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Abstract—Cognitive radio has attracted an increasing amount
of interest over the past few years as an effective method of
alleviating the spectrum scarcity problem in wireless communi-
cations. One of the most promising approaches in cognitive radio
is the opportunistic spectrum access, which enables unlicensed
users to access licensed frequency bands that are detected to be
idle. In this paper, we propose a novel cognitive radio system that
exhibits improved throughput and spectrum sensing capabilities
compared to the conventional opportunistic spectrum access
cognitive radio systems studied so far. More specifically, we study
the average achievable throughput of the proposed cognitive
radio system under a single high target detection probability
constraint, as well as its ergodic throughput under average
transmit and interference power constraints, and propose an
algorithm that acquires the optimal power allocation strategy
and target detection probability, which under the imposed
average interference power constraint becomes an additional
optimization variable in the ergodic throughput maximization
problem. Finally, we provide simulation results, in order to
compare the achievable throughput of the proposed cognitive
radio system with the respective throughput of the conventional
cognitive radio systems and discuss the effects of the optimal
power allocation and target detection probability on the ergodic
throughput of the proposed cognitive radio system.

Index Terms—Cognitive radio, opportunistic spectrum access,
optimal power allocation, spectrum sensing, throughput maxi-
mization.

I. INTRODUCTION

COGNITIVE radio is a new promising technology that
aims to alleviate the spectrum scarcity problem in wire-

less communications by allowing access of unlicensed (sec-
ondary) users to frequency bands that are allocated to licensed
(primary) users, in a way that does not affect the quality of
service (QoS) of the licensed networks [1], [2]. The research
in cognitive radio has been encouraged by the measurements
of the Federal Communications Commission (FCC), which
have revealed that there is a significant amount of licensed
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Fig. 1. Frame structure of the conventional opportunistic spectrum access
cognitive radio networks.

spectrum which is largely underutilized in vast temporal and
geographic dimensions [3]. The FCC recognizing that there is
a significant amount of available spectrum that is currently not
being used under the current fixed spectrum allocation policy,
has recently allowed the access of unlicensed (secondary)
users to the broadcast television spectrum at locations where
that spectrum is not being used by licensed services [4]. This
unused broadcast television spectrum is often termed as “white
spaces” and has been the focus of the IEEE 802.22 WRAN
standard that aims to provide broadband wireless internet
access to rural areas [5].

Two main approaches have been proposed for cognitive
radio so far, regarding the way that the cognitive radio users
can access the licensed spectrum: (i) through opportunistic
spectrum access (OSA) [6], [7], according to which the
secondary users are allowed to access a frequency band only
when it is detected to be idle, and (ii) through spectrum sharing
(SS) [8], [9], according to which the secondary users coexist
with the primary users under the condition of protecting the
latter from harmful interference. In this paper, we are going
to focus on the former approach.

The frame structure of the opportunistic spectrum access
cognitive radio systems studied so far consists of a sensing
time slot and a data transmission time slot, as depicted in Fig.
1. According to this frame structure, a secondary user ceases
transmission at the beginning of each frame and senses for
the status of the frequency band (active/idle) for 𝜏 units of
time, whereas it uses the remaining frame duration 𝑇 − 𝜏 for
data transmission. Therefore, an inherent tradeoff exists in this
frame structure between the duration of spectrum sensing and
data transmission, hence the throughput of the cognitive radio
system. According to the classical detection theory [10], [11],
an increase in the sensing time results in a higher detection
probability and lower false alarm probability, which in return
leads to improved utilization of the available unused spectrum.
However, the increase of the sensing time results in a decrease
of the data transmission time, hence the achievable throughput
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of the cognitive radio system. This sensing-throughput tradeoff
was addressed in [12], where the authors studied the problem
of finding the optimal sensing time that maximizes the average
achievable throughput of an OSA cognitive radio system under
a single high target detection probability constraint for the
protection of the QoS of the primary users. In [13], the
authors considered the ergodic throughput maximization of
an OSA cognitive radio system under an interference power
constraint and a single value high target detection probability
constraint (P𝑡𝑎𝑟

𝑑 ≈ 1), and proposed an algorithm that obtains
the sensing time and power allocation that maximizes the
throughput of the cognitive radio system for Rayleigh fading
channels.

In this paper, we propose a novel cognitive radio system
that overcomes the sensing-throughput tradeoff in opportunis-
tic spectrum access cognitive radio networks by performing
spectrum sensing and data transmission at the same time. The
way that this is achieved is described in more detail in Section
II. Moreover, we compare the average achievable throughput
of the proposed cognitive radio system with the respective
throughput of the conventional opportunistic spectrum access
cognitive radio system in [12], and show that the proposed
cognitive radio system exhibits improved throughput under a
single high target detection probability constraint imposed for
the protection of the primary users. Furthermore, we study
the problem of maximizing the achievable ergodic throughput
of the proposed cognitive radio system under joint average
transmit and interference power constraints, in order to keep
the long-term power budget of the secondary users, and
effectively protect the primary users from harmful interference
for the case that the frequency band is falsely detected to be
idle. More specifically, we focus on determining the optimal
power allocation strategy for the proposed cognitive radio
system, as well as the optimal target detection probability,
which under the imposed average interference power con-
straint becomes an additional optimization variable in the
ergodic throughput maximization problem. The effect of the
target detection probability on the system’s ergodic throughput
can be seen more clearly in the simulation results presented
in Section V. Finally, we propose an algorithm that acquires
the optimal target detection probability and power allocation
strategy that maximizes the achievable ergodic throughput of
the proposed opportunistic spectrum access cognitive radio
system and present simulation results.

Different from [12] and [13], in our work we propose a
different receiver structure and spectrum sensing approach for
the cognitive radio system, whereas we additionally consider
an average transmit power constraint (which was not consid-
ered in [13]), in order to keep the long-term power budget of
the secondary users, and also an average interference power
constraint (which was not considered in [12]), in order to
protect the primary users from harmful interference when the
frequency band is falsely detected to be idle. Furthermore,
we do not consider in our analysis a single high target
detection probability constraint (P𝑑 ≥ P̄𝑑 in [12], and
P𝑡𝑎𝑟

𝑑 ≈ 1 in [13]), whereas finally, we propose an algorithm
that acquires the optimal power allocation strategy regardless
of the channel distribution, and which can be applied even
when the frequency band is not underutilized.

g

hSU-Tx
PU-Rx

SU-Rx

Fig. 2. System model.

The rest of the paper is organized as follows. In Section II,
we present the system model and provide an overview of the
proposed cognitive radio system. In Section III, we study the
average achievable throughput of the proposed cognitive radio
system under a high target detection probability constraint. In
Section IV, we address the problem of maximizing the ergodic
throughput of the proposed cognitive radio system under
joint average transmit and interference power constraints, and
propose an algorithm that acquires the optimal target detection
probability and power allocation strategy for the proposed
cognitive radio system. Finally, we present and discuss the
simulation results in Section V, whereas the conclusions are
drawn in Section VI.

Notations: 𝔼 {⋅} denotes the expectation operation, vectors
are boldface capital letters, the transpose of the vector A is
denoted by A𝑇 , [𝑥]+ denotes max (0, 𝑥), 𝑃 denotes power
and P probability.

II. OVERVIEW OF THE PROPOSED COGNITIVE RADIO

SYSTEM

We consider the cognitive radio system that is presented
in Fig. 2. Let 𝑔 and ℎ denote the instantaneous channel
power gains from the secondary transmitter (SU-Tx) to the
secondary receiver (SU-Rx) and the primary receiver (PU-Rx),
respectively. The channel power gains 𝑔 and ℎ are assumed
to be ergodic, stationary and known at the secondary users1

similar to [8], [9], [13], [14], [15], [17], whereas the noise
is assumed to be circularly symmetric complex Gaussian
(CSCG) with zero mean and variance 𝜎2

𝑛, namely 𝒞𝒩 (0, 𝜎2
𝑛).

It should be noted here that knowledge of the precise channel
power gain ℎ is very difficult to be obtained in practice and
therefore our results serve as upper bounds on the achievable
throughput of the cognitive radio system.

A. System overview

The proposed cognitive radio system operates as follows.
In the beginning, an initial spectrum sensing is performed,
in order to determine the status (active/idle) of the frequency
band. When the frequency band is detected to be idle, the
secondary transmitter accesses it for the duration of a frame by

1In practice, the channel power gain ℎ can be obtained via, e.g., estimating
the received signal power from the PU-Rx when it transmits, under the
assumptions of the pre-knowledge on the PU-Rx transmit power level and
the channel reciprocity [14].
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Fig. 3. Receiver structure of the proposed cognitive radio system.

transmitting information to the secondary receiver. The latter
decodes the signal from the secondary transmitter, strips it
away from the received signal, and uses the remaining signal
for spectrum sensing, in order to determine the action of the
cognitive radio system in the next frame. At the end of the
frame, if the presence of primary users is detected, namely if
the primary users started transmission after the initial spectrum
sensing was performed, data transmission will be ceased, in
order to protect the primary users from harmful interference.
In the opposite case, the secondary users will access the
frequency band again in the next frame. Finally, the process
is repeated.

B. Receiver structure

The receiver structure of the proposed cognitive radio sys-
tem is presented in Fig. 3. The received signal at the secondary
receiver is given by

𝑦 = 𝜃𝑥𝑝 + 𝑥𝑠 + 𝑛, (1)

where 𝜃 denotes the actual status of the frequency band (𝜃 = 1
if the frequency band is active and 𝜃 = 0 if it is idle), 𝑥𝑝
and 𝑥𝑠 represent the received (faded) signal from the primary
users and the secondary transmitter, respectively, and finally
𝑛 denotes the additive noise.

The received signal 𝑦 is initially passed through the decoder,
as depicted in Fig. 3, where the signal from the secondary
transmitter is obtained. In the following, the signal from the
secondary transmitter is cancelled out from the aggregate
received signal 𝑦, and the remaining signal

𝑦 = 𝜃𝑥𝑝 + 𝑛 (2)

is used to perform spectrum sensing.2 This is the same signal
that the secondary receiver would receive if the secondary
transmitter had ceased data transmission, which is the con-
ventional way that was proposed to perform spectrum sensing.
Here, instead of using a limited amount of time 𝜏 , the whole
duration of the frame 𝑇 can be used for spectrum sensing.
This way, we are able to perform spectrum sensing and data
transmission at the same time, thus maximizing the duration
of both.

C. Frame structure

The frame structure of the proposed cognitive radio system
is presented in Fig. 4 and consists of a single slot during which
both spectrum sensing and data transmission are performed
at the same time, using the receiver structure presented in

2We consider here a similar scenario to spectrum sharing cognitive radio
networks, where the secondary users are able to decode the received secondary
signal irrespective of the status of the primary users.

Data transmission / Spectrum sensing Data transmission / Spectrum sensing

T T

Frame n Frame n+1

Fig. 4. Frame structure of the proposed cognitive radio system.

the previous subsection. The advantage of the proposed frame
structure is that the spectrum sensing and data transmission
time are simultaneously maximized, whereas, more specifi-
cally, they are equal to the frame duration 𝑇 . The significance
of this result is twofold. Firstly, the increased sensing time:

i) enables the detection of very weak signals from the
primary users, the detection of which under the frame structure
of Fig. 1 would significantly reduce the data transmission time,
hence the throughput of the cognitive radio network,

ii) leads to an improved detection probability, thus better
protection of the primary users from harmful interference,

iii) results to a decreased false alarm probability, which
enables a better use of the available unused spectrum,

iv) facilitates the use of more complex spectrum sensing
techniques that exhibit increased sensing capabilities, but
require higher sensing time (such as cyclostationary detection
[18] or several covariance-based spectrum sensing techniques
[19], [20]), which prohibits their application for quick period-
ical spectrum sensing under the frame structure presented in
Fig. 1,

v) the calculation of the optimal sensing time is no longer
an issue, since it is maximized and equal to the frame duration
𝑇 ,

vi) continuous spectrum sensing can be achieved under
the proposed cognitive radio system, which ensures better
protection of the quality of service (QoS) of the primary
networks.

The second important aspect is that the sensing time slot
𝜏 of the frame structure of Fig. 1 is now used for data
transmission, which leads to an increase in the throughput
of the cognitive radio network on the one hand, and facilitates
the continuity of data transmission on the other.

III. AVERAGE ACHIEVABLE THROUGHPUT OF THE

PROPOSED COGNITIVE RADIO SYSTEM UNDER A HIGH

TARGET DETECTION PROBABILITY CONSTRAINT

In this section, we study the average achievable throughput
of the proposed cognitive radio system and compare it with
the respective achievable throughput of the cognitive radio
system that operates based on the conventional frame structure
depicted in Fig. 1. We consider, similar to the work in [12],
a single high target detection probability constraint for the
protection of the primary users from harmful interference.
Considering the fact that the priority of a cognitive radio
system is and should be the protection of the quality of
service (QoS) of the primary network, a high target detection
probability is required, in order to ensure that no harmful
interference is caused to the licensed users by the secondary
network. For instance, the target probability of detection in the
IEEE 802.22 WRAN standard [5] is chosen to be 90% for a
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signal-to-noise ratio (SNR) as low as −20 dB for the primary
user’s signal at the secondary detector. We denote this target
detection probability in the following by P̄𝑑.

More specifically, we consider as in [12] the energy detec-
tion scheme [21] as a spectrum sensing technique, in order
to determine the status (active/idle) of the frequency band.
The detection and false alarm probability under the energy
detection scheme are given by

P𝑑 = 𝒬
((

𝜖

𝜎2
𝑛

− 𝛾 − 1

)√
𝜏𝑓𝑠

2𝛾 + 1

)
, (3)

P𝑓𝑎 = 𝒬
((

𝜖

𝜎2
𝑛

− 1

)√
𝜏𝑓𝑠

)
=

= 𝒬
(√

2𝛾 + 1𝒬−1 (P𝑑) +
√
𝜏𝑓𝑠𝛾

)
, (4)

respectively [12], where 𝜖 denotes the decision threshold of
the energy detector, 𝛾 the received signal-to-noise ratio (SNR)
from the primary user at the secondary detector, 𝜏 denotes the
sensing time and finally 𝑓𝑠 represents the sampling frequency.
For a given target detection probability P𝑑 = P̃𝑑, the
decision threshold 𝜖 is given by

𝜖 = 𝜎2
𝑛

(√
2𝛾 + 1

𝜏𝑓𝑠
𝒬−1(P̃𝑑) + 𝛾 + 1

)
. (5)

In the following proposition, we show that the probability
of false alarm P𝑓𝑎 of the energy detection given by equation
(4) is an increasing and concave function of the probability
of detection P𝑑 for P𝑑 ≥ 0.5, two properties that will be
discussed further in our analysis.

Proposition 1: The probability of false alarm P𝑓𝑎 under
the energy detection scheme given by equation (4) is an
increasing function of the probability of detection P𝑑 and
is also a concave function of the probability of detection P𝑑

for P𝑑 ≥ 0.5.

Proof : See Appendix A. ■
We can now focus on the average achievable throughput

of the cognitive radio system. The instantaneous transmission
rate of the cognitive radio system when the frequency band is
actually idle (𝐻0) is given by

𝑟0 = log2

(
1 +

𝑔𝑃

𝜎2
𝑛

)
. (6)

However, considering the fact that perfect spectrum sensing
may not be achievable in practice due to the nature of wireless
communications that includes phenomena such as shadowing
and fading, we consider the more realistic scenario of imper-
fect spectrum sensing, where the actual status of the primary
users might be falsely detected. Therefore, in this paper, we
also consider the case that the frequency band is falsely
detected to be idle, when in fact it is active (𝐻1). Following
the approach in [15], [22], the instantaneous transmission rate
in this case is given by

𝑟1 = log2

(
1 +

𝑔𝑃

𝜎2
𝑛 + 𝜎2

𝑝

)
, (7)

where 𝜎2
𝑝 denotes the received power from the primary users.

The average achievable throughput of the cognitive radio
system that operates based on the conventional frame structure
of Fig. 1 is given by

𝑅̄ (𝜏) = 𝑅̄0 (𝜏) + 𝑅̄1 (𝜏) , (8)

where 𝑅̄0(𝜏) and 𝑅̄1(𝜏) are given by

𝑅̄0 (𝜏) =
𝑇 − 𝜏

𝑇
P (𝐻0) (1 − P𝑓𝑎 (𝜏)) 𝑟0, (9)

𝑅̄1 (𝜏) =
𝑇 − 𝜏

𝑇
P (𝐻1) (1 − P𝑑 (𝜏)) 𝑟1, (10)

respectively. In the equations above, 𝑇 represents the frame
duration, P(𝐻0) the probability that the frequency band is
idle, and P(𝐻1) the probability that the frequency band is
active.

Under the proposed cognitive radio system, spectrum
sensing is performed simultaneously with data transmission,
whereas the sensing time and data transmission time are equal
to the frame duration 𝑇 , as seen in Fig. 4. Therefore, the
average achievable throughput of the proposed cognitive radio
system is given by

𝐶 = 𝐶0 + 𝐶1, (11)

where 𝐶0 and 𝐶1 denote the average achievable throughput
when the frequency band is actually idle and active (but falsely
detected to be idle), respectively, and are given by

𝐶0 = P (𝐻0) (1 − P𝑓𝑎 (𝑇 )) 𝑟0, (12)

𝐶1 = P (𝐻1) (1 − P𝑑 (𝑇 )) 𝑟1, (13)

respectively.
For a target probability of detection P̄𝑑, we can now

show that the proposed cognitive radio system exhibits higher
average achievable throughput compared to the cognitive radio
system that operates based on the conventional frame structure
shown in Fig. 1. Following the FCC requirements in [4], the
secondary users should detect a worst-case SNR from the
primary users, regardless if the spectrum sensing is performed
at the receiver or the transmitter. This worst-case SNR is
denoted here by 𝛾. From the classical detection theory [10],
[11], it is known that for a target probability of detection P̄𝑑,
the higher the sensing time, the lower the probability of false
alarm P𝑓𝑎. Therefore, for a target probability of detection
P𝑑 = P̄𝑑 and sensing time 0 < 𝜏 ≤ 𝑇 , it results from the
equation (4) that

P𝑓𝑎(𝜏) =𝒬
(√

2𝛾 + 1𝒬−1
(
P̄𝑑

)
+
√
𝜏𝑓𝑠𝛾

)
≥𝒬

(√
2𝛾 + 1𝒬−1

(
P̄𝑑

)
+
√
𝑇𝑓𝑠𝛾

)
= P𝑓𝑎(𝑇 ),

(14)

considering the fact that the complementary cumulative distri-
bution function of the standard Gaussian 𝒬 (𝑥) is a decreasing
function of 𝑥. As a result, for a sensing time 0 < 𝜏 ≤ 𝑇 , it
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results from the equations (8)-(14) that

𝑅̄(𝜏) =𝑅̄0(𝜏) + 𝑅̄1(𝜏) =
𝑇 − 𝜏

𝑇
P (𝐻0) (1 − P𝑓𝑎 (𝜏)) 𝑟0+

+
𝑇 − 𝜏

𝑇
P (𝐻1)

(
1 − P̄𝑑

)
𝑟1

< P (𝐻0) (1 − P𝑓𝑎 (𝜏)) 𝑟0 + P (𝐻1)
(
1 − P̄𝑑

)
𝑟1

≤ P (𝐻0) (1 − P𝑓𝑎 (𝑇 )) 𝑟0 + P (𝐻1)
(
1 − P̄𝑑

)
𝑟1

= 𝐶0 + 𝐶1 = 𝐶, (15)

i.e. that the average achievable throughput of the proposed
cognitive radio system for a target detection probability P𝑑 =
P̄𝑑 is higher compared to the respective of the cognitive radio
system that employs the frame structure depicted in Fig. 1,
namely it results that

𝐶 > 𝑅̄(𝜏) (16)

for a sensing time 0 < 𝜏 ≤ 𝑇 .

IV. ERGODIC THROUGHPUT MAXIMIZATION OF THE

PROPOSED COGNITIVE RADIO SYSTEM UNDER AVERAGE

TRANSMIT AND INTERFERENCE POWER CONSTRAINTS

In this section, we study the problem of determining the
optimal power allocation strategy that maximizes the ergodic
throughput of the proposed cognitive radio network under joint
average transmit and interference power constraints. In order
to keep the long-term power budget and effectively protect
the primary users from harmful interference, we consider
similar to [14], [17], [23] an average (over all different fading
states) transmit and interference power constraint that can be
formulated as follows

𝔼𝑔,ℎ

{
P (𝐻0) (1 − P𝑓𝑎)𝑃 + P (𝐻1) (1 − P𝑑)𝑃

}
≤ 𝑃𝑎𝑣,

(17)

𝔼𝑔,ℎ

{
P (𝐻1) (1 − P𝑑)ℎ𝑃

}
≤ Γ. (18)

Here, 𝑃𝑎𝑣 denotes the maximum average transmit power of
the secondary users and Γ the maximum average interference
power that is tolerable by the primary users. Similar to the
previous section, the energy detection scheme is considered
here as a method of spectrum sensing, whereas the detection
and false alarm probability are now given by

P𝑑 = 𝒬
((

𝜖

𝜎2
𝑛

− 𝛾 − 1

)√
𝑇𝑓𝑠

2𝛾 + 1

)
, (19)

P𝑓𝑎(P𝑑) = 𝒬
(√

2𝛾 + 1𝒬−1 (P𝑑) +
√
𝑇𝑓𝑠𝛾

)
. (20)

As a result, the optimization problem that maximizes the
ergodic throughput of the proposed opportunistic spectrum
access cognitive radio system under joint average transmit and
interference power constraints can be formulated as follows

maximize
{𝑃,P𝑑}

𝐶(𝑃,P𝑑) = 𝔼𝑔,ℎ

{
P (𝐻0) (1 − P𝑓𝑎(P𝑑)) ⋅

log2

(
1 +

𝑔𝑃

𝜎2
𝑛

)
+ P(𝐻1)(1 − P𝑑) log2

(
1 +

𝑔𝑃

𝜎2
𝑛 + 𝜎2

𝑝

)}
(21)

subject to : (17), (18), 𝑃 ≥ 0, 0 ≤ P𝑑 ≤ 1.

By considering an average interference power constraint
similar to spectrum sharing cognitive radio networks [8], the
probability of detection P𝑑 becomes an optimization variable
in the problem of maximizing the achievable ergodic through-
put of the proposed cognitive radio system. The dependance
of the ergodic throughput on the probability of detection P𝑑

can be better observed in the simulation results presented in
Section V.

Now returning to the optimization problem (21), it can
be seen that the problem (21) is convex with respect to the
transmit power 𝑃 , but not with respect to the probability of
detection P𝑑 due to the dependance of the probability of
false alarm P𝑓𝑎 on the probability of detection P𝑑 [24].
Therefore, the optimal target detection probability can not be
obtained using convex optimization techniques, but by taking
into consideration that the detection probability lies in the
interval [0, 1], it can be easily obtained using one-dimensional
exhaustive search. As a result, we will focus in the following
on determining the optimal power allocation strategy that max-
imizes the ergodic throughput of the proposed opportunistic
spectrum access cognitive radio system for a target probability
of detection P𝑑 = P̄𝑑, whereas the optimal value of the latter
will be found using one-dimensional exhaustive search in the
interval [0, 1], as seen in Algorithm 1 in the following.

The Lagrangian with respect to the transmit power 𝑃 for a
target detection probability P𝑑 = P̄𝑑 is given by

𝐿 (𝑃, 𝜆, 𝜇) = 𝔼𝑔,ℎ

{
P(𝐻0)(1 − P𝑓𝑎(P̄𝑑)) log2

(
1 +

𝑔𝑃

𝜎2
𝑛

)

+P (𝐻1)
(
1 − P̄𝑑

)
log2

(
1 +

𝑔𝑃

𝜎2
𝑛 + 𝜎2

𝑝

)}
− 𝜆

[
𝔼𝑔,ℎ

{
𝑃 ⋅

⋅P (𝐻0)
(
1− P𝑓𝑎

(
P̄𝑑

))
+ P (𝐻1)

(
1 − P̄𝑑

)
𝑃

}
− 𝑃𝑎𝑣

]

− 𝜇

[
𝔼𝑔,ℎ

{
P (𝐻1)

(
1 − P̄𝑑

)
ℎ𝑃

}
− Γ

]
. (22)

The Lagrange dual optimization problem is now given by

minimize
𝜆≥0, 𝜇≥0

𝑔 (𝜆, 𝜇) , (23)

where 𝑔 (𝜆, 𝜇) denotes the Lagrange dual function that is given
by the following equation

𝑔 (𝜆, 𝜇) = sup
𝑃
𝐿 (𝑃, 𝜆, 𝜇) . (24)

It can be seen from (21) that the primal optimization
problem with respect to the transmit power 𝑃 is convex with
linear inequality constraints and that Slater’s condition holds
[24]. Therefore, the difference between the optimal value of
the objective function of the primal and dual optimization
problem (namely the optimal duality gap) is zero, which
guarantees [24] that the primal optimization problem (21) with
respect to the transmit power 𝑃 can be equivalently solved by
the dual optimization problem (23). We therefore focus in the
following on solving the Lagrange dual optimization problem
(23).

In order to calculate the Lagrange dual function 𝑔 (𝜆, 𝜇), we
need to find the supremum of the Lagrangian 𝐿 (𝑃, 𝜆, 𝜇) with
respect to the transmit power 𝑃 , as seen from the equation
(24). By applying the Karush-Kuhn-Tucker (KKT) conditions
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𝐴 =
log2 (𝑒)

[
P (𝐻0)

(
1 − P𝑓𝑎

(
P̄𝑑

))
+ P (𝐻1)

(
1 − P̄𝑑

)]
𝜆
[
P (𝐻0)

(
1− P𝑓𝑎

(
P̄𝑑

))
+ P (𝐻1)

(
1 − P̄𝑑

)]
+ 𝜇P (𝐻1)

(
1 − P̄𝑑

)
ℎ
− 2𝜎2

𝑛 + 𝜎2
𝑝

𝑔
, (26)

Δ = 𝐴2 +
4

𝑔

{
log2 (𝑒)

[
P (𝐻0)

(
1 − P𝑓𝑎

(
P̄𝑑

)) (
𝜎2
𝑛 + 𝜎2

𝑝

)
+ P (𝐻1)

(
1 − P̄𝑑

)
𝜎2
𝑛

]
𝜆
[
P (𝐻0)

(
1 − P𝑓𝑎

(
P̄𝑑

))
+ P (𝐻1)

(
1 − P̄𝑑

)]
+ 𝜇P (𝐻1)

(
1 − P̄𝑑

)
ℎ
− 𝜎2

𝑛

(
𝜎2
𝑛 + 𝜎2

𝑝

)
𝑔

}
, (27)

𝑃 =

⎧⎨
⎩

log2 (𝑒)
[
P (𝐻0)

(
1 − P𝑓𝑎(P̂𝑑)

)
+ P (𝐻1)

(
1 − P̂𝑑

)]
𝜆
[
P (𝐻0)

(
1 − P𝑓𝑎(P̂𝑑)

)
+ P (𝐻1)

(
1 − P̂𝑑

)]
+ 𝜇P (𝐻1)

(
1 − P̂𝑑

)
ℎ
− 𝜎2

𝑔

⎫⎬
⎭

+

. (28)

[24], the optimal power allocation 𝑃 for given Lagrange
multipliers 𝜆 and 𝜇 can be obtained by

𝑃 =

[
𝐴+

√
Δ

2

]+
, (25)

where the parameters 𝐴 and Δ can be found at the top of this
page and [𝑥]

+ denotes max (0, 𝑥).
In order to determine the optimal power allocation strategy

for the proposed cognitive radio system, the optimal values
of the Lagrangian multipliers 𝜆 and 𝜇 that minimize the dual
function 𝑔(𝜆, 𝜇) need to be found. The ellipsoid method [25]
is used here to find the optimal solution, which requires the
subgradient [26] of the dual function 𝑔(𝜆, 𝜇). The latter is
given by the following proposition.

Proposition 2: The subgradient of the dual function
𝑔(𝜆, 𝜇) is [𝐷,𝐸], where 𝐷 is given by 𝐷 = 𝑃𝑎𝑣 −
𝔼𝑔,ℎ

{
P (𝐻0)

(
1 − P𝑓𝑎

(
P̄𝑑

))
𝑃 + P (𝐻1)

(
1− P̄𝑑

)
𝑃
}
,

and 𝐸 is given by 𝐸 = Γ − 𝔼𝑔,ℎ

{
P (𝐻1)

(
1 − P̄𝑑

)
ℎ𝑃

}
,

where 𝜆 ≥ 0, 𝜇 ≥ 0, and 𝑃 denotes the optimal power
allocation for fixed 𝜆, 𝜇.

Proof : See Appendix B. ■
The algorithm that acquires the optimal target detection

probability and power allocation strategy of the proposed op-
portunistic spectrum access cognitive radio system is presented
in the following table.

Algorithm 1: Optimal detection probability and power
allocation for the proposed opportunistic
spectrum access cognitive radio system.

▶ For P̄𝑑 = 0 : 1
1) Initialize 𝜆, 𝜇.
2) Repeat:

- calculate 𝑃 using (25)-(27);
- update 𝜆, 𝜇 using the ellipsoid method;

3) Until 𝜆, 𝜇 converge.
▶ End.
▶ Optimal detection probability and power allocation:

P̄𝑜𝑝𝑡
𝑑 = argmax𝐶

(
P̄𝑑, 𝑃

)
and 𝑃𝑜𝑝𝑡 = {𝑃}P̄𝑑=P̄𝑜𝑝𝑡

𝑑

Furthermore, we additionally study in this section the prob-
lem where the received power from the primary users at the
secondary receiver (𝜎2

𝑝) is considered to be unknown at the
secondary transmitter. By considering a single noise power
𝜎2, the ergodic throughput maximization problem under this

scenario can be formulated as follows

maximize
{𝑃 ,P̂𝑑}

C (𝑃 , P̂𝑑) = 𝔼𝑔,ℎ

{
P (𝐻0)

(
1 − P𝑓𝑎(P̂𝑑)

)
⋅

⋅ log2
(

1 +
𝑔𝑃

𝜎2

)
+ P (𝐻1)

(
1 − P̂𝑑

)
log2

(
1 +

𝑔𝑃

𝜎2

)}

(29)

subject to : 𝔼𝑔,ℎ

{
P (𝐻1)

(
1 − P̂𝑑

)
ℎ𝑃

}
≤ Γ,

𝔼𝑔,ℎ

{
P (𝐻0)

(
1 − P𝑓𝑎(P̂𝑑)

)
𝑃+

+ P (𝐻1) (1 − P̂𝑑)𝑃

}
≤ 𝑃𝑎𝑣,

𝑃 ≥ 0, 0 ≤ P̂𝑑 ≤ 1.

By using a similar analysis to the one considered for the
case when the received power from the primary users is
considered to be known, the optimal power allocation 𝑃 under
fixed Lagrange multipliers 𝜆 and 𝜇 for this scenario can be
obtained from the equation (28). The latter can be found at
the top of this page. As a result, the optimal target detection
probability and power allocation strategy that maximizes the
ergodic throughput for the scenario, where the received power
from the primary users at the secondary receiver is consider
to be unknown, can be obtained from Algorithm 1, by using
the equation (28) in the place of the equations (25)-(27).

V. SIMULATION RESULTS

In this section, we present the simulation results for the
proposed opportunistic spectrum access cognitive radio system
using the energy detection scheme as a spectrum sensing
technique. The frame duration is set to 𝑇 = 100 ms, the
probability that the frequency band is idle is considered to be
P (𝐻0) = 0.6, whereas the sampling frequency 𝑓𝑠 is assumed
to be 6 MHz. The channels 𝑔 and ℎ are assumed to follow
the Rayleigh fading model and more specifically, they are the
squared norms of independent CSCG random variables that
are distributed as 𝒞𝒩 (0, 1) and 𝒞𝒩 (0, 10), respectively. The
average tolerable interference power at the primary receiver
is considered to be Γ = 1 and the received SNR from the
primary user is considered to be 𝛾 = −20 dB. As in [14], an
additional channel power gain attenuation is considered here
for the channel ℎ between the secondary transmitter and the
primary receiver, where an attenuation of 10 dB for example,
means that 𝔼 {ℎ} = 1.
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Fig. 5. Average achievable throughput of the proposed and conventional
opportunistic spectrum access cognitive radio system versus the sensing time
𝜏 , for various values of the target detection SNR from the primary user
(SNRp) and for a target detection probability P̄𝑑 = 99.99%.

In Fig. 5, the average achievable throughput versus the
sensing time 𝜏 is presented for the proposed cognitive radio
system (solid line) and the cognitive radio system that employs
the conventional frame structure of Fig. 1 (dashed line), for
the case of a single high target detection probability constraint
that was studied in Section III. The received signal-to-noise
ratio (SNR) from the secondary transmitter at the secondary
receiver is considered to be 𝑆𝑁𝑅𝑠 = 20 dB as in [12], the
target probability of detection is set to P̄𝑑 = 99.99%, in
order to effectively protect the primary users from harmful
interference, whereas different values of the target detection
signal-to-noise ratio from the primary user (denoted by SNRp)
are presented. One can clearly see that the average achievable
throughput of the proposed cognitive radio system (solid line)
is significantly higher compared to the respective achievable
throughput of the cognitive radio system that employs the
conventional frame structure of Fig. 1 (dashed line). This
throughput improvement can be explained by the fact that the
whole duration of the frame 𝑇 is used for data transmission,
as opposed to the conventional frame structure of Fig. 1,
where only a part of the frame is used for data transmission
(i.e. 𝑇 − 𝜏 ). Moreover, the improved sensing capabilities of
the proposed cognitive radio system also contribute to the
throughput improvement of the cognitive radio system by en-
abling a more efficient usage of the available unused spectrum.
More specifically, it can be seen from Fig. 5 and the equation
(4) that for the same target probability of detection P̄𝑑, the
probability of false alarm P𝑓𝑎 for the optimal sensing time
under the conventional frame structure is higher compared to
the respective false alarm probability of the proposed cognitive
radio system. The latter remark can be explained by the fact
that the whole duration of the frame 𝑇 is used for spectrum
sensing in the proposed system, as opposed to merely a part
of the frame under the conventional frame structure of Fig. 1.

In Fig. 6, the average achievable throughput is presented
versus the target probability of detection P̄𝑑, for a target
detection signal-to-noise ratio from the primary user equal
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Fig. 6. Average achievable throughput of the proposed and conventional
opportunistic spectrum access cognitive radio system versus the target prob-
ability of detection P̄𝑑 for various values of the target detection SNR from
the primary user (SNRp).
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Fig. 7. Average achievable throughput of the proposed and conventional
opportunistic spectrum access cognitive radio system versus the target detec-
tion SNR from the primary user (SNRp) for a target detection probability
P̄𝑑 = 99.99%.

to SNRp = −22 dB. It can be clearly seen from Fig. 6
that the average achievable throughput under the proposed
cognitive radio system is significantly higher compared to the
respective achievable throughput of the system that employs
the frame structure presented in Fig. 1, whereas the decrease
in the average achievable throughput as the target probability
of detection P̄𝑑 receives higher values is small, especially
compared to the respective of the secondary users that employ
the conventional frame structure of Fig. 1. This means that the
proposed cognitive radio system can provide better protection
for the primary users on the one hand, while achieving an
increased throughput for its users on the other, even for
very high values of target detection probability and very
weak signals from the primary users. This can be further
seen from Fig. 7, where the average achievable throughput
is presented versus the target detection signal-to-noise ratio
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Fig. 8. Ergodic throughput of the proposed cognitive radio system versus
the additional channel power gain attenuation for different values of average
transmit power 𝑃𝑎𝑣 and target detection probability P̄𝑑 = 90%.

from the primary users (SNRp), for a target probability of
detection equal to P̄𝑑 = 99.99%.

In Fig. 8, the ergodic throughput of the proposed cognitive
radio system is presented versus the additional channel power
gain attenuation between the secondary transmitter (SU-Tx)
and the primary receiver (PU-Rx) for different values of the
average transmit power 𝑃𝑎𝑣 of the secondary user and for
a target detection probability P̄𝑑 = 90%. It can be clearly
seen from Fig. 8 that for all values of the average transmit
power 𝑃𝑎𝑣, the achievable ergodic throughput increases as
the channel power gain attenuation between the secondary
transmitter and the primary receiver obtains higher values.
This can be easily explained by the fact that as the channel
power gain attenuation increases, the average interference
power constraint allows the use of higher transmit power 𝑃 ,
which leads to an increased achievable ergodic throughput for
the cognitive radio system. Furthermore, it can be seen in Fig.
8 that the achievable ergodic throughput reaches a maximum
for all values of the average transmit power constraint 𝑃𝑎𝑣 ,
whereas the point that this maximum is achieved, depends on
the value of the average transmit power 𝑃𝑎𝑣 . As the average
transmit power 𝑃𝑎𝑣 increases, this point is reached for higher
values of channel power gain attenuation, which is due to the
increased transmit power 𝑃 that is available to the cognitive
radio users, in combination with the imposed interference
power constraint.

In Fig. 9, the ergodic throughput of the proposed cogni-
tive radio system is presented versus the additional channel
power gain attenuation between the secondary transmitter and
the primary receiver for different values of target detection
probability P̄𝑑 and for an average transmit power of the
secondary user equal to 15 dB. In this figure, several in-
teresting results can be observed regarding the achievable
ergodic throughput of the cognitive radio system. Firstly,
the optimal detection probability up to a certain point (i.e.
around 10 dB) is approximately equal to 1, which shows
that according to the optimal power allocation formulas, no
knowledge of the channel power gain ℎ is required to obtain
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Fig. 9. Ergodic throughput of the proposed cognitive radio system versus
the additional channel power gain attenuation for different values of target
detection probability P̄𝑑 and average transmit power 𝑃𝑎𝑣 = 15 dB.
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Fig. 10. Ergodic throughput of the proposed cognitive radio system versus
the additional channel power gain attenuation for different values of target
detection probability P̄𝑑 and average transmit power 𝑃𝑎𝑣 = 20 dB.

the maximum throughput. Secondly, beyond that point, an
imposed high detection probability P̄𝑑 = 99.99% not only
does not provide better protection for the primary users,
but it also has a negative effect on the achievable ergodic
throughput of the secondary system.3 It can be clearly seen
from Fig. 9 that lower values of target detection probability
lead to higher achievable ergodic throughput, whereas the
optimal value of the target detection probability appears to
be zero. This interesting result can be explained by the fact
that after a certain value of channel power gain attenuation,
the average transmit power constraint becomes the dominant
constraint on the optimal power allocation process, as opposed
to the average interference power constraint that was dominant
before. As a result, a lower target detection probability while

3The proposed cognitive radio system can allocate the power without any
knowledge of the channel ℎ (as seen by the red solid line in Fig. 9), however,
it will not achieve the maximum throughput beyond the value of around 10
dB (as seen by the cyan dashed line in Fig. 9).
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satisfying the average interference power constraint on the one
hand, leads to a lower false alarm probability on the other.
This in return leads to higher allocated transmit power 𝑃 for
the secondary users (as seen from the inequality (17)) and
therefore to higher ergodic throughput for the cognitive radio
system. Based on the latter remark that after a certain value of
channel power gain attenuation, the optimal target detection
probability turns out to be zero, the next logical step is to
consider shutting down the spectrum sensing unit, namely
consider P𝑑 = 0 and P𝑓𝑎 = 0. As seen from Fig. 9, it
turns out that after a certain value of channel power gain
attenuation, shutting down the spectrum sensing unit leads
to the highest achievable ergodic throughput and therefore
becomes the optimal spectrum access mode for the cognitive
radio system. Viewing this from a different perspective, it
indicates that beyond a certain point, the opportunistic spec-
trum access scheme is actually suboptimal compared to the
spectrum sharing scheme (i.e. when P𝑑 = 0 and P𝑓𝑎 = 0).

Finally, in Fig. 10, the ergodic throughput of the proposed
cognitive radio system is presented versus the additional
channel power gain attenuation for different values of target
detection probability P̄𝑑, and for a higher (compared to Fig.
9) average transmit power equal to 𝑃𝑎𝑣 = 20 dB. Comparing
Fig. 9 and Fig. 10, an interesting observation can be made: the
value of the channel power gain attenuation after which the
average transmit power constraint becomes dominant is larger
as the average transmit power increases. This can be explained
by the fact that for higher values of average transmit power
𝑃𝑎𝑣 , the average transmit power constraint becomes dominant
in higher values of channel power gain attenuation due to the
increased transmit power that is available to the cognitive radio
users, but which is restricted for the protection of the primary
users by the average interference power constraint. This is also
in accordance with Fig. 8, which illuminates this result from
a different angle.

VI. CONCLUSIONS

In this paper, we proposed a novel cognitive radio system
that significantly improves the achievable throughput of op-
portunistic spectrum access cognitive radio systems by per-
forming data transmission and spectrum sensing at the same
time. More specifically, we studied the average achievable
throughput of the proposed cognitive radio system under a
single high target detection probability constraint and showed
that it can achieve significantly improved throughput com-
pared to the respective conventional cognitive radio systems.
In addition, we studied the problem of maximizing the er-
godic throughput under joint average transmit and interference
power constraints, and proposed an algorithm that acquires
the optimal target detection probability and power allocation
strategy that maximizes the ergodic throughput of the proposed
cognitive radio system. Furthermore, we provided simulation
results, which revealed that for low values of channel power
gain attenuation between the secondary transmitter and the
primary receiver, a high target detection probability (P̄𝑑 ≃ 1)
leads to the maximum achievable ergodic throughput, whereas
for higher values of channel power gain attenuation, spectrum
sensing not only does not provide better protection for the pri-
mary users, but it also has a negative effect on the achievable

ergodic throughput of the cognitive radio system and should
therefore be avoided. Finally, in our future research we plan
to extend this work for the case of imperfect secondary signal
subtraction at the cognitive radio receiver.

APPENDIX A
PROOF OF PROPOSITION 1

By setting 𝛼 =
√

2𝛾 + 1 and 𝛽 =
√
𝜏𝑓𝑠𝛾 in equation (4),

the false alarm probability P𝑓𝑎 is now given by

P𝑓𝑎 (P𝑑) = 𝒬 (
𝛼𝒬−1 (P𝑑) + 𝛽

)
.

In order to prove that the probability of false alarm P𝑓𝑎

is an increasing function of the probability of detection P𝑑,
we take the derivative of the probability of false alarm with
respect to the probability of detection. The latter is given by

𝑑P𝑓𝑎

𝑑P𝑑
=

𝑑

𝑑P𝑑

[
𝒬 (

𝛼𝒬−1 (P𝑑) + 𝛽
) ]

=

= − 1√
2𝜋

exp

{
−
[
𝛼𝒬−1 (P𝑑) + 𝛽

]2
2

}
⋅

⋅ 𝑑

𝑑P𝑑

[
𝛼𝒬−1 (P𝑑) + 𝛽

]
=

= − 𝛼√
2𝜋

exp

{
−
[
𝛼𝒬−1 (P𝑑) + 𝛽

]2
2

}
⋅

⋅ 𝑑𝒬
−1 (P𝑑)

𝑑P𝑑
. (30)

Considering that

𝒬−1 (P𝑑) =
√

2erf−1 (1 − 2P𝑑) ,

we have

𝑑𝒬−1 (P𝑑)

𝑑P𝑑
=

√
2 ⋅ 𝑑

[
erf−1 (1 − 2P𝑑)

]
𝑑P𝑑

=

= −
√

2𝜋 exp
{[

erf−1 (1 − 2P𝑑)
]2}

. (31)

Therefore, from the equations (30) and (31), it results that

𝑑P𝑓𝑎

𝑑P𝑑
= 𝛼 ⋅ exp

{[
erf−1 (1 − 2P𝑑)

]2
−

− 1

2
⋅
[
𝛼𝒬−1 (P𝑑) + 𝛽

]2}
. (32)

Since 𝛼 =
√

2𝛾 + 1 > 0, it results from (32) that

𝑑P𝑓𝑎

𝑑P𝑑
≥ 0

and therefore the probability of false alarm P𝑓𝑎 (P𝑑) is an
increasing function of the probability of detection P𝑑.

Now, by taking the second derivative of the false alarm
probability P𝑓𝑎 with respect to the detection probability P𝑑,
we have

𝑑2P𝑓𝑎

𝑑P2
𝑑

=
𝛼2[𝛼𝒬−1(P𝑑) + 𝛽]√

2𝜋

[
𝑑𝒬−1 (P𝑑)

𝑑P𝑑

]2
⋅

⋅ exp
{
− [𝛼𝒬−1(P𝑑) + 𝛽]2

2

}
− 𝑑2𝒬−1 (P𝑑)

𝑑P2
𝑑

⋅

⋅ 𝛼√
2𝜋

exp

{
−
[
𝛼𝒬−1 (P𝑑) + 𝛽

]2
2

}
, (33)
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where

𝑑2𝒬−1 (P𝑑)

𝑑P2
𝑑

=
𝑑

𝑑P𝑑

(
−
√

2𝜋 exp
{[

erf−1 (1 − 2P𝑑)
]2})

= −
√

2𝜋 exp
{[

erf−1 (1 − 2P𝑑)
]2} ⋅

⋅ 𝑑

𝑑P𝑑

([
erf−1 (1 − 2P𝑑)

]2)
=

= −2
√

2𝜋
[
erf−1 (1 − 2P𝑑)

]
exp

{[
erf−1 (1 − 2P𝑑)

]2} ⋅

⋅ 𝑑

𝑑P𝑑

(
erf−1 (1 − 2P𝑑)

)
=

= 2
√

2𝜋
[
erf−1 (1 − 2P𝑑)

]
exp

{
2
[
erf−1 (1 − 2P𝑑)

]2}
.

(34)

Thus, it results from the equations (31), (33) and (34), that
the second derivative of the false alarm probability P𝑓𝑎 with
respect to the detection probability P𝑑 is finally given by

𝑑2P𝑓𝑎

𝑑P2
𝑑

=
{
𝛼
[
𝛼𝒬−1 (P𝑑) + 𝛽

]−√
2erf−1 (1 − 2P𝑑)

}
⋅

𝛼
√

2𝜋 exp

{
4
[
erf−1 (1 − 2P𝑑)

]2 − [
𝛼𝒬−1 (P𝑑) + 𝛽

]2
2

}

= 𝛼
√

2𝜋
[(
𝛼2 − 1

)𝒬−1 (P𝑑) + 𝛼𝛽
] ⋅

⋅ exp
{

4
[
erf−1 (1 − 2P𝑑)

]2 − [
𝛼𝒬−1 (P𝑑) + 𝛽

]2
2

}
.

(35)

For a target detection probability

P𝑑 ≥ 𝒬
(
− 𝛼𝛽

𝛼2 − 1

)
≥ 0.5,

the second derivative of the false alarm probability P𝑓𝑎 with
respect to the detection probability P𝑑 from (35) turns out to
be

𝑑2P𝑓𝑎

𝑑P2
𝑑

≤ 0.

Thus, the probability of false alarm P𝑓𝑎 (P𝑑) is a concave
function of the detection probability P𝑑 for P𝑑 ≥ 0.5. ■

APPENDIX B
PROOF OF PROPOSITION 2

Let 𝜆̂ and 𝜇̂ be any feasible values of the Lagrange dual
function 𝑔(𝜆, 𝜇). If we prove that

𝑔(𝜆̂, 𝜇̂) ≥ 𝑔(𝜆̃, 𝜇̃) +
(
[𝜆̂, 𝜇̂] − [𝜆̃, 𝜇̃]

)
S𝑇

holds for any 𝜆̂, 𝜇̂, then S must be a subgradient of the
Lagrange dual function 𝑔(𝜆̃, 𝜇̃) at 𝜆̃, 𝜇̃. We have

𝑔(𝜆̂, 𝜇̂) = sup
𝑃
𝐿(𝑃, 𝜆̂, 𝜇̂) =
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]
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{
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[
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where 𝑃 denotes the optimal solution when 𝜆 = 𝜆̂ and 𝜇 = 𝜇̂,
whereas 𝑃 represents the optimal solution when 𝜆 = 𝜆̃ and
𝜇 = 𝜇̃. The inequality above results from the fact that 𝑃 is
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the optimal solution for 𝜆 = 𝜆̂ and 𝜇 = 𝜇̂.
Therefore, the subgradient S𝑇 of the Lagrange dual function

𝑔(𝜆, 𝜇) is given by [𝐷,𝐸], where 𝐷 is given by

𝐷 = 𝑃𝑎𝑣 − 𝔼𝑔,ℎ

{
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(
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(
P̄𝑑

))
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(
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)
𝑃

}
,

and 𝐸 is given by

𝐸 = Γ− 𝔼𝑔,ℎ

{
P (𝐻1)

(
1 − P̄𝑑

)
ℎ𝑃

}
.

■
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