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Abstract
We consider the task of independent component analysis when the independent
sources are known to be nonnegative and well-grounded, so that they have a nonzero
probability density function (pdf) in the region of zero. We propose the use of a
"nonnegative principal component analysis (nonnegative PCA)" algorithm, which is a
special case of the nonlinear PCA algorithm, but with a rectification nonlinearity, and
we conjecture that this algorithm will find such nonnegative well-grounded
independent sources, under reasonable initial conditions. While the algorithm has
proved difficult to analyze in the general case, we give some analytical results that are
consistent with this conjecture and some numerical simulations that illustrate its
operation.

Index Terms
independent component analysis learning (artificial intelligence) matrix
decomposition principal component analysis independent component analysis
nonlinear principal component analysis nonnegative PCA algorithm nonnegative
matrix factorization nonzero probability density function rectification nonlinearity
subspace learning rule
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Abstract—We consider the task of independent component analysis when the independent sources are known to be nonnegative
and well-grounded, so that they have a nonzero probability density function (pdf) in the region of zero. We propose the use of
a “nonnegative principal component analysis (nonnegative PCA)”
algorithm, which is a special case of the nonlinear PCA algorithm,
but with a rectification nonlinearity, and we conjecture that this
algorithm will find such nonnegative well-grounded independent
sources, under reasonable initial conditions. While the algorithm
has proved difficult to analyze in the general case, we give some
analytical results that are consistent with this conjecture and some
numerical simulations that illustrate its operation.
Index Terms—Independent component analysis (ICA), nonlinear principal component analysis (nonlinear PCA), nonnegative
matrix factorization, subspace learning rule.

I. INTRODUCTION

T

HE problem of independent component analysis (ICA) has
been studied by many authors in recent years (see, e.g.,
[1]). In the simplest form of ICA we assume that we have a
with each observation vector
sequence of observations
generated according to
(1)
where
is a vector of real independent random
real mixing
variables (the sources) and is a nonsingular
matrix. The task in ICA is to identify given just the observation sequence, using the assumption of independence of the s
giving
and, hence, to construct an unmixing matrix
, where is a matrix which permutes
and scales the sources. Typically, we assume that the sources
have unit variance, with any scaling factor being absorbed into
the mixing matrix , so will be a permutation of with just
a sign ambiguity.
Common methods for ICA involve higher order cumulants
such as kurtosis or the use of autocorrelation differences between the sources. The observations are often assumed to
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be zero-mean, or transformed to be so, and are commonly preso that
whitened by some matrix giving
before an optimization algorithm is applied to .
Recently, one of the current authors considered an additional
assumption on the sources: that they are nonnegative as well
as independent [2], [3]. Nonnegativity is a natural condition for
many real-world applications, for example in the analysis of images [4], [5], text [6], or air quality [7]. Neural networks have
been suggested that impose a nonnegativity constraint on the
outputs [8]–[10] or weights [11], [12]. The constraint of nonnegative sources, perhaps with an additional constraint of nonnegativity on the mixing matrix , is often known as positive matrix factorization [13] or nonnegative matrix factorization [14].
We refer to the combination of nonnegativity and independence
assumptions on the sources as nonnegative independent component analysis.
Nonnegativity of sources can provide us with an alternative
way of approaching the ICA problem, as follows. We call a
, and such a source
source nonnegative if
for any
,
will be called well grounded if
i.e., that has nonzero pdf all the way down to zero. Suppose
that is a vector of real nonnegative well-grounded independent
, where is an orthonormal
unit-variance sources and
. Then is a permutation matrix, i.e.,
rotation, i.e.,
is a permutation of the source vector , if and only if is nonnegative [2]. It therefore suffices to find an orthonormal matrix
for which
is nonnegative. This brings the additional benefit over other ICA methods that we know that, if successful, we have positive permutation of the sources, since both
the and are nonnegative.
This has a connection with principal component analysis
dimensional vector , its
(PCA). Recall that, given an
-dimensional principal component subspace can be found by
minimizing the representation error

where
is a
matrix. The minimum of
is given by a
is then the
matrix with orthonormal rows and the matrix
projector on the dominant eigenvector subspace of , spanned
by the dominant eigenvectors of the covariance matrix of
[15].
, the criterion is meaningless, because the whole
If
. The
space is the principal component subspace and
attains the value zero. However, if
is replaced
error
by a nonlinear function
, then the problem changes totally: the representation error usually does not attain the value
and in some cases the minof zero any more even for
imization leads to independent components [16]. Let us write
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this nonlinear MSE criterion, first introduced by Xu [8], for the
whitened vector instead
(2)
to be square
For the whitened case, we can restrict the matrix
) and it can be shown that
orthogonal (
[16]
(3)
. This was related to some ICA cost functions in
with
[16].
Now, this new criterion has a very simple connection to the
problem of finding a nonnegative vector . Let us use the rectification nonlinearity

which is zero for negative
(3) becomes

and equal to

otherwise. Then,

(4)
This is clearly zero if and only if each is nonnegative with
probability one.
To conclude: we are given , which is a whitened linear mixand we set
ture of nonnegative sources
with
constrained to be a square orthogonal matrix. If
is obtained as the minimum of
where
, then the elements of will be
a permutation of the original sources .
This leads us naturally to consider the use of the parameter
with
given by
update algorithm
(5)
is pre-whitened
where is a small update factor, and
(but nonzero-mean) input data. This is a special case of the nonlinear PCA (subspace) rule [17], [18]
(6)
. We shall refer to (5) as the nonnegative
with
PCA rule.
To strictly clarify the connection of this learning rule to the
and
square ornonlinear MSE criterion (2), with
thogonal, the matrix gradient of the criterion (4) is [19]
(7)
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The th element of vector
is
, which is clearly zero, since if
, then
and if
, then this term becomes
.
This means that the first term in the gradient vanishes altogether and what remains is the term
. This shows that (5) is the exact on-line gradient
criterion with orthonormal . Note
descent rule for the
that in gradient descent, the negative gradient has to be used.
However, in the analysis above we used the assumption
stays orthogonal. This is not strictly true in
that matrix
the gradient algorithm, unless an explicit orthogonalization is
performed at each step. The approximation is better, the closer
is to orthogonality. It will be shown in the following, that
stationary points of the approximating gradient algorithm will
be orthogonal matrices; thus, asymptotically, the orthogonality
assumption holds and the approximating gradient coincides
with the exact gradient.
We conjecture that under certain reasonable conditions, algorithm (5) will extract the set of nonnegative independent sources
, modulo a positive permutation ambiguity. It is not hard to see
, then
in
that if is always positive, so
, so the nonnegative PCA rule (5) is stationary
(5) if
when the nonnegative sources have been identified. However,
as we shall see in what follows, a full analysis of this algorithm
.
appears to be particularly difficult, even for the case
The analysis given in [18] applies only to odd, twice-differenor , but
tial nonlinearities, which is the case for e.g.,
does not hold for rectification.
While there are more efficient algorithms for nonnegative
ICA, such as those based on orthonormal rotations [3], we consider algorithm (5) to be important since it is a “stochastic gradient” or “online” algorithm whereby the parameter matrix
can be updated on each presentation, rather than requiring a
batch of observations. There is also a batch version of (5)
(8)
where the columns of
and are formed from stacking the
individual vectors and of (5).
In the following sections, we will present the nonnegative
PCA algorithm more formally, together with its related ode and
give our conjecture on the convergence of this algorithm. We
will then analyze the behavior of the algorithm, presenting some
analytical results for the multisource (general ) case, with more
and
, including proving converspecific results for
gence of the ode for
and stationarity for
. Finally,
we will present some illustrative numerical simulations on artificial data and natural images to demonstrate the operation of
the algorithm.
II. ALGORITHM AND CONJECTURE
A. Pre-Whitening

is the representation error and
Looking at the first term
on the right-hand side of (7), we have
where

The first stage of our algorithm is a whitening step. In contrast
to the pre-whitening step used in many other ICA algorithms,
we must be careful not to remove the mean from our data since
to do so would lose the information on the nonnegativity of the
sources [3]. However, the approach is otherwise similar to standard pre-whitening (see, e.g., [1]).
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Given a sequence of observed real data vectors , let
be its covariance matrix, where is the
mean of . Let us form the eigenvector–eigenvalue decomposition
, where
is the
, and
diagonal matrix containing the (real) eigenvalues of
is the matrix whose columns are the corresponding unit-norm eigenvectors. Then let the whitened data be

find nonnegative sources, and so the nonnegative PCA rule (5)
will also tend to find these.
be a vector of
Conjecture 1: Let
well-grounded nonnegative independent sources with bounded
where
is square and
nonzero variance and let
. Then the ode (12) converges
orthonormal, i.e.,
such that
is a nonnegative permuto some
tation matrix, so that
is some noninverted permutation
is such that
of the sources, if and only if the initial value
for all
.
Remark: The preconditions of this conjecture are satisfied if
the sources are independent, and is the vector of pre-whitened
observations. In fact, we believe that second-order indepenfor all
) is likely to be
dence (
sufficient for convergence of the nonnegative PCA ode (12),
although for simplicity of later analysis in this paper we assume
the sources are independent.

(9)
for any orthonormal matrix , i.e.,
where
. We often choose
or
such that
. It is straightforward to verify that
. For unit variance sources, where
we note that
and
matrix product
is orthonormal.
consequently the
was calculated with the
Note that the covariance matrix
data mean removed (it is a covariance matrix rather than a correlation matrix), while the mean is not removed during the calculation of the “whitened” data from the observed data .
of is a unit matrix,
Nevertheless, the covariance matrix
so we refer to this step as a “whitening” process in this article.
While zero-mean whitening is convenient for many ICA algorithms, independent random variables need not be zero-mean,
and clearly cannot be zero-mean if they are nonnegative (unless
they are identically zero). The importance of the whitening step
is that the independent sources are an orthogonal rotation of the
resulting whitened data , whether or not the data mean is subtracted during the whitening process.
B. Parameter Update Step
Following pre-whitening, for an online or stochastic gradient algorithm we repeatedly calculate
for each
pre-whitened observation vector as it arrives, and apply an
using the nonnegative PCA rule (5).
update
Alternatively, if we have data in the form of a batch of vectors
, then we form pre-whitened data
.
, followed by the nonWe then repeatedly calculate
negative PCA batch rule (8). In both cases, we repeat until the
error criterion

III. ANALYSIS OF THE ODE
As mentioned above, one of us previously analyzed the nonis
linear PCA ode corresponding to (6) for the case where
odd and twice differentiable, and is zero-mean [18]. Under
for which
certain conditions it was shown that the point
is a suitable diagonal matrix, is asymptotically
stable. However, a preliminary analysis suggests that the extension of this approach to the nonnegative PCA rule (5) is not particularly straightforward.
Therefore this paper takes an alternative approach. We shall
into different regions for which
partition the data space
different subsets of outputs
are nonnegative. We will then
use known results from the linear PCA subspace algorithm to
investigate the behavior due to data arrival in each subset. The
overall flow of the ode will be the sum of the flows due to each
data region.
A. Linear PCA Subspace Ode

(10)

Let us briefly review the behavior of the linear PCA subspace
ode [21]. The input vectors
are used without
pre-whitening, so we have
(i.e.,
) with an output
where
is an
weight matrix
, updated according to the ode
with

(11)

(13)

is sufficiently small, where
is the square of the Frobenius
norm of a matrix , i.e., the sum of the squares of the elements.

where
is the correlation matrix of
. We are careful to distinguish the correlation matrix from
, since our
the covariance matrix
data is not zero mean. While many results of the analysis of
PCA or PCA subspace algorithms are expressed in terms of a
“covariance matrix” of zero-mean data, it is clear from (13) that
for nonzero-mean data the behavior of the ode is determined by
and
only.
Equation (13) has been studied extensively in recent years. If
is positive definite such that its th and
st eigenvalues
is finite and full rank, then
converges
are distinct, and
of
span the principal subto a solution where the rows
space, i.e., the subspace spanned by the principal components
of (see, e.g., [21]–[24]).

C. Main Conjecture
In general, difference equations such as (5) are very hard to
analyze precisely, and it is common to consider instead the behavior of the related ordinary differential equation (ode)
(12)
For certain reasonable conditions, it can be shown that the difference equation (5) will converge to the asymptotically stable
points of (12) (see, e.g., [20] for a discussion of this technique
for linear PCA models). We conjecture that (12) converges to
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Also of interest is the behavior of
. If
is positive
is finite and full rank, then
remains finite
definite and
, the Lyapunov function
and full rank for all
(14)
is a nonincreasing function of except when
,
where
. Therefore
converges to a solution of
, i.e.,
becomes an orthonormal matrix [23],
[24]. In fact, is bounded from above by a curve of the form
for some
([23] Proposition 3.1), so
given any
for all
.
B. Multisource Case
While a full analysis of the multi-unit (general ) case has
proved to be difficult, there are some results that come immediately. For example, it is straightforward to verify the “only if”
direction of Conjecture 1, i.e., that the initial condition on
is necessary.
Lemma 1: For the system of Conjecture 1, suppose that
is such that
for some . Then the
system cannot converge to a state where is a noninverted
permutation of the sources and, hence, cannot converge to a
nonnegative permutation matrix.
where
is the
Proof: Let us write
th column of
(i.e., that
is the th row of ). Then the
ode (12) can be written as simultaneous odes
(15)
from which it is clear that

since
is such that
. Thus
will
remain unchanged during the operation of the ode. But this is
a nonpositive signal, and hence does not (and will never) equal
any nonnegative nonzero-variance source .
To make much of the following analysis of the nonnegative
PCA ode simpler, we can express the ode (12) in terms of
instead of
[18]. Since
is a constant matrix such
it is straightforward to show that
that
(16)
which, together with
in place of
, is of exactly
the same form as (12) with the substitution
and
.
Note that in (16) is not constrained to be orthonormal. Thus
(as for nonlinear PCA), the behavior of the system is determined
purely by the source vectors and the overall transform , a
property known as equivariance [25]. We can also express the
used in Conjecture 1 as an equivalent
initial conditions on
condition on the value of in (16).
Lemma 2: For the system of Conjecture 1,
for all
, if and only if each row vector
of
contains at least one strictly positive element, i.e., that for each
there exists at least one
for which
.
Proof: Intuitively, we can see that due to the well-ground, and the finite variances
edness of the sources with negative
, then there will be a nonzero
of the sources with positive
probability that the positives will outweigh the negatives as they
sum to give each . To show this more rigorously, let
be the set of indexes to the strictly positive compo-

nents of

, so

where
ance. Thus, for
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where
and
. Now, for each
we have
is the mean of
since it has nonzero vari-

(17)
(18)
(19)
where we use the fact that the sources are independent. Now,
(for which
since the sources are well-grounded, for each
is negative or zero) we have
using the positive value
. Thus if
then

(20)
and, hence
(21)
(22)
(23)
If
then all
are strictly positive and the inequality holds trivially. For the converse, suppose tentatively
of
are negative or zero. Then
that all elements
must be negative or zero since all the sources are non. Thus, if
negative and, consequently,
there must be at least one strictly positive element
of .
We now show that the convergence points proposed in conjecture are stationary.
is a nonnegative permutation matrix, then
Lemma 3: If
ode (16) is stationary.
Proof: Since both and are nonnegative, then so is , so
and ode (16) becomes
,
and
.
i.e., the subspace ode (13) with
Now if
is a permutation matrix, it has elements
where
and
for all
. Thus, it
so
.
follows that
We call the domain wherein all elements
of
are
nonnegative the linear domain of (16). In the linear domain,
(16) reduces to the linear subspace ode (13), and it is thus
relatively straightforward to investigate the behavior in this
is a nonnegative permutation matrix
domain. Clearly, if
(Lemma 3) then it is in the linear domain: the following Lemma
investigates the behavior of the more general case for in the
linear domain.
Lemma 4: Let be a bounded full rank matrix in the linear
domain of (16) and let
for in (16) be positive
definite. Then if remains in the linear domain it converges to
a permutation matrix.
Proof: We note that
so
, which is
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strictly decreasing over time in the linear domain, as we saw
in Section III-A. Therefore, if remains in the linear domain,
is an
it must converge to an orthonormal matrix and, if
orthonormal matrix with all nonnegative elements, it must be a
permutation matrix ([2] Lemma 1).
Remark: Unit variance of all sources
is sufficient to fix
to be positive definite, since
.
Thus if is full rank and is positive definite, the permutation matrices are the only stationary points in the linear region,
and there are no limit cycles in the linear region. Conjecture
1, if true, would imply these are the only stationary points for
the nonnegative PCA subspace algorithm, and consequently that
there are no stationary points outside of the linear region (except
for which
for the “bad” domain of initial
for some ).
The conjecture, if true, would also imply that these points
outside of
are stable, even against perturbations which take
to be
the linear region: Lemma 4 does not in itself require
stable if it is a permutation matrix. For any permutation matrix,
of its entries are zero, which is right against the edge of
the linear region: any perturbation which takes these zero values
negative will take the behavior outside of the linear region. We
also note that the conjecture implies that there can be no limit
cycles outside of the linear region.
We have seen that in (14) decreases in the linear domain,
and we shall see that there are other conditions where can be
shown to be decreasing. However, there are conditions where
does not decrease, as shown by the following lemma, so e.g.,
it cannot be used as a Lyapunov function or energy function to
demonstrate convergence in the general case.
. Then there exists some
Lemma 5: Let
in (16) for which is zero but
. Furthermore, there
for which is increasing.
exists some
, construct
Proof: For the case
where
with
and
,
so that
. It follows that
and
, so
. After some manipulation
and
,
we find
yielding
since
, where
due
the inequality is strictly held since
to the independence and well-groundedness of the nonnegative
. Therefore
.
sources
Furthermore, let
where
for some small
and is unchanged. This leads even, which
tually to
means that is not even nonincreasing, so certainly cannot be
used as a Lyapunov function (or even a weaker “energy function”) here.

. This ode clearly converges to
(the
where
, (also given by Lemma
trivial “permutation matrix”) if
4), and remains static otherwise. Thus, Conjecture 1 is valid
.
for
In fact, there is a slightly less trivial version for the case
. Suppose that we have some observation
,
has only one nonzero eigenvalue
and
for which
. In this case, the eigencorresponding unit eigenvector
value matrix
is noninvertible, so instead of whitening using
we
could “pseudowhiten” using the square root of pseudo-inverse,
. This gives a pseudowhitening matrix
for some
orthonormal , leading to
i.e.,
, where
is the first
column vector of , and is the only nonzero eigenvector of
.
If we then have
is either entirely non, when
or entirely nonnegative
, when
. If nonpositive,
positive
the algorithm is stationary. If nonnegative, the algorithm will
operate as a linear Oja PCA neuron [26] and, hence, in this par, again leading to
.
ticular case converge to
We suspect that this may be a special case of a more general result. Specifically, we believe that for input data vectors
the nonnegative PCA subspace algorithm
of dimension
will find the subspace containing the pseudowhitened sources
, but we will not consider this further in this particular
for
paper.

C. Single-Source Case

with update ode

case is somewhat trivial, but nevertheless worth
The
stating to confirm that the conjecture does not break for this
simple case. Here, we have
with
. Our weight flow for is given by
(24)

D. Two-Source Case: Stationarity
For reasons of space, we shall restrict ourselves to considercase in the present
ation of the stationarity only of the
paper. We have seen that, in order to analyze the behavior of
the nonnegative PCA subspace algorithm as an ICA algorithm,
it is sufficient to consider the ode (16) expressed in terms of
the source-to-output matrix , and the sources , for which
. For analysis of convergence, we no longer need to
consider what happens to , or since these can be reconstructed from and if required.
However, while this is an ICA algorithm, we will make considerable use of tools from the PCA subspace literature. To assist readers to see more clearly the links to these techniques, we
shall take the somewhat unusual step of changing notation for
this section. Specifically, we will make the substitutions
and
, leading to a system expressed as
(25)

(26)
with well-grounded nonnegative independent sources . Alternatively, the reader may wish to consider that we have made the
such
assumption, without loss of generality, that
and
.
that
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Fig. 1. Some possible arrangements for
, showing the regions ; and , which are all subsets of the positive quadrant. Region
. The
domains illustrated here are: (a)
; (b), (c), and (d)
; (e)
; and (f)
.
not lead to any change in

Let us partition the whole data region
mutually exclusive regions

into four

W

W

W

D is omitted, since it does

TABLE I
WEIGHT–SPACE PARTITION FOR STATIONARITY ANALYSIS

(27)
(28)
(29)
(30)
where it is straightforward to verify that
Note that these regions will depend on
possible arrangements).
We can now write the ode (26) as

.
(see Fig. 1 for some

(31)
we have

where for any
with

such that
. Working out the terms in (31)

we get

for
. It immediately
where
, so
is
follows that (31) does not depend on any
omitted in the sequel. We sometimes find it convenient to write
(26) in terms of the individual weight vectors as
(36)

(32)

(37)

(33)

We will now investigate the stationarity of (31) and, hence, (26),
, and . We partidepending on the various values for
into eight mutually exclution the parameter space
, and
are zero
sive domains, depending on which of
implies
.
(Table I) and noting that

(34)
(35)
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The last three correspond to regions which do not satisfy the
initial conditions for Conjecture 1. We therefore wish to show
, the
that for any
system is stationary if and only if
is a positive permutation
matrix.
, and where is
Lemma 6: In the system (25) with
a two-dimensional (2-D) vector of well-grounded nonnegative
be a bounded full rank
unit-variance independent sources, let
, then the ode (26) is stationary if and
2 2 matrix. If
is a positive permutation matrix.
only if
Proof: The “only if” direction follows immediately from
Lemma 4 with an appropriate change of notation. The converse
.
is a special case of Lemma 1 with
, which we
We shall also note the condition for being in
will need later.
if and only
Lemma 7: For the system of Lemma 6,
are nonnegative.
if all the elements of
of
is negative, there is a nonzero probaIf any element
bility that source might outweigh all the others, since they are
well-grounded so will sometimes be close to zero, producing a
negative . A formal proof along the lines of Lemma 1 can be
constructed if desired, but will be omitted here for brevity.
,
Lemma 8: For the system of Lemma 6, if
then the ode (26) is nonstationary.
we have
Proof: In

so

(38)
(39)
Suppose tentatively that there is a stationary point
Let us construct the following function

.
Lemma 10: For the system of Lemma 6, if
,
then the ode (26) is nonstationary.
and
given by (36) and (37), respecProof: With
tively, let us tentatively suppose that the system is stationary,
. Taking the dot product of ode (36)
i.e., that
and using
we get
with
(43)
where

,
.
From Lemma 9 we have
for
, so we
for
to be stationary. A similar analysis for
must have
shows that
, where
and
and,
hence, demonstrates that
for
to be stationary.
Now, let us consider the behavior of the nonorthonormality
in the various flow regions
measure
, and . If decreases under the flow due to each region,
then it must decrease under the composite flow due to the sum
of the effects of these regions. Let us write
where
for
. Since region
corresponds to the linear case, we
already know that
with equality if and only if
is orthonormal, i.e.,
.
Considering region , we find
, and

.

(44)
(40)
which must be zero at any stationary point. Substituting
and
, and using
in the relevant expressions for
, after some manipulation we get
since
in region and
in region , and the exand
pectations are nonzero due to the well-groundedness of
,
nonzero variance of . Thus, is nonzero for any
so there are no stationary points in
. The result for
follows immediately by substituting
.
Before we consider
, let us state a minor result that is
intuitively clear from Fig. 1(e) and (f).
and
, i.e.,
,
Lemma 9: If
.
then
, where
and
Proof: Let us construct
are vectors with positive elements. Then
is of the
form
(41)
where represents a positive number and
Therefore

a negative number.

(42)

of which we can immediately see that the first term is nonpositive, and zero if and only if
. We know that
in
region , and from Lemma 9 we know that
for
. Therefore, if we could show that
for all
, that would suffice to show that the second term
.
was negative and, hence, that
takes the
From the calculation in Lemma 9 we know that
form
(45)
for an appropriate matrix , so assuming without loss of gen, we have
. Let us introerality that
duce the orthonormal coordinate transformation matrix
where
is the
vector
rotated by
into the positive quadrant. It is a
. Considstraightforward calculation to verify that
, we can show that
so both
ering some
are positive.
elements of
Now, under our tentative assumption of stationarity, we must
have
. Therefore for any
, all of which satisfy
, we have
,
due to
and we also have
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the positive-only elements in both. Therefore, both elements of
are positive, from which we can conclude

(46)
. A similar argument shows
and, consequently, that
. Since
is a function of
cannot be stationary.
.
Finally, let us consider the remaining weight domain
, then
Lemma 11: For the system of Lemma 6, if
the ode (26) is nonstationary.
, which will only be affected by
Proof: Consider
. We know from the calculation in Lemma 9 that the two elmust have opposite signs. Without loss of generements of
, then we calculate
ality, let us assume that
since
but all other quantities
is not stationary in this domain. (A
are positive. Therefore,
.)
similar result also holds for
We notice that this proof for Lemma 11 also demonstrates
that there are no limit cycles in the domain
since we have
in this domain. We
a monotonically increasing quantity
are finally in a position to state the main stationarity theorem for
system.
this
Theorem 1: Let
in (25) be a bounded full rank 2 2 maof
contains at least one strictly postrix, where each row
itive element, and is a 2-D vector of well-grounded nonnegative unit-variance independent sources. Then ode (26) is stais a positive permutation matrix.
tionary if and only if
Proof: The “if” direction is simply a special case
of Lemma 3. For the converse, from Lemma 2, we know
is equivalent to requiring
that the precondition on
. From Lemma 7,
is positive, it must be in
. Therefore,
we know that if
, then ode (26) is stationary
we must show: (a) if
is a positive permutation matrix and (b) if
if and only if
, then the system cannot
be stationary. Lemma 6 gives us (a) and Lemmas 8, 10, and 11
give us (b).
and, hence,
that

IV. NUMERICAL SIMULATIONS
In this section, we present some numerical simulations, run
in Matlab, to demonstrate the behavior of the algorithm. The
is initialized to the identity matrix, ensuring
forward matrix
and hence of
. For these
initial orthogonality of
practical simulations, we augment the basic algorithm with the
following control mechanisms, to avoid the “bad” region and to
automate the choice of learning rate.
for
1) At each iteration, if there is any output with
all patterns , then the th row
of
is inverted to
remove us from this undesired weight domain. We have
only observed this to be needed at the start, or if the algorithm was about to become unstable due to a large update
factor.
2) The update factor is automatically adapted for best decrease in mean squared error. We found that a test every

Fig. 2. Simulation on uniformly distributed artificial data for n = 3. The top
graph shows e
, the middle graph showing e
(upper curve) and e
(lower curve), with the bottom graph showing the update factor  used.

Fig. 3. Simulation on uniformly distributed artificial data for
the same layout as Fig. 2.

n = 10, with

10% increase in iterations, with scaling of 2, 1, or 0.5 gave
reasonable performance.
3) A test for instability is performed every iteration: if more
than a small increase in MSE is found, the update factor
is immediately scaled down by 0.5 and retried.
We used the batch update method (8) here, which should
have a behavior close to the ode (12). Apart from the adaptive
learning rate , we have chosen not to use any other acceleration
methods, so that we show the behavior of the basic algorithm as
closely as possible.
A. Artificial Data
We generated source vectors each with elements randomly using the Matlab 4 uniform generator “rand,” scaling the
to ensure unit variresulting values to lie in the interval
mixing matrix was generated ranance sources. The
domly from the normally distributed generator “randn,” which
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TABLE II

PARAMETER MATRIX

H = WVA FOR n = 10 AFTER 10

ITERATIONS

has mean zero and variance one. Thus the sources are nonnegative, while the mixing matrix is of mixed sign.
As performance measures, we measure a mean squared error
, an orthonormalization error
, and a permutation
error
defined as follows:
(47)
(48)
(49)
returns the absolute value of each element of
where
, so that
only for a positive permutation matrix.
or
) is to allow
The scaling of the parameters (by
more direct comparison between the result of simulations using
different values for and .
Fig. 2 shows a typical operation of the algorithm for
sources with
samples.
After
iterations (203 s of CPU time on an 850 MHz Penwas
tium 3), the source-to-output matrix

(50)

with

, and
.
Fig. 3 shows a typical operation of the algorithm for
sources with
samples.
After
iterations (1.5 h/5750 s of CPU time on an
850-MHz Pentium 3), the source-to-output matrix
was as given in Table II with
, and
. From , we can see that
sources (columns) 1 and 6 both have a significant effect on each
of the outputs (rows) 5 and 2, although we would expect further
learning to remove this. The learning rate variations after
iterations in Fig. 3 indicate that our current combination of
adaptive learning rate and instability avoidance is leading to
oscillation of and could be improved.
decreases
These simulations seem to indicate that the
and
during the operation of the algorithm. While both
are brought close to zero as the algorithm proceeds, it
is clear that both of these quantities may increase as well as
decrease, as we showed in Lemma 5. We have not observed a
situation where the algorithm does not tend to find a permutation

Fig. 4.

Simulation results on image data.

matrix, if left long enough (recall that we avoid the undesired
domain by flipping
if necessary).
B. Natural Image Data
The algorithm was applied to an image unmixing task. For
this task, four image patches of size 252 252 were selected
from a set of images of natural scenes [27], and downsampled
by a factor of 4 in both directions to yield 63 63 images. Each
images was treated as one source, with its pixel
of the
values representing the
samples. The
source image values were shifted to have a minimum of zero,
to ensure they were well-grounded as required by the algorithm,
and the images were scaled to ensure they were all unit variance.
After scaling, the source covariance matrix was found to be

(51)

which showed an acceptably small covariance between the images: as with any ICA method based on pre-whitening, any covariance between sources would prevent accurate identification
of the sources. A mixing matrix was generated randomly and
used to construct using the same method as for the uniform
data in the previous section.
steps,
Fig. 4 shows the performance of learning over
with Fig. 5 showing the original, mixed and separated images
and their histograms.
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slow as increases. We have concentrated on the batch method
here, for closer compatibility with the ode form: the online version is normally faster. Least-squares methods [28] have been
used elsewhere to speed up the closely related nonlinear PCA
rule (6), and it is possible that this approach could be used here.
There are also alternative and more efficient batch algorithms
for nonnegative ICA which search over a constrained set of
[3] and it is also possible to use any standard ICA algorithm
followed by inversion of nonpositive sources [29].
The image separation task was constructed in order to visually demonstrate the operation of the algorithm. In general,
image separation tasks may be more difficult for this nonnegative PCA algorithm, due to either nongrounded sources, or
covariance between the sources. Nongrounded sources could
allow the mean squared error to be minimized, while leaving uncertainty or “slack” in the axis rotation to be performed [2]. One
way to overcome this might be to attempt to estimate the lower
bound of each source as an algorithm progresses, and subtract
from each before rectification. Covariance can also be a significant problem, particular for standard images of faces: these
tend to be one color in the center with a contrasting color around
the outside and, hence, exhibit significant covariance with each
other. It is possible that we could adapt the use of innovations
[30] to remove such correlations, while retaining the use of the
nonnegativity information.
VI. CONCLUSION

Fig. 5. Images and histograms for the image separation task showing: (a) the
original source images and (b) their histograms; (c) and (d) the mixed images
and their histograms; and (e) and (f) the separated images and their histograms.

After
iterations (1694 s/28 min of CPU time on an
850 MHz Pentium 3), the source-to-output matrix
was

(52)

with

,
, and
. The algorithm is able to separate the images reasonably well: in fact, good initial separation is already achieved
, although the algorithm is slow to remove reby iteration
maining crosstalk between the images.

We have considered a “nonnegative PCA” algorithm for nonnegative independent component analysis, based on the nonlinear PCA algorithms but with a rectification nonlinearity. We
conjecture that this algorithm converges to find the nonnegative
sources, provided certain initial conditions are met.
We have given some analytical results that are consistent with
this conjecture, including stability in the linear region, convergence of the single-source case, and stationarity in the twosource case. We performed numerical simulations on both artificial data and mixtures of natural images, which also indicate
that the nonnegative PCA algorithm performs as we expect.
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