consider computation and uplink transmission latency. Note
that the computational complexity of importance calculation
is very low as compared with the local forward and back
propagation during model training. Therefore, the computa-
tional complexity of importance calculation is ignored, and

6

Algorithm 1 HFL with model pruning
1: Local dataset D,, on N local devices associated with the
kth edge server, learning rate 7, pruning policy P, number
of local epochs T, number of edge communication rounds
E, edge model parameterized by w;"“, number of global
communication rounds (), global model parameterized by

wi,.
2: for global communication round g = 1,...,QQ do
0 g
Generate w,” = w,.
E do

for local device n = 1 SINE do
Local updating wi’} = w;, —nVF,(w}, &)
for several iterations and generate mask mq © by
2).
Generate wy}) 0 — =w, Om.
for iteration t =1,2,...,T do
: Update wy’); e+ as (8).
10: end for

3
4:  for edge communication round e = 1,...,
5
6

11: end for

12: for parameter j in local models do
13: Find NV, . = {n:m{ ) =1}
14: Update w;?i as (12).

15: end for

16:  end for
17:  Update wq+1 as (13).
18: end for

the latency for local computation and uplink transmission is
written as

Tnke—Tmp—i—TnkP (14)
TC,W, qw

— n,e n,e . 15

T (15)

As a result, the latency of the kth edge server in the eth edge
communication round is expressed as

T e - T’n, e - 16
k, 7%?;{ e} (16)

From (16), we observe that the bottleneck of the computation
and communication latency is affected by the last device that
finishes all local iterations and uplink transmission after local
model updating.

IV. CONVERGENCE ANALYSIS AND PROBLEM
FORMULATION

In this section, the convergence analysis of model pruning
in HFL is first analyzed. Then, an optimization problem is
formulated to minimize the upper bound of the convergence
analysis.

A. Convergence Analysis

Since the neural network is non-convex in general, the
average [o-norm of gradients is deployed to evaluate the con-
vergence performance [36], [37]. The following assumptions
are employed in hierarchical federated pruning convergence
analysis.
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Assumption 1. (Smoothness) Cost functions F1, ..., Fiy are
all L— smooth:

IVEn(w1) = VEy (ws)|| < Lljwy —wof|, (A7)

where L is a positive constant.

Assumption 2. (Pruning-induced Noise) Different from the
other convergence analysis of HFL in [38]-[41], we consider
the effect of pruning-induced noise. According to [42], the
model error of the nth device under the pruning ratio p,  is
bounded by

Ellwiy, — wiiy, @ min* < pneD?, (18)

where D is a positive constant.

Assumption 3. (Bounded Gradient) The second moments
of stochastic gradients is bounded [43], [44], which is denoted
as

E|[VF, (wiy" €017 < 62, (19)

In (19), ¢ is a positive constant, and &%

samples for any k,n,q,e,t.
Assumption 4. (Gradient Noise for IID data) Under IID
data distribution, we assume that

E[VE, (w5, 000 = VE, (wie"), (20)

are mini-batch data

and
E||VE, (wie ety = VE (wieh)|? <62 (@l

In (21), & > 0 is a constant. In addition, to extend the analysis
to the case with non-IID data distribution, we can change the
assumption of gradient noise for IID data to be gradient noise
for non-IID data and revise the Lemma 4 in Appendix A -
Proof of Theorem 1. Then, the convergence analysis can be
used for non-1ID data distribution.

Theorem 1: With the above assumptions, HFL with pruning
converges to a small neighborhood of a stationary point of
standard FL as follows:

1 LK ‘
o 3 D EIVFw,)|?

g=1j=1

2E[F (w°) — F(w*)] e
< ownpr — H I S pne (22

e=1n=1

where H; and Hs are expressed as

Hy = 3LyTEW ¢?
| ONPT?L? + 3LWnETNG? + 3W EL*Tn°6* N

i ’
(23)

and 2EL? + 6WnL3D?*T

Hy = i . (24)

I‘*

In (22), (23), and (24), @ is the number of global communica-
tion rounds, F' is the number of edge communication rounds,
T is the number of iterations in each device, W is the total
number of model weights, and I'* is the minimum occurrence
of the parameter in local models of all rounds.

Proof : Please refer to Appendix A.
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B. Problem Formulation

Based on the aforementioned system model and conver-
gence analysis, we consider an optimization problem with re-
spect to minimizing the upper bound in (22). The optimization
problem is formulated as follows:

E N
min ngzpn,e, (25)

bn,esPn,e

e=1n=1
s.t. Tn,k,e S j_‘tha (26)
N
S <1 @
n=1
0 < bn,e < 17 (28)
Pn.e € [Oa H (29)

where Ty, in (26) represents the computation and communi-
cation latency constraint, (27) and (28) represent the wireless
resource constraints, namely, the bandwidth fraction b,, . allo-
cated to the nth device in the eth edge communication round
cannot larger than the total bandwidth B, and (29) represents
the pruning ratio constraint, which should be carefully selected
to avoid the learning accuracy decreasing sharply.

Minimizing the global loss function requires an explicit
form about how to select the pruning ratio based on the
latency and wireless resource constraints. Since it is almost
impossible to know the training performance exactly before
the model has been trained, we turn to find an upper bound of
l-norm of gradients and minimize it for the global loss mini-
mization [45]. Obviously, the optimization problem in (25) is
a mixed integer non-linear programming (MINLP) problem,
which is non-convex and impractical to directly obtain optimal
solutions. Therefore, we decompose the original problem into
several sub-problems to obtain sub-optimal solutions.

V. OPTIMAL PRUNING RATIO AND WIRELESS RESOURCE
ALLOCATION

In this section, we decompose the optimization in (25) into
two sub-problems with the aim to derive the optimal solutions
of pruning ratio and wireless resource allocation.

A. Optimal Pruning Ratio

Based on (26), the transmission and computation latency
of the nth mobile device should satisfy the latency threshold,
which is denoted as

TCWo,. | Won.. <T (30)
fn Rip,k,e =

Theorem 2: The pruning ratio of the nth device associated
with the kth edge server should satisfy

Th — TTCLHLP'COHV _ rJcom-cony +
p:‘)e > L- cmp—f7uily comT—Lflﬁl’ye ’ (31)
Tn,e + T

n,k,e

where T " and Tm™ are computation and uplink

transmission latency of the convolutional layer, respectively.

In (31), Tfffép'fu"y and T;‘_’;:’:u“y are computation and uplink
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TABLE II
SIMULATION PARAMETERS OF HFL WITH ADAPTIVE MODEL PRUNING AND WIRELESS RESOURCE ALLOCATION
Transmission power of device 28 dBm Bandwidth 20MHz

CPU frequency of device 3 GHz Learning rate 0.001

AWGN noise power -110 dBm Batchsize 128
Quantization bit 64 Number of global communication rounds 10
Number of edge servers 5 Number of edge communication rounds 5

Number of devices per edge server 5 Number of local iterations 10

transmission latency of the fully-connected layer, respectively.
Also, in (31), (2)* = max(z,0)"

Proof : Please refer to Appendix B.

Remark 1: From Theorem 2 and (59) in the Appendix B, the
optimal pruning ratio is jointly determined by the computation
capability and uplink transmission rate of the local device.
When both the computation capability and uplink transmission
rate are high for a local device, a small pruning ratio can be
adopted.

B. Optimal Wireless Resource Allocation

According to the optimal pruning ratio in (31), the opti-
mization problem in (25) is rewritten as

cmp-conv com-conv

H § § SRIC— 2

min 2 , (32)

cmp fully + Tcom fully
e=1n=1

subject to (27) and (28). When Tz?gf’ec"n" = Wh.cond/ Rn ke
and TP 1Y — Wn,com_fuuyq /R, .. (32) is further derived as

n,k,e
1 7L k e(T‘th Tcmp CO“V) - an,conv)

min H2 Z Z ( R Tcmp fully + qAW full
n,fully

e=1n=1 n,k,e

(33)
The optimal solution of wireless resource allocation is ob-
tained by solving the optimization problem in (33). First,
according to the following Lemma 1, we prove that the
optimization problem in (33) is convex.

Lemma 1: The optimization problem in (33) is convex.

Proof : Please refer to Appendix C.

According to the Lagrange multiplier method, the optimal
wireless resource allocation is obtained in the following theo-
rem.

Theorem 3: To obtain the optimal learning performance, the
optimal bandwidth allocated to the nth deivce should satisfy

(ViVi+VaVs) B log, (1+ n.kPn )
7

b, = s .34

BV; log, (1 45 k”")

full
where Vi = Ty, — Tnd ™", Vo = AW conv> Va3 = Ty,

Vi = GWh sy, and X* is the optimal Lagrange multlpher.
Proof : Please refer to Appendix D.
Based on Theorem 2 and 3, the optimal pruning ratio is
written as

b (Tth Tcmp COHV)B log (1""_971 e )_an,conv

pz,ezl -

by T ™™ Blog, (1 + gn&kﬁpn) AWy
(35)

Remark 2: From Theorem 3, the wireless resource alloca-
tion decreases with better channel condition. More wireless
resource is allocated to the local devices with bad channel
condition to guarantee transmission latency. In addition, more
wireless resource is allocated to the local devices with high
computation capability, which can decrease the communica-
tion latency and improve the convergence rate.

VI. SIMULATION RESULTS

In this section, we examine the effectiveness of our proposed
HFL with model pruning via simulation. In the simulation, we
consider a scenario with five edge servers and each edge server
has five devices participating in model training. We deploy a
common CNN model for image classification over the datasets
MNIST, Fashion MNIST, and CIFAR10, which contain 50000
training samples and 10000 testing samples, respectively. The
training data are shuffled to guarantee the local data are IID.
The input size of CNN is 1 x 28 x 28, and the sizes of the
first and second convolutional layers are 32 x 28 x 28 and
64 x 14 x 14, respectively. The sizes of the first and second
max-pooling layers are 32x 14x 14 and 64 x 7 x 7, respectively.
The sizes of the first and second fully-connected layers are
3136 and 8, respectively. The size of the output layer is 10. The
devices exchange learning models with edge servers over the
wireless channel. The main simulation parameters are listed in
Table I. In addition, each global communication round updates
learning models by 1250 iterations, including 5 edge servers,
5 edge devices per edge server, 5 edge communication rounds,
and 10 local iterations.

A. HFL with Importance-based Pruning

Fig. 2 (a) and Fig. 2 (b) plot the testing loss of importance-
based model pruning of HFL with different pruning ratios
on datasets MNIST and Fashion MNIST, respectively. Fig.
2 (c) plots the testing accuracy of importance-based model
pruning of HFL under different pruning ratios on datasets
MNIST, Fashion MNIST, and CIFARI10. It is observed that
the testing loss increases, and convergence rate and testing
accuracy decrease with increasing value of the pruning ratio.
It is because a larger pruning ratio indicates that more weights
may be pruned, which results in a high model aggregation
error, and more iterations are required to train learning models.

B. HFL with Adaptive Model Pruning in Wireless Networks

In this section, the effect of latency constraint in adaptive
HFL model pruning and joint design of adaptive model prun-
ing and wireless resource allocation over the dataset Fashion
MNIST are simulated.

Page 8 of 39
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pruning of HFL with different pruning ratios on Fashion MNIST. (c) Testing accuracy of importance-based model pruning of HFL with different pruning
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Fig. 3. (a) Testing loss of adaptive HFL model pruning with different latency thresholds on Fashion MNIST. (b) Testing accuracy of adaptive HFL model
pruning with different latency thresholds on Fashion MNIST. (c) Pruning ratio required to achieve a given latency threshold on Fashion MNIST.

1) Effect of Latency Constraint: Fig. 3 (a) and Fig. 3 (b)
present testing loss and accuracy of adaptive HFL model
pruning with different latency constraints on Fashion MNIST,
respectively. Fig. 3 (c) plots pruning ratio required for each
device in one of edge servers to achieve a given latency thresh-
old on Fashion MNIST. We consider four latency constraints,
which are 25ms, 30ms, 35ms, and 40ms. From the figure,
we observe that when the latency constraint increases, the
testing loss decreases and the testing accuracy increases. Also,
a small number of iterations is required to achieve convergence
with a high latency constraint. In addition, the pruning ratio
decreases with high latency thresholds. It is because with a
large latency constraint, a small pruning ratio is selected by
devices. On the contrary, for the device with a small latency
constraint, a large pruning ratio is selected to satisfy the
latency requirement while sacrificing the learning performance
and more iterations are required to achieve convergence. In the
following simulation, we assume that the latency constraint is
30ms.

2) Adaptive Model Pruning and Wireless Resource Allo-
cation: To demonstrate the joint design of adaptive model
pruning and wireless resource allocation, we compare the
proposed adaptive model pruning with other two baseline
schemes. These three schemes are described as follows.

o Optimal Pruning: Both the pruning ratio and wireless
resource allocation are optimized according to Section V.
o Equal Resource Pruning: The pruning ratio is opti-

TABLE IIT
PER-ROUND COMPUTATION AND COMMUNICATION LATENCY (MS)
T — TCMP + TUP

Scheme Optimal Pruning Equiajl Rﬁ:source No Pruning
runing
HFL 30 48 + 0.21 52 £+ 0.33
Non HFL 350 590 + 12.34 750 £+ 15.44

mized. However, the bandwidth is equally allocated to
all devices.

e No Pruning: The bandwidth is equally allocated to all
devices and model pruning is not deployed.

Table II shows the per-round computation and communica-
tion latency of HFL and non-HFL schemes. It is observed
that the computation and communication latency of Non-
HFL is more than 10 times that of HFL. It is because in
non-HFL networks, devices need to communication with the
cloud server which is far away from them, which results
in high transmission latency. Also, we can obtain that the
computation and communication latency of optimal pruning
is smaller than that of equal resource pruning and no pruning.
This is because the optimal pruning ratio is selected based
on the given wireless resource, which further decreases the
computation and communication latency.

Fig. 4 (a) and Fig. 4 (b) plot the testing loss and accuracy of
joint design of adaptive model pruning and wireless resource
allocation on Fashion MNIST, respectively. Fig. 4 (c) plots
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computation capability in the proposed optimal pruning scheme.

communication costs on different schemes. The communica-
tion cost means the number of model weights needs to be
uploaded. It is observed that optimal pruning has the ability
to adapt to the wireless resource and the communication cost
is much smaller than that of the no pruning scheme. These
figures show that the performance of testing loss and accuracy
of the proposed adaptive model pruning and wireless resource
allocation is close to the no pruning scheme. However, the
latency of the proposed algorithm is about 50% less than that
of the no pruning scheme. It is because the proposed adaptive

pruning scheme has the ability to dynamically remove the
unimportant weights according to the wireless channel, which
further reduces the latency for both local model updating and
uplink transmission, especially when the model size is large.
In addition, from Fig. 4 (a) and Fig. 4 (b), we can obtain that
the learning accuracy of HFL with the optimal model pruning
is much better than that of model pruning in non-hierarchy
networks [10]. This is because, in HFL, the participating de-
vices are able to provide massive datasets for model updating,
which further improves the learning performance.

Fig. 5 (a) and Fig. 5 (b) plot the testing loss and accuracy of
joint design of adaptive model pruning and wireless resource
allocation on IID or non-IID Fashion MNIST. It is observed
that the testing accuracy and loss of IID data are better than
that of non-1ID data. It is because in non-I1ID data, the data
class distribution at each device is skewed, which means some
data classes are too scarce or even missing. Also, servers need
more communication rounds to converge.

Fig. 6 plots the relationship among pruning ratio, wire-
less resource allocation, and computation capability in the
proposed optimal pruning scheme. It is observed that under
the same computation capability, when more bandwidth is
allocated to the local device, a smaller pruning ratio is adopted
to guarantee a high convergence rate. Also, we can obtain
that for the local device with a higher computation capability,
more wireless resource is allocated to the local device, and a
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smaller pruning ratio is selected to guarantee the computation
and communication latency and improve the convergence rate.

VII. CONCLUSIONS

In this paper, an adaptive model pruning for HFL in wireless
networks was developed to reduce the learning network scale.
Specifically, the convergence analysis of an upper bound on the
lo-norm of gradients for HFL with model pruning was derived.
Then, the pruning ratio and wireless resource allocation were
jointly optimized under latency and bandwidth constraints
by KKT conditions. Simulation results have shown that our
proposed HFL with model pruning achieved similar learning
accuracy compared to HFL without pruning and reduced about
50% computation and communication latency. In addition,
due to the new challenges brought to dynamic edge-device
association, such as high computation complexity and extra
communication latency, we would like to address this problem
in our future works. To address the data heterogeneity of edge
devices, a novel FL framework with partial model pruning
and personalization will be considered in our future work.
This framework splits the learning model into a global part
with model pruning shared with all devices to learn data
representations and a personalized part to be fine-tuned for a
specific device, which is able to increase the learning accuracy
for the device with non-IID data.

APPENDIX
A. Appendix A - Proof of Theorem 1

We now analyze the convergence of HFL with respect to the
pruning ratio p and pruning mask m. Throughout the proof,
we use the following inequalities frequently.

From Jensen’s inequality, for any z, € RYm ¢
{1,2,..., M}, we have
| M 2 | M
M Z Zm S M ||zm||27 (36)
m=1 m=1
which directly gives
M 2 M
S zm|| <MDzl (37)
m=1 m=1

Peter-Paul inequality (also known as Young’s inequality) gives

fllzlu2 szzIIZ, (38)

-2

and for any constant s > 0 and 21, 25 € R?, we have

(21,22) <

1
Izl < @ sl + (145 )l @9)

Lemma 2: Under Assumption 2 and 3, for any global and
edge communication rounds ¢ and e, we obtain that

E T N

>3 B - uf?

e=1t=1n=1
E N

< n?¢>?NET? + 2T D? Z Z Prc- (40)

e=1n=1
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Proof : In (40), w}¢ is the received edge model of the kth
edge server from the cloud server at the beginning of the eth
edge communication round, and difference (w5~ — w{"?)
consists of two parts, namely, variation because of local model

q,e,t—1 q,e,0 o .
training (wk " —w k’ " ) and variation because of pruning

(wZ’fLO — wy’}). Therefore, (40) is rewritten as

) E T N

=3 3 E(win R wi) + (win S wl)|?
E T N

<Y 2Bfwis T - wp s
E T N

+Y DTS 9Bl — w12 (41)

In (41), wh'™ ! is updated from wiy O by t — 1 iterations
on the nth dev1ce Through the local gradlent updating, we
obtain that

E T N
D> D 2w - w0

2

E N t—2
=22 2 B> —VE(win ) o mi,
e=1t=1n=1 =0
E T N t—2
<P NN (= 1)) E|VE(wly ) omis |?
e=1t=1n=1 =0
T
273 — 312 4+ T
<2P?¢’NED (t—1)° = PHENEA —o T
t=1 3
<n*¢?NET?, (42)

where the third step in (42) is obtained from the bounded

gradient in Assumption 3.

Then, 'wg"flo — wgfl in (41) is calculated as

N
> 2E|lwiy’ —win

1t n=1

E T N
ZZZ?EHw mit — wi |
e= Et Tn
>0

e=1t=1n=1

@
I

M=
agh

N

E N
pneD* =2TD*Y "N "p,.,  (43)

e=1n=1

IA
)

where the second step is obtained from pruning-induced noise
in Assumption 2. By plugging (42) and (43) into (41), we
obtain the desired result, which ends the proof of Lemma 2.
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Lemma 3: Under Assumptions 1-3, for any global and edge
communication rounds ¢ and e, we obtain that

2
E T
E ZFW >, 2 VR = VE (W)
e=1 t=1 neth’]
INE2n2L2T4 + 2ET?L2D? e
< ¢ n + PN p 44)

I ’

where I'P“7 V7| is the number of local models
containing parameters j in the eth edge communication round
and VF} (wZ’th ') is the gradient of the jth weight.

Proof :

E T
t—1 1 ,
5 ZFMZ [VE)(wie'™) = VE) (wf)]
e=1"k t=1 eN]zIﬁJ
G|
e, t—1
SETY. S IR - E )
e= t= 1n€N’ch

||V F (wi ) -

E S
ER
]~ ;
M=

VE; (wi)|?

@
Il
-
~
Il

IS ERr
M=
M~
] =

1 n=1

E|VEq (w]y" ) —

IN

VE, (wi)|?

r
e=1t=1n=1
ET E T N
< T 2O Y DBl —wl (45)
e=1t=1n=1

where we relax the inequality by selecting the smallest I'* =
minI'}"*? and changing the summation over n to all devices
in the second step. Then, in the third step, we consider that [5-
gradient norm of a vector is no larger than the sum of norm
of all sub-vectors, which allows us to consider VF;, rather
than its sub-vectors. The last step in (45) is obtained from L-
smoothness in Assumption 1, which ends the proof of Lemma
3.

Lemma 4: For IID data distribution under Assumption 4,
for any global and communication rounds ¢ and e, we obtain
that

E T
j qe,tfl q,e,t—1
EE:F 2: VF kn ' Sk,n )
e=1 t=1, N'qej
2

~VE] (w7 )]

E?T%Ns?
< ——.

<= (46)

12
Proof :
E T
E VFJ wq,et 17 q,e,t—1
Z:lrk e,] ; Z k,n k.n )
e= =l neNy
2
e 1
— VE)(wi )]
E T N
t—1 cqet—1
S0 B D) D C T TN
e=1t=1n=1
e,t—1
— VE (w12
T N
e,t—1 ,e,t—1
S SN A
e=1t=1n=1
E2T2N
Fu(wf I < = 7)

In the second step, we consider that [5-gradient norm of a
vector is no larger than the sum of norm of all sub-vectors,
which allows us to consider V F), rather than its sub-vectors.
The last step in (47) is obtained from gradient noise for IID
data in Assumption 4, which ends the proof of Lemma 4.

Lemma 5: The upperbound of E[[w& ™ —w||? is denoted
as

E||wq+1 2;”2 < 3PW2ERT2 ¢
n SW22E?T2NG? + 3W2E?L2T*n* N ¢
F*
+ 617 QLQDQTQEZe 1 Zn 1 Pn,e
1"*
where W is the number of model weights.
Proof :

1
Eflwg"™ - wi|?

|]C|ZZZ qe,]z ZWVF] wg’it 17 Zif{til)

keK e=1 j=1 nENqF7t 1

—| |ZZ ZF‘L ,JZ 277

kekj=1 e=1"k Equjt 1
2

(48)

q,e,t—1

e t—1
wk n g )

'Skn

- VE ()]

ZZ Z

k:EICj 1 e=

Z ZUVFJ wZZt 1)

nequjt 1

— VFE] (w})]

2

Z ZUVFJ wkn] )

neN’qut 1

RIS )9 pee

ke j=1 e=1

(49)
where we split stochastic gradient VFJ (wj5'™ Y Z’Z‘t_l)
into three parts, namely, [VFI (w o )ls
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1

2 VEj(wiy ™ ge™) = VEj(wpi™)]  and

3 VEL (™) = V] (w]).

4 The third term of the last step in (49) is derived as

5 2

6

S L

) keK j=1 e=1 neNtx&Jtl

9 _3 WTE WRNECANES

10 = Y Y Y Y EIVE(wi)P

11 keEK j=1e=1t=1

12 < 3n W2E2T202. (50)

: i Through plugging (44), (46), and (50) into (49), the upper-

15 bound of E|lw&™ — w||? is derived as (48), which ends the

16 proof of Lemma 5.

17 Proof of the Convergence: Based on Lemma 2, 3, 4, and

18 5, we use L-smoothness in Assumption 1 to give convergence

19 analysis. We begin with

0 Pl )<F ) F(wh) wh —wh)+ g -
(5D

;g Then, by taking expectations on both sides of (51), we obtain

24 E[F(w™)] — E[F (w,)]

25

2% < E(VF(wl), wh™ — wl) + 1E||wq+1 w2 (52)

27

28 First, we analyze E(VF(w(,), ng_l — w¢) by considering a

29 sum of inner products over all model weights, which is denoted

30 as

31 il . .

32 E(VF(wg), wE — wy)=Y E(VFI (wk), wi™7 — wl)

33 =1

34 Y

35 — ZE<VF7 (w),

36 =1 B .

37 1 1 deim1

38 TR 2 prer 2 2L MVEIT

39 keKe=1 "k neNge t=1

40 W ,

41 ==Y E(VF/(w}),nETVF (wf))

42 =1

43 W

44 ZE<VFJ(U%),

45 =1

46 L ! - et

7 R ey VR -V w))

48 kekKe=1"k neng,e.] t=1

49 (53)

50 where the last step splits the result into two parts with respect

51 to a reference point nETV F7 (w}¢ ). For the first term in the

52 last step of (53), it is derived as

53 W

54 i g i g

p —~ Z;]E<VFJ (wl), nETVF’ (w))

56 R

>7 = ET Y |VFi (wl)| (54)

58 =

59
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For the second term in the last step of (53), it is derived as

_ i_v:E<VFj(wq
P> > L Fm DS [vE;

wmtwvmmm®

kek e=1 eth’Jt 1
W .
= —ZnETE<VFJ(wg,),
j=1

2 qu, > S

d(wi -V E (] n>}>

|IC|ET}<:€IC@ 1-k equJt 1

ET

<1 ZEHVFJ 9|12+

2

w E t—1 1
1 YE| St & z VE(w -V E (wf)]
REKG=1 |le=1"F en '

2ET|K|
ET
<o ZEIIVFJ Lk

W¢2NE173L2T3 +2WTL*D2 37 3oL 1 Pne
o

(55)

where the second step is obtained from (38) and the last
step is obtained from Lemma 3.

By plugging (54) and (55) into (53), E(VF(w{,
wy,) is derived as

) wi -

E(VF(wl,), wi - ><—@Z||VFj<wg>

j=1
L WONEPLPT + 2WnT LD 557 55, pne
20 '

(56)

Finally, we plug the upperbound of E|lw&™ — wg||? into
(52) to obtain the convergence upperbound. First, we take the
sum over global communication round ¢ = 1,2, ..., @ on both
sides of (52) and obtain that

Q Q
E[F(w)] w*)] =Y E[F(wd™)-> E[F(
qg=1 qg=1
Q w
nET 2 L

<=2 S IVF @)+ > S Bllwg™ — wi®

q=17=1 q=1
. XQ: W2NERS LTS + 2WnTI2D2 Y2 SN 5

or*
q=1
(57)

By plugging (48) into (57), we obtain
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77ET *
5SS IV )| < EiFa)] - B{F ()
j=1g=1

N 3QLW27]2E2T2¢2

2
| BQW?PLAT?D?E + QWnTL*D?) S5, S pue
T
3QW2E2L3T4 462N + WENEQn3L3T®
21+
2.2 p2m2
| 3QLW ZFE NG (58)

which completes the proof of Theorem 1.

B. Appendix B - Proof of Theorem 2

According to (6) and (30), pruning ratio p,, . is calculated
as

TC g
(Wn,conv + (1 - pn,e)Wn,fully) Tn + RT < T,
n n,k,e

(59)

- - - -full
TTC;T;P conv 7i(w)]rcnyeconv + (1 _ pn,E)(T'rCLI,I;P fully + T::;:gu Y) < Tth;
(60)
where T = WoonTCn/fn, TORE™ =

cmp-fully
W coan/Rn k,q The W fullyTC /f7u and
-fully
reom-

ke = W com-futtyG/ Rn koo Then, pp. is deduced
as (31) which ends the proof of Theorem 2.

C. Appendix C - Proof of Lemma 1

The objective function in (33) is equal to

xn,e‘/i - Vv2>
xn,e‘/?) +Vy
(61)
where V1, V5, V3,V > 0, and 0 < 2, < 1. To prove the
lemma, we just need to analyze the convexity of the function
f(n,e). The first derivative is derived as

/ ViV + Vo3
n.e = - 62
R (©2)
Then, the second derivative is calculated as
" 2V3(ViVy + Vo) (Vax,.e + Vi
F (@) = 3(ViVy + VaVa)(Vazy, o + Vi) >0, (63)

(Van,e + ‘/4)4

Therefore, the objective function in (33) is convex. Also,
both constraints in (27) and (28) are convex. As a result, the
optimization problem in (33) in convex, which ends the proof
of Lemma 1.
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D. Appendix D - Proof of Theorem 3

Based on the optimization in (33) and constraint (27), the
Lagrange function is denoted as

MY =

e=1n=1 nke

cmp conv ~
n k e T’th Th,e ) - an,conv

‘C( n,e
’ f 11
Tcmp o + an Jfully

+)\ ane_ ) (64)

n=1

where \ is the Lagrange multiplier. Then, the Karush-Kuhn-
Tucker (KKT) conditions are deduced as

oL \ (ViVy + V2V3)Blog, (1 + %) .
= — 3 =0,
Obne (bn,erg log, (1 + & k”") + V4)
(65)
> bue—1] =0, (66)
nENk
A>0. 67)

Based on the KKT conditions, the optimal bandwidth al-
location is achieved as Theorem 3, which ends the proof of
Theorem 3.
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