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Abstract. We introduce an extension of Hennessy-Milner logic for the π-calculus
which gives sound and complete characterisation of representative behavioural
preorder and equivalence over typed processes. New connectives are introduced
representing actual and hypothetical typed parallel composition and hiding. We
study two compositional proof systems, characterising the May/Must preorders
for infinite processes. The mixture of the two proof systems characterises bisimi-
larity. These proof systems are uniformly applicable to different type disciplines.
The proof rules and logical axioms originate from the proof rules for Hennessy-
Milner logic for the π-calculus, studied by the preceding researchers including
Amadio and Dam. We demonstrate how the use of types facilitates high-level
logical reasoning through examples, including Milner’s encoding of data struc-
tures, and business protocols. We also show that the logic can embed a compo-
sitional program logic for call-by-value higher-order functions fully abstractly,
in the sense that validity of assertions in the program logic is preserved and re-
flected by validity of assertions in the process logic through encoding. By dualis-
ing modality, we obtain a fully abstract logical embedding for partial correctness.
These results extend to different programming constructs including those with
imperative features.
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1 Introduction

Communication is becoming a foremost element of computing, from web ser-
vices to sensor networks to multicore programming. Communication systems
exhibit a wide diversity of behaviour, sequential and concurrent, stateless and
stateful, first-order and higher-order, deterministic and non-deterministic. A use-
ful way of understanding this diversity is to classify behaviour into types. A
compositional universe of types has a fundamental merit in engineering, guar-
anteeing basic safety such as the lack of synchronisation error and offering
high-level abstraction in description and analysis, as well as helping distilled
understanding of the semantics of processes.

The π-calculus [86] is an expressive formalism for concurrency, represent-
ing a vast array of communication behaviour in its small syntax. Starting from
Milner’s investigation of typed (or sorted) channels [82], many different no-
tions of types have been studied for this calculus, yielding diverse universes of
types. For example one type discipline turns the π-calculus into a semantic uni-
verse which exactly captures call-by-name and call-by-value sequential higher-
order computation [17], while others ensure linearity [51, 67, 82], termination
[99, 120] and different kinds of causality, e.g. [63, 66, 118].

The expressiveness of the π-calculus with respect to a broad range of typed
universes comes from its central operation, name passing, and its parsimonious
set of algebraic operators for composing processes such as prefix, concurrent
composition and hiding, both having their origins in the preceding process al-
gebras such as CCS [77], CSP [49] and ACP [20]. The expressiveness of this
calculus leads to the power to describe and represent a wide range of behaviours
of existing sequential and concurrent programming languages. Further, this rep-
resentability can be made semantically exact through simple type structures
based on duality [17, 18], which are in deep connection with other basic the-
ories of computing such as game semantics [9, 61] and linear logic [38]. This
exact semantic representability follows the standard principle of fully abstract
semantics of programming languages in denotational semantics [76]: each pro-
cess type representing a program type is inhabited by exactly those processes
which semantically represent those programs inhabiting the original program
type. Note this means there is an intrinsic way, as process types, to constrain
the fine-grained dynamics and algebra of the π-calculus so that they can faith-
fully represent the dynamics and algebra of a given programming language, for
a large number of language constructs. The representability leads to a potential
of this calculus as a means to study diverse notions of programming languages
and computational formalisms through semantically precise representation, in-
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cluding functional and imperative, sequential and concurrent, message passing
and shared variables, first-order and higher-order, stateful and stateless.

In this paper we investigate a basic shape of logics for typed name passing
processes. The use of typed π-calculi in the present context has two motivations.
Firstly, types offer abstraction of communication behaviour, giving a basis for
more intelligible description and more efficient validation of their properties.
Through the expressiveness and conciseness of the π-calculus, the interplay be-
tween types (which dictate the language constructs and how they can be com-
bined) and logics (which dictate what properties such a combination may or
may not satisfy) for reasoning about communicating processes can be studied
in a formal and general setting without losing tractability. Such an inquiry may
be engineeringly valuable given the increasing significance of concurrent and
communication-centred programming and our relative lack of understanding of
fundamental principles to design, specify and control their behaviour, unlike
those of sequential computation. Here our aim is to use typed π-calculi for the
programme to explore specification and reasoning methods for programming
with communication and concurrency, carried out in a tiny syntax but without
losing essential richness of communicating processes.

Secondly, the representability of diverse typed universes in the π-calculus
mentioned above suggests that this programme can be extended to other uni-
verses of typed behaviour, including sequential ones. Once we have a general
framework to specify and reason about typed name-passing processes, it will
become applicable to a wide range of programming languages, not only concur-
rent, communication-based ones: the framework may be usable to suggest, anal-
yse and justify program logics for a variety of programming languages. Such
a study is not only technically interesting but also has an engineering signifi-
cance when a single programming language incorporates constructs from dif-
ferent paradigms (as will be a norm in future concurrent programming which
will combine different abstractions such as communications and shared vari-
able concurrency for clarity and performance) or when a single application is
made up from components written in different programming languages (which
is already a norm in many large-scale applications, using different general and
domain-specific languages to describe and combine different components).

Technically we study Hennessy-Milner logic [42] with fixed point operators
[11, 68, 117] for typed π-calculi, based on the preceding studies on the modal
logics for the untyped π-calculus [10, 31, 87]. Hennessy-Milner logic is origi-
nally introduced as a logic for CCS [78], which precedes the π-calculus, and is
one of the most widely studied logics for communicating processes. The logic
has been shown to have a significant property in the context of CCS in that
it completely characterises semantics of processes [42]. Such a completeness
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property is important for general specification languages, since one of the key
merits of logical specifications is to be able to describe and validate essentially
arbitrary semantic properties of programs – one can pinpoint any specific prop-
erty of interest as an assertion, in order to use the description as a basis of diverse
engineering activities, be it specification, modelling, refinement, verification,
testing or program analysis.

This semantic completeness, combined with the representability of formu-
lae of program logics in those of the typed process logic (reflecting the rep-
resentability of behaviour of programs in typed processes), leads to a frame-
work where, for an arbitrary programming language embeddable in a typed π-
calculus, we can find a semantically complete logical language in the form of the
typed Hennessy-Milner logic. On this basis, the compositional proof rules for
the logic, which precisely follow the term structure of the π-calculus, offer a ba-
sis of compositional reasoning for programming languages as initiated by Hoare
[48] based on Floyd’s assertion method [36]. In other words, Hennessy-Milner
logic for the π-calculus with compositional proof rules serves as a common
platform for compositional program logics for diverse programming languages,
which is made possible through decomposition of the algebra of programs into
the more fine-grained algebra of processes. As we shall discuss in the last sec-
tion, compositional proof rules for non-trivial programming languages, includ-
ing Hoare logic, can indeed be exactly embeddable in the proof rules for the
typed process logic.

Among possible applications, there are several recent languages and lan-
guage extensions for well-structured description of communication and/or con-
currency on the basis of sequential programming idioms, including [12, 26, 29,
33, 34, 60, 95, 104, 116]. The framework we present in this paper can in prin-
ciple offer a uniform assertion framework for the two key elements of these
languages, sequential and concurrent, through their representation in the π-
calculus, which may use different type structures induced by their structured
forms of concurrency. There are two challenges. First, can such representation
lead to a tractable, and effective, reasoning framework for integration of sequen-
tial programs and concurrency in these languages? Such integration may not be
an automatic process, but rather demands, in each case, considerable theoretical
and design analysis. A general method as presented in the present paper may as
well be able to assist such analysis efforts. Secondly, some of these languages
already have, for their sequential part, sophisticated specification languages and
tools, cf. [4, 71]. Can we use the present logical framework for a smooth ex-
tension of these existing assertion languages and methods to concurrency and
communications? Other realms of interest may include emerging international
standards for description of communication behaviours such as [6, 111]. The
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applications of the presented framework in these and other areas may as well
accompany the use of proof assistants and software model checking tools in-
cluding [1–3, 5, 13, 30, 39, 43, 50, 97, 114].

1.1 Key Technical Elements

The present study owes much to the preceding studies on Hennessy-Milner logic
[70, 103, 107, 108] and its extensions for the untyped π-calculus [10, 31, 87]. On
the basis of these studies, we augment the original logic with a few new con-
structs, which indeed appeared in some way or other in the preceding studies.
We are motivated by the need for logical specifications and reasoning for typed
processes, while maintaining the key properties of Hennessy-Milner logic, in
particular its semantic completeness. Together with these constructs, we believe
that the logic offers a starting point for the research programmes we discussed
above. Below we informally outline the key technical elements of the logic,
which will be technically explored in the subsequent sections.

Basis. We use one of the most advanced logics for the untyped π-calculus by
Dam [31] as our basis. Dam’s logic uses a parametrised form of recursion (rep-
resenting minimal and maximal fixed points of properties) which is essential for
expressive specifications and tractable reasoning for stateful behaviours.

Apart from minor presentational differences, one departure from [31] is the
use of weak behavioural semantics (hence weak modalities) [79] as the seman-
tics of the logic, abstracting away τ-actions. Many interesting semantic proper-
ties of communicating processes and programing languages are based on weak
semantics (for example correctness of optimisation). Further, the correctness ar-
guments of many encodings of data structures and programming languages in
the π-calculus are almost always based on weak semantics [81, 82, 115]. These
correctness arguments often rely on the deterministic nature of typed reduction
in the representations, where additional reduction steps induced by the encod-
ing can be abstracted away because they are semantically neutral. This is in fact
one of the key effects of types on process semantics, imposing deterministic
interactions [79, §15] at typed channels.

In the logic, we use the weak action modality augmented with the seman-
tically strong action modality, which represent a strong action modality up to
the underlying weak semantics. Concretely, suppose we wish to specify that
a given process will necessarily emit an output after several τ-actions which
do not change the semantics of the process. Such semantically neutral τ-actions
followed by an observable action often arise in typed processes. While the even-
tual output itself can be specified by the standard weak modality, such semantic
neutrality in τ-actions is hard to specify unless we use strong actions up to weak
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semantics — under which such an output can be described by a strong output
modality. In this way, the combination of strong and weak modalities leads to
precise logical specification and reasoning of the semantics of typed prefixes
and their interactions, thus contributing expressive specifications and powerful
proof rules for deducing properties of typed processes.

The use of weak semantics is known to cause difficulty in the formulation of
proof rules [31], which we address through new connectives, discussed below.

New Connectives (1). We augment the base logic with three logical connec-
tives. We first discuss two of them, parallel composition and hiding, correspond-
ing to two composition operators in the π-calculus. The parallel composition
connective is written A ◦ B for formulae A and B, representing the situation
when two processes, respectively satisfying A and B, interact in concurrent com-
position. The formula originates from [107]. The hiding νx.A, first treated by
Cardelli and Caires in [24], represents a property of a process under the hiding
of x, with the original process satisfying A.

These two connectives leave implicit potential modal actions which may
result from composition. Through axioms associated with these connectives, we
can derive a more explicit modal assertion. This process may be considered as
a logical analogue of expansion law [79], which derives a behaviour equivalent
to the composition of two behaviours by algebraic laws.

A key observation is that types often endow, through semantics of typed
processes, powerful logical axioms for such deduction in comparison with the
untyped setting (often in a close correspondence with the expansion law in the
typed setting). Because these connectives come from the compositional struc-
tures of processes, the proof rules can be presented in a strictly compositional
way, following the structure of processes. Once this “lazy” assertions are de-
rived by the proof rules, we can deduce explicit modal actions of processes.

Therefore the introduction of these connectives is less about sheer expres-
siveness (for which fixed point operators serve the purpose [31, Proposition 3.3])
than the organisation of deduction. This organisation has its basis in central ef-
fects of types for processes: types change the semantic nature of parallel com-
position and hiding, so that different types induce different logical laws for the
connectives. When typed processes use more than one notions of types (as found
in many type disciplines for the π-calculus), such a presentation is essential for
reasoning about typed processes.

New Connectives (2). The connective for hypothetical parallel composition,
written AB B for formulae A and B, allows one to assert a property of a process
under a hypothetical parallel composition. In A B B, A is a property of a be-
haviour to be hypothetically composed; whereas B is a property of the resulting
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composed behaviour. It originates in Stirling [108] and, in its spirit, its parallel
can be found in the use of sequent-based presentation of Hennessy-Milner logic
by Dam and Simpson [31, 103] for hypothetical reasoning. Philosophically and
in practice, this connective plays a key role in diverse forms of rely-guarantee
reasoning [65] for processes, where A in AB B is about what the process relies
on (or assumes), and B in A B B is about what it guarantees (or commits). The
significance of this connective in logical reasoning about typed processes is first
observed by one of the present authors in [14, 15].

We illustrate the meaning of the connective in its relationship with ◦. Sup-
pose a process has a property B. Then if we hypothetically compose this process
with the property A, we obtain an assertion for this process under the hypotheti-
cal composition, AB (A◦B), saying under A, this process will have the property
A◦B. Thus the deduction involving B is almost always reducible to that for ◦.

The significance of B however lies in its use for specifications. For exam-
ple, a component of a distributed application may as well be specified assuming
the presence of another process. Similarly, a C program may as well be spec-
ified assuming the presence of appropriate libraries. It also plays a key role in
embedding of existing program logics such as Hoare logic.

Types, Proof Rules and Axioms. We use the synchronous, polyadic π-calculus
under a simple session type discipline [55, 109] as a target typed π-calculus.
The session type discipline encompasses linearity and non-linearity in a sim-
ple, tractable syntax, as well as allowing a clean, structured description of typi-
cal behaviours of communication-centred applications, offering many reasoning
examples for communications programs in a capsuled form, while the use of the
synchronous version simplifies reasoning.

Suggested by our study on logics for higher-order functions [54], this logic
is given two proof systems, one for the May modality (total correctness, or live-
ness) and one for the Must modality (partial correctness, or safety), with re-
spective recursion rules. By merging these two systems, we obtain the third one
for the mixed modality. We show all of these proof systems are sound under
the same semantics; and that they respectively characterise the May testing pre-
order, the Must testing preorder, and the weak bisimilarity. We further prove
that these proof systems are relatively complete for respective semantics. These
completeness results extend to other type disciplines for the same syntax, under
a mild condition (in particular partial commutativity and associativity of parallel
composition [51], as well as guarded summations).

The compositional proof rules for the logic, in particular those for prefixes,
are based on the preceding studies on proof rules for Hennessy-Milner logics
for CCS and π-calculus, including [10, 31, 70, 103, 108].
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We also apply the same framework to a different type discipline, the affine
typed π-calculus, which precisely captures higher-order sequential functions, as
we shall discuss below.

Reasoning with Typed Process Logic. We apply the logic to various reason-
ing examples, including a non-trivial reasoning for a stateful business protocol,
involving structured conversations among multiple peers and merging of syn-
chronised states. The subtleties in reasoning about composition of stateful inter-
actions are enunciated for which we show how our logical framework can offer
an effective solution.

The logic for the π-calculus with session types serves as an example usage
of the logic for reasoning about communication-centred programs. As another
reasoning example of a different kind, we treat Milner’s encoding of data struc-
tures [82], clarifying how types offer concise assertions and efficient reasoning
for inductively defined agents. It also elucidates the nature of typed reasoning
in comparison with Dam’s treatment of the same example in the untyped set-
ting [31]. The encoding exhibits many essential aspects of the π-calculus (name
creations, scope opening and name passing): we show a strong logical charac-
terisation by assertions for these class of behaviours.

Representing Program Logics: Logical Full Abstraction. Following the sec-
ond programme we discussed above, we also explore another usage of the present
logic, representability of the program logics for total and partial correctness
of call-by-value higher-order functions [54] in the typed process logic. Con-
cretely, we show how we can embed a non-trivial program logic for call-by-
value higher-order functions in the process logic. We use a different type disci-
pline, the affine typed π-calculus studied in [17], using Milner’s encoding [82]
of call-by-value λ-calculus.

The logic for the affine π-calculus uses the same proof rules as those for
the logic for the session type discipline. It also uses the same axioms for linear
modalities, augmented with additional axioms coming from its more restrictive
type discipline. Using these axioms, we show the embedding satisfies a strong
semantic property which we may call logical full abstraction inspired by [72]:
the encoding, in both programs and formulae, embeds and reflects the validity
in the program logic in the validity in the process logic. The result extends to
provability via respective relative completeness, suggesting a unifying view on
compositional logics for sequential and concurrent programs based on the rep-
resentability of the π-calculus for a wide variety of programming languages. We
note such a result together with completeness of the process logic, does not di-
rectly entail completeness of the original program logic as established in [54],
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since the characteristic formulae [40, 105, 106] we gain at the level of process
logics may not directly be translated back to those for the original program logic.

This last point relates to the following observation: the status of the typed
process logic as a meta-logical framework may not, at least always, decide the
shape of a high-level logic for programs: determining this shape may as well be
a deed of creative abstraction, carried out at its proper abstraction level. Such an
abstraction can then be assisted by having a uniform basis, though the shape of
the underlying modal formulae, through their semantics, and through the analy-
sis and justification the process logic offers.

As we suggest at the end, the embedding result extends to the logics for
first-order imperative programs (Hoare Logic) [48], for polymorphic higher-
order functions [58], for imperative higher-order functions [59], for imperative
higher-order functions with aliasing [19] and for local state [121, 122].

Technical Contributions. We summarise the technical contributions of the
present work.

(i) A modal logic for the π-calculus with session types, which involve both
types for determinism and non-determinism. The logical language allows
expressive specifications involving actual and hypothetical composition; and,
through the use of combination of weak and strong modalities, deterministic
and non-deterministic modal behaviours (Sections 3 and 4).

(ii) Three compositional proof systems and associated axioms for the logic, cen-
tring on May, Must and mixed modalities, respectively. All the proof rules
and axioms are justified under the common semantics, and enable the rea-
soning about different aspects of interactional behaviour, including recur-
sion, which we explore through simple examples (Sections 5 and 6).

(iii) Establishment of completeness properties of these proof rules, where we
show the May/Must proof systems are sound and complete with respect
to May/Must preorders, respectively, while the proof system for the mixed
modality characterises weak bisimilarity (Section 7).

(iv) Demonstration of the power of the proposed proof rules and axioms through
reasoning examples, including, among others, a non-trivial stateful business
protocol and Milner’s encoding of recursive data structures [82] (Section 8).

(v) Applicability of the logical framework to the π-calculus with a different
type discipline, the affine typed π-calculus, which represents higher-order
deterministic computation. The logic uses the same logical language and
proof rules, with the same completeness results. We show that, in this logic,
we can eliminate some of the newly introduced connectives (Section 9).
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(vi) A fully abstract embedding of compositional program logic for higher-order
functions in the π-calculus with affine types, for both partial and total cor-
rectness (Section 10), which extends to imperative first-order programs (Hoare
logic) as well as its various higher-order extensions.

1.2 Related Work

Hennessy-Milner Logic for the π-Calculus Hennessy-Milner logic of the π-
calculus is first studied in [87] where early and late bisimilarities are charac-
terised by modal logics. In [10], Amadio and Dam study model checking and
proof systems of Hennessy-Milner logic for the π-calculus, using minimal and
maximal fixed point operators as well as a box modality for co-finite names. In
[31], Dam presents a proof system with ordinal-indexed fixed point operators
with a powerful discharge rule, which is sound and complete for finite state pro-
cesses. He explores specification and reasoning in the logic using various exam-
ples including Milner’s encodings of data structures. Our logic is built on these
two preceding works on modal logics for the untyped π-calculus: the axioms for
parallel composition in the present work come from its treatment as the proof
rules in [10, 31], refined by reflecting semantic properties of typed synchronisa-
tion algebra. Another difference is the study of weak modality, which we find
advantageous for reasoning about complex behaviour. In addition to complete-
ness results, we show useful axioms for weak modality enriched by the semantic
analogue of strong modality, which may not be found in the literature.

The second author studied a rely-guarantee logic for a sequentially typed
π-calculus [53]. The logic is for a purely functional fragment of the π-calculus
[17], with a restricted form of parallel composition, from which a Hoare Logic
for PCF is derived via embedding. The work is informally based on logical
specifications of typed processes in modal logics for processes, even though
this connection is not substantiated in [53]. The present work differs from [53]
in that it is directly based on Hennessy-Milner logic, and that it can treat a wide
range of deterministic and non-deterministic typed behaviours using the same
set of proof rules, subsuming those considered in [53].

Composition Operators The operator for hypothetical parallel composition is
one of the key elements of the proposed logic for its use in specification of and
reasoning about process behaviours. By this operator, we can specify a property
of a process assuming a property of a hypothetical process to be composed with.
In our inquiry, the introduction of this operator has led to the other two new
connectives, the connectives for actual parallel composition and hiding.

Apart from the early work by Stirling [108] mentioned already, this idea has
been used and studied in the preceding works through the sequent presentation
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of logical judgements combined with cut rules. Among others, the modal logics
for the untyped π-calculus by Amadio and Dam [10] and Dam [31] mentioned
above use this idea. In [31], this notion is enunciated as “open correctness asser-
tions”. Simpson [103] shows that the general framework of sequent calculi for
different formats of process calculi, where open correctness assertions in this
sense play an essential role. Having this operator

The logical connectives for parallel composition, hypothetical parallel com-
position and hiding are also introduced in diverse kinds of spatial logics for
concurrency, studied for Ambient by Cardelli and Gordon [27], where hypo-
thetical composition is called an “adjunct” operator and where, in addition to
hypothetical composition, an operator for hypothetical hiding is introduced, and
for the untyped π-calculus by Caires and Cardelli [23, 24]. An early instance of
the hiding operator is also found in Caires’s work on a spatial logic for concur-
rent objects [25]. A recent work by Hoare and O’Hearn, discussed later, also
follows a closely related approach. Spatial logics are intended to capture the ge-
ometric structures of concurrent processes rather than their behaviour, though
they also capture part of the interactions. When such geometric notions as lo-
cations and distributions become essential features of behaviour [28, 84], these
two aspects — behaviour and locations — may need be combined in process
logic.

From a different viewpoint, the use of these operators, which correspond to
the algebra of the π-calculus, is a natural consequence of the introduction of a
compositional proof system for the π-calculus in the present logic, and in that
sense finds its origin in Hoare’s original compositional proof system [48], in
spite of differences in technical contexts. In particular we use the consequence
rule as in [48], leading to a modular organisation of compositional proof rules
for processes and reasoning rules for logical formulae.

Operators for Fresh Names The logic for the untyped π-calculus studied by
Dale, Tiu and others [75, 110] is aimed for efficient proof search using a fresh-
ness quantifier ∇. The quantifiers for freshness are studied by Pitts, Gabbay,
Shinwell and others [37, 93, 102] in combination with the “swapping” opera-
tors (which represent permutation of finite names). These meta-logical studies
on crucial elements as found in the π-calculus will offer an indispensable basis
when formalising the present logic in theorem provers.

In the context of proof rules for fixed point formulae, the proof rules we used
for building characteristic formulae are essentially those introduced and studied
by Larsen [70] for maximal fixed points. The use of admissibility allows us
to extend it to minimal fixed points. The proof rules for fixed point operators
themselves have been studied by many researchers, starting from Kozen [68].
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Our treatment is suggested by standard axioms for fixed points, among others
those from [31]. In particular we use fixed point formulae in which an ordinal κ

in their unfolding is made explicit, for the use of well-founded induction, which
is (as far as we know) first done in Dam [31] and which is highly useful for
proof rules. In the examples we have explored so far, the use of general κ does
not hinder practical reasoning.

Unifying Different Program Logics and Logical Full Abstraction As noted
initially, one of the aims of the present work lies in possible usage of the pre-
sented framework as a unifying basis of different program logics. An embedding
of a program logic in Hennessy-Milner logic is first studied by Milner [79], us-
ing concurrent imperative programs. As already noted, another background is
various embedding results of different kinds of computational behaviours in-
cluding a variety of programming languages starting from [80] (cf. [83]), com-
bined with the denotational study of program semantics based on games starting
from [9, 61] and reaching [8, 35, 57, 69, 73], and the link between game-based
semantics the π-calculus first observed in [62].

We are inspired by the preceding work by Longley and Plotkin [72] for the
notion of logical full abstraction. In their work, this term is used for denoting the
preservation and reflection of validity of a program logic for a programming lan-
guage and for its denotation. Our terminology is closely related to their notion
by observing that the validity of the program logic in the universe of processes
is indeed induced by our logical embedding: thus through the encoding of for-
mulae, our result does imply logical full abstraction in their sense for a program
logic, albeit using typed processes instead of CPOs.

Abramsky [7] studies a general framework to extract program logics from a
class of algebraic CPOs. As far as semantics of programs is given in CPOs with
a class of operators and they satisfy certain conditions, this method induces pro-
gram logics by regarding co-prime filters as properties of programs. His frame-
work is recently used in [21] for giving a semantic basis for a modal logic for the
untyped monadic π-calculus up to strong bisimnilarity. Our approach also uses
representation of programs’ semantics in typed mathematical universes, but us-
ing the dynamics and algebra of the π-calculus with types. Reasoning examples
as discussed in the present paper may not have been explored in the preceding
studies. The combination of the expressiveness of the may-must modalities in
Hennessy-Milner logic and that of name passing interactions looks effective and
flexible for logical reasoning on diverse programs’ behaviour. Domain-theoretic
structures and techniques form an essential basis for semantics of programming
languages based on processes and interactions [9, 17, 61].
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As a related work in a different direction, Hoare and He [46] study differ-
ent (observational, algebraic and operational) ways of presenting a theory for
imperative programming, and show they are equivalent in the sense that each
is derivable from another in a cyclic way. Different presentations serve differ-
ent engineering purposes and clarify distinct forms mathematical theories of
computing can take. The present approach differs from theirs in that we focus
on embeddings of different languages and their logics into a specific mathe-
matical structure, name passing processes. The latter unification may be able
to strengthen the unification in the former approach. More recently Hoare and
O’Hearn [47] introduced a logical method for concurrent processes based on
an idea of separation and concurrency, extending separation logic by Reynolds
and O’Hearn [96] to concurrency. The notion of concurrent composition in their
logic has interesting features such as demanding geometric separation and cap-
turing not only process-theoretic parallel composition but other forms of pro-
gram compositions. These features make their approach close to a specification
framework which uses programs and predicates interchangeably [45].

A main difference between the presented framework and [45–47] is the use
of the π-calculus and its logic as a unifying basis. As suggested already, we
believe that these and other efforts to provide logical reasoning methods for
programs at appropriate abstraction levels will have fruitful interplays with the
presented analytical approach.

To our knowledge, precise embeddings of various program logics as we
demonstrated in the present work, may not have been known in the literature,
using either CPOs, processes or other structures as underlying semantic uni-
verses. The shape of axioms for stateful behaviours as we have discussed in
Section 8 may also be new.

There are many different approaches to program logics, cf. [32, 41, 88, 89,
96, 112]. The applicability of the present framework to these and other forms of
program logics would be an interesting subject of study.

1.3 Outline

Section 2 illustrates the typed π-calculus used in the present study, including the
syntax of processes, types and behavioural pre-orders/bisimilarity. Section 3 in-
troduces the assertion language. Section 4 presents the semantics of the assertion
language. Sections 5 and 6 present three proof systems for different modalities.
Section 7 proves soundness and completeness of the proof systems. Section 8
presents reasoning examples. Section 9 applies the same logical framework for
a different, and this time deterministic, type discipline, and proves partial elimi-
nation results for ◦ and ν. Section 10 establishes a logical full abstraction result.

12



2 Processes and Types

2.1 Processes and Reduction

Processes We use the synchronous polyadic π-calculus [82] with recursion [31]
under session type discipline [55, 109]. Session types centre on the notion of a
structured sequence of interactions which form a logical unit of a conversation,
or session. Processes typed under session types allow a clean description of ap-
plication scenarios such as business protocols under a tractable type discipline.

We use the following sets of symbols:

– We use two symbols for channels, also called names: k,k′, .. indicate linear
names; a,b,c, .. are shared names; and their union are written u,u′, ...

– Expressions (e,e′, ..) are first-order arithmetic and boolean expressions as
well as channels. 4 v,w, .. range over constants and channels.

– x,y, .. range over variables; X ,Y, .. over process variables; and l, li, .. over
(branching/selection) labels.

Then the grammar of processes, ranged over by P,Q, . . ., is given by:

P ::= 0 | a(k).P | a(k).P | k(x).P | k〈e〉.P | k / l.P | k . [li : Pi]i∈I

| if e then P else Q | P|Q | (νu)P | (recX(x̃k̃).P)〈ẽ〉 | X〈ẽ〉

The syntax is from one of the calculi based on session types [55, 109] except
we omit session channel passing (delegation) for simplicity. The session type
discipline represents interactional behaviours as a collection of typed, structured
sessions, each session collecting possibly unbounded message exchanges using
a fresh channel. It was born from an analysis of the usage of channels in the
encoding of data structures and programs in the π-calculus [80]. Its orientation
is practical, partly inspired by one of the initial presentations of CSP [44].

a(k).P receives a request to establish a fresh session from its dual a(k).Q. In
both, k is bound in the body (note k is a channel name, not a variable). Through
k thus established, k(x).P represents the reception of a value from k〈e〉.Q; while
k. [li : Pi]i∈I (where I is finite) waits with I-labelled branches from its dual k/ l.P,
which selects one of them. This local branching has a simple encoding in the
monadic untyped π-calculus [82] and has a clean and effective typing under
duality-based typing (cf. [38]).

In the second line, if e then P else Q is the standard conditional. P | Q
is a parallel composition and (νu)P is a hiding. The recursion (recX(x̃k̃).P)〈ẽ〉,
often omitting k̃, consists of two parts, definition (recX(x̃k̃).P) and parameter

4 We use first-order expressions for legibility. Their representability in processes [82] carries
over to process logic, see §8.
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vector ẽ. recX(x̃k̃).P consists of a process variable X (a binder), its parame-
ters x̃k̃ (binders for values and session channels), and its body P. Following the
standard convention, we assume each occurrence of X in P is guarded, i.e. di-
rectly or indirectly under some prefix. This form of recursion is found in CCS
[79], and is essential for tractable description and typing of stateful behaviour
[55, 109] as well as for logical reasoning, as we shall see later.

Definition 2.1 (subject). Given u(x).P (resp. u(k).P), its subject is the initial
u. Given k(x).P (resp. k〈e〉.P, resp. k / l.P, resp. k . [li : Pi]i∈I), its subject is its
initial k.

Notation 2.2 (processes).

1. (free names) fn(P) denotes the set of free channels in P.
2. (trailing zero) We often omit 0 and an empty/inessential argument or param-

eter, e.g. a, k and recX .P for a(k).0, k〈〉.0 and (recX().P)〈〉.
3. (replication) We use the standard notation for replication, !a(k).P, which

stands for recX .a(k).(P|X) for fresh X .

Structural Congruence and Reduction The structural congruence ≡ is stan-
dard [55, 109], in which we include the following unfolding rule for recursion
(below e ↓ v means e evaluates to v).

(recX(x̃k̃).P)〈ẽ〉 ≡ P[ṽ/x̃k̃][recX(x̃k̃).P/X ] (ei ↓ vi)

The reduction rules are defined over closed terms (i.e. those which do not con-
tain free process variables). The main rules are:

a(k).P | a(k).Q −→ (νk)(P | Q)
k(x).P | k〈e〉.Q −→ P[v/x] | Q (e ↓ v)

k . [li : Pi]i∈I | k / l j.Q −→ Pj | Q ( j ∈ I)

with the standard if-then-else rules, closing under the evaluation contexts and
structure rules.

Above, the first rule carries out session initiation, by interaction between
two dual prefixes, using bound name passing. The second rule is for value pass-
ing using a session channel k, and the third is for branching/selection, again
using a session channel k.

Example of Processes (1): Imperative Variable As a simple example, we
consider a process encoding of imperative variables, following Milner [79].

Var〈xv〉=
(

recX〈v〉.x(k). k .

[
read : k〈v〉.X〈xv〉,
write : k(w).X〈xw〉

])
〈v〉
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This variable first establishes a session at x(k) and then offers the two options,
for reading and for writing. If it is read through k, its content is returned through
k, and it recurs without changing state. If it is written through k, it acknowledges
this fact through k, and it recurs with its content changed.

Example of Processes (2): ATM As another example with stateful behaviour,
with some more elaboration, we present a simple behaviour of ATM, automatic
teller machine.

recX(x).(a(k).(recY (yk).(k . [ balance : k〈y〉.Y 〈yk〉,
deposit : k(w).k〈y+w〉.Y 〈yk〉,
quit : X〈x〉] ))〈xk〉

)〈300〉

This process first establishes a session identified by k; and offers three options,
balance, deposit, and quit. If the user selects balance, then it shows a balance of
the account, and recurs to the same point with the same amount (y). If the user
selects deposit, then it receives a deposited amount w, and recurs to the same
option with the new state as their sum y+w. Finally if the option quit is chosen,
it exits the loop.

At the end of the definition, 〈x〉 gives the parameter for the initial value of
y when this loop starts, given as the argument of the inner recursion for Y ; and
“〈300〉” is the initial value of x when each session starts, given as the argument
to the outermost recursion.

Example of Processes (3): A Stateless Server As a final example, we show
replicated stateless processes (which may be typed by a discipline for uniform
receptiveness [98], or a server-client type discipline [17], as we shall do later).
Let P and Q be given by:

P def= f (k).k〈n〉.k(x). f (k′).k′〈m〉.k′(y).h〈xdivy〉.

Q def= ! f (k).k(n).k〈n!〉

where n! indicates the factorial of n. Then P|Q calculates a a binomial coeffi-
cient,

(n
m

)
, outputted at h, i.e.

(ν f )(P|Q) ≈ h〈
(

n
m

)
〉 .
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2.2 Types and Typing Rules

Syntax of Types We use the following syntax of session types.

α ::= nat | bool | (τ) | rec t.α | t
τ ::= ↓α;τ | ↑α;τ |&{li : τi}i∈I | ⊕{li : τi}i∈I | rec t.τ | end | t

α is a shared type which is either a non-deterministic channel type (τ); an atomic
types, nat or bool; a recursive type rec t.τ and a type variable. We take an equi-
recursive view of recursive types, not distinguishing between a type rec t.α and
its unfolding α[rec t.α/t] [55, 123].

τ is a session type, also called linear type. A session type builds the structure
of interactions to be carried out inside a session (hence assigned to a session, or
linear, channel). Type ↓α;τ describes the behaviour of first inputting values of
type α, then performing the actions typed by τ; type ↑α;τ is its dual, sending
values instead of receiving. Type &{li : τi}i∈I says that a process waits with n
options, and behaves as τi if i-th action is selected; type ⊕{li : τi}i∈I says that it
would select one of li and then behaves as τi, according to the selected li. Type
end represents the inaction and is often omitted.

Linear types also include ⊥, not in the grammar above, which indicates that
no further connection is possible at a given linear name. Symbols τ,τ′, . . . still
range over linear types excepting ⊥.

Given τ, we write τ for the dual type of τ, given by exchanging ! and ?, ↑ and
↓, and & and ⊕. Formally the operation is defined by induction on the structure
of types as follows:

• ↓α;τ = ↑α;τ, ↑α;τ = ↓α;τ,
• &{li : τi}i∈I =⊕{li : τi}i∈I , ⊕{li : τi}i∈I = &{li : τi}i∈I ,
• rec t.α = rec t.α, rec t.τ = rec t.τ, t = t, and end = end.

We then define the partial operator for type composition � [109] given by:

(1) τ� τ =⊥ (2) α�α = α

Above, (1) says that once we compose two processes at a linear channel, then
that channel becomes no longer composable. (2) says that inputs and outputs
at a shared channel can be composed arbitrarily as far as they have compatible
interactions.

As an example of a session type and its dual, the following is a type for the
simple ATM in § 2.1 and its client:

τATM
def= rec t.⊕{balance : ↑nat; t, deposit : ↓nat; t, quit : end}

τClient
def= rec t.&{balance : ↓nat; t, deposit : ↑nat; t, quit : end}

Note τATM and τClient are dual to each other.
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Typing Judgement and Environment The typing judgement has the form Γ `
P, which reads: “process P conforms to the typing environment Γ” (on this shape
of the typing judgement, see our remark later). We syntactically define the set
of typing environments, ranged over by Γ,∆, . . ., as follows:

Γ ::= /0 | Γ,a : α | Γ,X : α̃τ̃ | Γ,k : τ

where, as is standard[90], the comma “,” indicates the disjoint union in domains:
for example, Γ,a : α indicates that a does not occur in Γ. Thus each typing en-
vironment defines a finite function from names and variables to types, mapping
each shared name (resp. each variable) to a shared type, each process variable
to a vector of shared types, and a linear name to a linear type. For this reason
we shall often treat typing environments as functions they define. Under this
convention, we write:

– dom(Γ) for the domain of (the function defined by) Γ (e.g. dom(Γ)= {x,a,k}
when Γ = x : nat,a : (τ),k : τ′); and

– cod(Γ) for the range of Γ (e.g. cod(Γ) = {nat,(τ),τ′} with the above Γ),
and Γ(u) for the value for u in Γ assuming u ∈ dom(Γ).

We also use the following operators for typing environments in our typing rules.

Notation 2.3 (operators on typing environments).

1. Γ,∆ denotes the concatenation (union) of Γ and ∆ such that dom(Γ)∩dom(∆)=
/0 so that Γ,∆ defines a typing environment.

2. Γ;∆ denotes the same as Γ,∆ except we further demand Γ is for non-linear
typing (i.e. dom(Γ) only includes shared names, variables and process vari-
ables) and ∆ only includes for linear typing (i.e. dom(∆) only includes linear
names).

3. Γ0 � Γ1 (Γ0 and Γ1 are compatible) if Γ0(u)�Γ1(u) is defined for each
u ∈ dom(Γ0)∩dom(Γ1) and their process variables are disjoint. If Γ0 � Γ1,
we set:

Γ0�Γ1 = {(Γ0�Γ1)(u) | u ∈ dom(Γ0)∩dom(Γ1)}
∪Γ0 \dom(Γ1)∪Γ1 \dom(Γ0)

In other words, Γ0�Γ1 assigns to each common name/variable the compo-
sition of their types; and to other identifiers their original types.

The operator� is used when we compose two typed processes in parallel, where
we demand their interface match.
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Fig. 1 Typing System

Γ,a : α ` a : α Γ ` true, false : bool
Γ ` ei : bool

Γ ` e1or e2 : bool
Name, Bool, Or

Γ ` a : (τ) Γ,k : τ ` P
Γ ` a(k).P

Γ ` a : (τ) Γ,k : τ ` P
Γ ` a(k).P

Acc,Req

Γ,k : τ · x : α ` P
Γ,k : ↓α;τ ` k(x).P

Γ ` e : α Γ,k : τ ` P
Γ,k : ↑α;τ ` k〈e〉.P

Rcv,Send

Γ,k : τi ` Pi ∀i ∈ I
Γ,k : &{li : τi}i∈I ` k . [li : Pi]i∈I

Γ,k : τ j ` P j ∈ I
Γ,k : ⊕{li : τi}i∈I ` k / l j.P

Bra, Sel

Γ ` e.bool Γ ` Pi i = 1,2
Γ ` if e then P1 else P2

Γi ` Pi (i = 1,2) Γ1 � Γ2

Γ1�Γ2 ` P1 | P2
If, Conc

Γ,a : (τ) ` P
Γ ` (νa)P

Γ,k :⊥` P
Γ ` (νk)P

cod(∆) = {end}
Γ;∆ ` 0

NRes, CRes, Inact

Γ ` ẽ : α̃

Γ,X : α̃τ̃ ; k̃ : τ̃ ` X〈ẽk̃〉
Γ,X : α̃τ̃, x̃ : α̃ ; k̃ : τ̃ ` P Γ ` ẽ : α̃

Γ ; k̃ : τ̃ ` (recX(x̃k̃).P)〈ẽk̃〉
Var,Rec

Typing Rules The typing judgement for processes Γ ` P, together with that for
expressions, Γ ` e : α, are derived from the rules in Figure 1. All rules are from
[123] except we use the one-sided sequent. We use the following notations:

We illustrate the central typing rules. (Name) is the standard rule for vari-
ables. (Bool, Or) are also standard. Other expressions including those typed un-
der nat are typed similarly.

(Acc) and (Req) are for initiating sessions. In (Acc), the type expected for
the session channel τ to that portion of the declared session type for the shared
identifier. In (Req), the session channel is expected as reverse.

(Rcv) handles the reception (input) of values; the relevant consumption α is
composed in the conclusion’s session environment, in a way that agrees with the
protocol. (Send) is dual. (Bra) and (Sel) are the rules for branching and selection.

(If) is standard. In (Par), we parallel-compose two processes, checking the
environments of the processes are composable. (NRes) and (CRes) hide a shared
name and a pair of session channels, respectively. The latter erases, in the ses-
sion environment, complementary communication patterns for the two end-
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points of k, in order to ensure compatible dyadic interactions. In (Nil), we start
from the sessions in the environment only with end-usages (for weakening).

(Var) is the rule for the introduction of the recursive variable; (Rec) is a
corresponding rule for the recursive agent.

Remark 2.4. In the original session type discipline [55, 123], the typing se-
quent has the shape Γ ` P . Θ where Γ is an environment for shared names
(mapping shared names and variables to shared types) and Θ an environment
for linear names (mapping names to session types). This shape has a merit in
clarity because non-linear and linear channels are treated quite differently in
the session type discipline. In the present paper the sequent Γ ` P puts both
the non-linear and linear typing into a single typing environment, which gives
a more generic form usable for diverse type disciplines. Informally, the sequent
Γ ` P says that a process P conforms to a process type Γ. If we allow more
complex expressions in Γ including causality relations, many type disciplines
for the π-calculus (in particular all that the present authors are aware of) can be
written in this format.

2.3 Transition, Bisimilarity and Testing

Transition Transition labels (`,`′, ..) are given by the grammar:

` ::= τ | a(k) | a(k) | kv | kv | k(a) | k(a) | k . l | k / l

where the parenthesised names (k) and (a) introduce binding. fn(`), bn(`) and
sbj(`) denote free, bound and subject names of `. We write ` for a dual of `, de-
fined by dualising the input and output (for example a(k) = a(k)). τ is undefined.
An untyped early labelled transition relation is defined in Figure 2 (omitting the
else and symmetric rule for |).

The typed early transition relation has the shape:

Γ ` P `−→ Γ\ ` ` Q if P l−→ Q and Γ\ ` is defined (2.3.1)

The predicate Γ \ ` ensures that ` agrees with environment Γ and the resulting
environment is given as Γ\ `. This is defined as follows:

• For all Γ, Γ\ τ = Γ

• If Γ = ∆,a : (τ) then Γ\a : (k) = Γ,k : τ.
• If Γ = ∆,a : (τ) then Γ\a : (k) = Γ,k : τ.
• If Γ = ∆,k : ↓α;τ then Γ\ ka = ∆�a : α,k : τ; or

Γ\ kv = ∆,k : τ (v constant); or Γ\ k(a) = ∆,a : α,k : τ
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Fig. 2 Untyped Transition System

a(k).P
a(k)−→ P a(k).P

a(k)−→ P k(x).P kv−→ P[v/x] k(x).P
k(x)−→ P

k〈e〉.P kv−→ P (e ↓ v) k / l.P k/l−→ P k . [li : Pi]i∈I
k.l j−→ Pj ( j ∈ I)

P `−→ P′ e ↓ true

if e then P else Q `−→ P′
P `−→ P′ bn(l)∩ fn(Q) = /0

P | Q `−→ P′ | Q

P `−→ P′ Q `−→ Q′ bn(l) = {ũ}
P | Q τ−→ (ν ũ)(P′ | Q′)

P ka−→ P′

(νa)P
k(a)−→ P′

P `−→ P′ u 6∈ bn(l)∪ fn(l)

(νu)P `−→ (νu)P′
P≡α P′ P′ `−→ Q

P `−→ Q

P[ṽ/x̃][recX(x̃).P/X ] `−→ P′ ei ↓ vi

(recX(x̃).P)〈ẽ〉 `−→ P′

• If Γ = ∆,k : ↑α;τ then Γ\ ka = ∆�a : α,k : τ; or
Γ\ kv = ∆,k : τ (v constant); or Γ\ k(a) = ∆,a : α,k : τ

• If Γ = ∆,k : &{li : τi}i∈I then Γ\ k . l j = ∆,k : τ j ( j ∈ I)
• If Γ = ∆,k :⊕{li : τi}i∈I then Γ\ k / l j = ∆,k : τ j ( j ∈ I)

The environment Γ\ ` represents what remains of Γ after the transition labelled
by ` has happened. Session channels are consumed, while replicated channels
are not consumed. The new previously bound channels are released. For a con-
crete example, consider the process x.y | y.x which is typed in the environment
x :⊥,y :⊥. Although the process has some untyped transitions, none of them is
allowed by the environment.

We say `(6= τ) is typed by α (resp. τ) under ∆ if Γ(sbj(`)) = α (resp. τ).
We often leave Γ and ∆ implicit from the transition system. We write =⇒ for a

reflexive and transitive closure of τ−→;
ˆ̀

=⇒ for =⇒ if ` = τ else for =⇒ `−→=⇒;

and s=⇒ for
ˆ̀1=⇒ ···

ˆ̀n=⇒ with s = `1 · · ·`n.

Proposition 2.5. (1) (Subject congruence) If Γ ` P and P≡ Q, then Γ ` Q.

(2) (Subject reduction) If Γ ` P and P τ−→ Q, then Γ ` Q.

(3) If Γ ` P, P `−→ Q and Γ\ ` is defined, then Γ\ ` ` Q.

Proof. Straightforward, as in [17, 123].
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Bisimilarity and May/Must Preorder We now introduce semantic equiva-
lence and preorders we shall use for our logic.

Definition 2.6 (weak bisimulation). A weak bisimulation is a symmetric rela-
tion R which relates a typed process to a typed process of the same type, writing
Γ ` PRQ when Γ ` P and Γ ` Q are related by R, such that whenever Γ ` PRQ

we have: Γ ` P `−→ Γ′ ` P′ implies Γ `Q
ˆ̀

=⇒ Γ′ `Q′ such that Γ′ ` P′RQ′; and
≈ is the maximum such relation.

Definition 2.7 (May and Must Preorder). Assuming P and Q are typed iden-
tically, we write Pvmay Q when P s=⇒ implies Q s=⇒. We also write Pvmust Q
when each Must test with success c which P can meet, can also be met by Q
where a Must test is a process O with complementary typing to P with an addi-
tional fresh channel c such that P|O=⇒P′ implies P′ c=⇒ R.

Above we use the standard Must test which incorporate divergence (non-termination).
This definition is natural in distribtued computation where part of a system may
as well be diverging without affecting other parts. With appropriate technical
changes, we believe the same result holds for the Must test which demands ter-
mination.

Taking the condition for compatibility under prefix with the standard proviso
about value input, i.e. demanding

k(x).P R k(x).Q when P[v/x] R Q[v/x] for all typed v,

it is easy to show ≈, vmay and vmust are typed (pre)congruences (the proofs are
analogous to those in Appendix C.3 of [120]).

Remark 2.8 (closure under name substitution).≈ as given above is not closed
under non-injective substitution of names (the proof follows the same result for
the synchronous mini-π-calculus by Boreale and Sangiorgi [22]). This does not
hinder our subsequent technical development (even though such closure gives
a more intuitive treatment of some technical notions). This is because the no-
tion of “property” and its parametrised version do not assume closure under
non-injective name substitution. We come back to this point when we discuss
semantics of logical formulae.
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3 Assertion and Judgement

3.1 Assertion Language

Grammar. The logical language, based on [10, 31], is Hennessy-Milner logic
with equality, value/name passing modality and parametrised fixed point opera-
tors, augmented with new connectives (◦, B and ν ). The grammar of formulae,
often called assertions, ranged over by A,B,C, . . ., is given below.

A ::= e1 = e2 | A∧B | ¬A | ∀xρ.A | 〈〈 〉〉A | 〈`〉A | (µX(x̃).A)〈ẽ〉 | X〈ẽ〉
| νxρ.A | A◦B | AB B

ρ is a type annotation denoting either α or τ. Note that the grammar above uses
expressions (e,e′, . . .) from the previous section (cf. §2.1) as terms. We also
use the notations A∨B, A ⊃ B, ∃xρ.A, [`]A, [[ ]] A and (νX(x̃).A)〈ẽ〉, defined by
dualisation in the standard way. E.g. [[ ]] A ≡ ¬(〈〈〉〉 ¬A).

Notation 3.1. We often omit type annotations for quantifiers. T denotes 1 = 1,
F its negation. The standard association of operators is assumed: for example,
∀x.A∧〈〈`〉〉B⊃C is parsed as ((∀x.A)∧ (〈〈`〉〉B))⊃C. For other operators, ◦, B,
νx.A associate as ∧, ⊃, ∃x.A. If deemed ambiguous we use parenthesis.

May and Must Modalities. The first line of the grammar are from [10, 31].
In 〈`〉, ` is one of the transition labels from § 2.3, excepting τ and extending
k v and k v to k e and k e, respectively. If a process satisfies 〈`〉A, then it can do
an immediate ` action, and immediately satisfies A. As we shall illustrate later,
this “immediately” is taken semantically, i.e. the process can do ` after zero or
more τ-actions, each of which does not change the state of the process up to the
weak bisimilarity. Dually, [`]A says that if a semantically immediate `-action
ever takes place, then the process satisfies A immediately after that action.

The next modality extends these semantically strong modalities to the stan-
dard weak modalities. If a process satisfies 〈〈〉〉A, then after zero or more silent
transitions, the process can reach a state which satisfies A. Dually, if a process
satisfies [[ ]]A, then whatever zero or more silent actions the process may do, it
will be always in a state which satisfies A. If a process P satisfies [[ ]]A, we say P
stably satisfies A.

We can now define the standard weak action modality by combining it with
strong modality. We start from the may modality.

〈〈`〉〉A ≡ 〈〈〉〉〈`〉〈〈〉〉A . (3.1.1)
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If the process P satisfies 〈〈`〉〉A, then P can reach a state satisfying A after a weak
`-transition (i.e. a sequence of zero or more τ-actions and a visible `-action
followed by another sequence of zero or more τ-actions). Dually we set:

[[`]]A ≡ [[ ]][`][[ ]]A (3.1.2)

which is equivalent to ¬(〈〈`〉〉¬A). If the process satisfies [[`]]A, then any weak
`-transition always ends up satisfying A (to be more precise, whatever silent
transitions the process may have, it is always in a state where any ` action re-
sults in a state which stably satisfies A). We shall show later that having the
combination of strong and weak modalities gives a powerful specification and
reasoning framework for typed processes.

Fixed Points. The minimal and maximal fixed points, (µX(x̃).A)〈ẽ〉 and (νX(x̃).A)〈ẽ〉,
use parameters following [10, 31]. Their use is essential for describing state-
ful interactions, for example when a conversation structure includes a state-
changing loop as in the ATM example. As is standard, we assume, in (µX(x̃).A)
and (νX(x̃).A), that X never occurs in A negatively, ensuring monotonicity.

Remark 3.2 (abstraction in fixed point formulae). Dam [31] decomposes the
standard modalities into transition modalities (representing actions at subjects)
and IO modalities (representing value passing), writing, for example, 〈a〉→ b.A
for 〈ab〉A. By this he can treat parametrised fixed point operators as a special
instance of parametrised formulae. We do not take his approach in the present
inquiry, mainly for conciseness of presentation of examples.

Composition and Hiding. The second line lists the new constructs, ◦ and ν,
which correspond to the basic algebraic operators in the π-calculus (parallel
composition and hiding), and B, a hypothetical version of ◦.

First, A◦B, read as “A par B”, is understood as A,B in [108]. A typed process
Γ ` P satisfies A◦B when Γ ` P has the same behaviour as Q|R, typed under Γ,
for some Q and R, such that Q satisfies A and R satisfies B. This places typing
constraint on A and B: concretely, if A and B has the minimal typings ∆ and Θ

then we demand ∆�Θ and that ∆�Θ⊂ Γ.
Secondly, νxρ.A, read as “A with x hidden”, uses the quantifier the νxρ for

name hiding, where we demand ρ to be either a shared type or ⊥. A process,
say P, satisfies νxρ.A if there is a fresh name u of type ρ and P′ such that
(νu)P′ ≈ P and P′ satisfies A[u/x]. Its logical nature substantially differs from
∃, as studied in [121]. This construct plays a key role in logical calculation of
assertions (which can be used for e.g. simplifying assertions) in combination
with ◦. We often omit ρ for brevity.

23



A B B, which reads “rely A then B”, originates in the consequence rela-
tion studied in [107]. As its reading suggests, the connective embodies the rely-
guarantee reasoning [65] (cf. [53]). A process Γ ` P satisfies AB B if, for every
typed Q satisfying A, the composition of P and Q satisfies B. Again this gives
a constraint on the typing of A and B: if the overall typing is Γ, and A has the
minimal typing ∆, then we demand Γ � ∆ and that B is typed under Γ�∆. For
example, if we wish to say Γ ` P with k : τ ∈ Γ satisfies B B C, then k can be
typed as τ in B and if so k should be typed as ⊥ in C (since τ� τ =⊥).

Remark 3.3 (hypothetical hiding). Caires and Cardelli [24] study a hypothet-
ical hiding operator, which we may write νu.A. This asserts that, if u were
hidden in the target behaviour, then the result would satisfy A. This logical op-
erator has been used, at the level of sequent, in many proof systems of Hennessy-
Milner logic, cf. [10, 31, 107]. This operator is also useful in the context of the
present logic, as we shall discuss in Section 6.6.

Mixed Modality The weak action modalities 〈〈`〉〉A and [[`]]A have already been
introduced in (3.1.1) and (3.1.2) above. Another derived modality combines not
only strong and weak modalities but also may and must modalities.

Definition 3.4 (mixed modality). L`MA = [[ ]](〈`〉T ∧ [`]A).

L`MA reads “surely ` then A”, representing the strong may/must modalities in-
side the weak semantics. If P satisfies L`MA then whatever zero or more silent
transitions P may have, it will be ready to perform `. And if ` happens, it will
immediately and necessarily reach a state which satisfies A.

Operationally, one of the significant aspects of the mixed modality is that it
captures the semantics of a prefixed process: for example, consider a(k).P and
assume P satisfies A. Then a(k).P satisfies La(k)MA because it does not change
state and, if an input action at a ever takes place, it will immediately become P
which satisfies A. a(k).P also satisfies 〈〈a(k)〉〉A, 〈a(k)〉A, [[a(k)]]A and [a(k)]A:
but La(k)MA most accurately captures its behaviour, in fact we can check easily
that La(k)MA implies these other modalities. Note also, under the lack of mixed
summations (as in the present calculus), L`MA implies the action ` never gets
cancelled by another action, including an internal one.

Remark 3.5 (Mixed Modality and Interference). The mixed modality (Def-
inition 3.4) is used for capturing the semantics of typed prefixes. As a result,
it can precisely describe different ways reductions induce (and do not induce)
state change. As an example, writing a.P for a(k).P with k 6∈ fn(P), similarly for
a.P, let S1

def= b and S2
def= c.b|c. Then we can show S1 satisfies LbMT while S2
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does not do so. That is:

` S1 I LbMT ` S2 I ¬LbMT

This is because, while S2 surely reaches, by one τ-action, a state in which it will
emit at b, this τ-action is not semantically neutral — the reduction does change
the meaning of the process.

Even without the “strong” modality, the present logic is expressive enough
to distinguish these processes in the sense that S1 further satisfies the assertion:

[[b]]F ∧ [[c]]F ∧ [[c]]F (3.1.3)

which, together with LbMT, is enough to characterises this behaviour up to ≈
under the typing b : (end),c : (end). However the above example suggests that
just having the weak May and Must modalities may not give us a straightfor-
ward way to assert what we wish to describe: this is why we have the “strong”
modality by which we can distinguish S1 and S2 easily. Further deriving L`MA
in the proof system is not hard partly because they are precisely the properties
which prefixed processes own, and partly because they can be inferred when
extracting modalities from linear and replicated interactions, as we shall see
in later sections. It should also be noted that, following Dam [31], we can en-
code weak modalities in strong modalities combined with fixed point operators.
In the present context, such equivalence can be expressed by introducing the
strong τ-modality 〈τ〉A. (end of Remark 3.5)

Remark 3.6 (Bound Name Input and Output). We use a bound name input,
say 〈〈a(k)〉〉A, and a bound name output, say 〈〈a(k)〉〉A, for modalities for ses-
sion initiation. Since the process syntax uses bound input and bound output,
these modalities come naturally. We also have bound name input and output for
sending and receiving modality, say 〈〈k(c)〉〉A and 〈〈k(c)〉〉A, which may demand
some understanding. First of all, for input, we may induce this modality using
the following axiom, for a fresh c:

∀x.〈〈kx〉〉A ⊃ 〈〈k(c)〉〉A[c/x] (3.1.4)

Assuming A specifies all cases about x, and assuming c is treated as a constant
(whose freshness distinguishes it from all other constant names), it soundly de-
scribes the so-called scope intrusion [85]. Symmetrically, we have the following
axiom, again for a fresh c:

νx.〈〈kx〉〉A ≡ 〈〈k(c)〉〉A[c/x] (3.1.5)

This now describes scope extrusion [85], saying it is outputting a new name c
local to its scope (A[c/x]), noting c is taken fresh.
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3.2 Judgement

We use the following notation for the judgement 5

Γ; E |= P I A (3.2.1)

where:

• Γ is the typing for P and A, including typing of variables in P. 6

• E is a finite collection of assignments of the form X : (x̃)A, mapping a pro-
cess variable to a parametrised formula (x̃ are binders), and

• P is a process typed under Γ.

We read (3.2.1):

Under E, a typed process Γ ` P has a property A.

Similarly, the sequent for provability is written Γ; E ` P I A. We often write
E |= P I A and E ` P I A, leaving Γ implicit, though a sequent is always
typed, both in P and A. If E is empty, we write Γ |= P I A and Γ ` P I A;
further we may omit Γ, writing |= P I A and ` P I A. Note that, even if we
often omit the typing environment Γ, it is usually non-empty, since a process P
can do no actions if it has no free channels (which is quite different from calculi
for functions such as λ-calculi).

3.3 Examples of Assertions

A Server-Client Example. We first illustrate the use of ◦ andB using a simple
example (an example usage of νx.A is given at the end of this section). Consider:

P ≡ !b(k).k(x).k〈x+1〉.0 (3.3.1)

Q ≡ b(k).k〈2〉.k(y).h〈y〉.0 (3.3.2)

where !b(k).R denotes µX .!b(k).(R|X). Process P repeatedly does the follow-
ing: after accepting a session request, receives a number and returns its in-
crement, ending the session. Q in turn is the user of P, requesting a session
and sending 2, receiving the result and forwarding it to h. Note P is typed as
b : (↓nat;↑nat;end)! while Q has type b : (↑nat;↓nat;end)?,h : ↑nat;end.

5 In the present work, a “judgement” (or “sequent”) is always about validity/provability as to
the satisfiability of formulae by processes; while “assertions” (or “formulae”) are formulae in
Hennessy-Milner logic.

6 In practice, we may use the standard auxiliary variables (variables which do not occur in
processes) in A which are not in dom(Γ). Formally we always extend Γ with the typing for
these variables.
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We can now assert for P and Q and their composition. First for P and Q
individually:

A = ∀xnat.〈〈b(k)〉〉〈〈kx〉〉〈〈kx+1〉〉T (3.3.3)

B = ∀ynat.〈〈b(k)〉〉〈〈k2〉〉〈〈ky〉〉〈〈hy〉〉T (3.3.4)

(We could use for A a fixed point formula, though this suffices for our present
purpose.) Then A◦B is a specification for P|Q. The formula, A◦B, entails

〈〈h3〉〉T (3.3.5)

through axioms we study in later sections. From this we can also infer, using
the logical equivalence B ≡ (A B (A ◦B)) (which holds for any A and B as far
as well-typed), that Q satisfies

AB 〈〈h3〉〉T, (3.3.6)

saying:

If the process is composed with a behaviour satisfying A, then it can emit
3 via h.

Above we have only used May modality. In fact, when P and Q are composed
and if further b is hidden, it can always emit 3. To obtain this property, we
strengthen the assertions A and B to the strong modality defined in Definition
3.4.

A′ = ∀xnat.Lb(k)MLkxMLkx+1MT (3.3.7)

B′ = ∀ynat.Lb(k)MLk2MLkyMLhyMT (3.3.8)

We can then show, through our semantics defined later, that νb.(A′ ◦B′) entails

Lh3MT, (3.3.9)

which says that (νb)(P|Q) surely emits 3 via h. This entailment depends on
the hiding of b: With b being sharable (hence non-deterministic), if no hiding is
applied, this entailment doesnot hold.

Also note (νb)(P|Q) does have an additional reduction before emitting b:
but it still satisfies (3.3.9) since this reduction is semantically neutral: they are
inside ≈.

The specifications based on Mixed modalities are stronger than the corre-
sponding specifications based on May or Must modalities. Thus (3.3.9) entails
(3.3.6), allowing us to extract part of the specification which we may be inter-
ested in.

27



Simple ATM A partial specification of the simple ATM in § 2.1 is given as:

La(k)M((νY (y,k).Lk .balanceMLkyMY 〈y,k〉)〈300,k〉) (3.3.10)

which says that, at a, the process is ready to receive a session request: then it
enters a loop, and if asked to show a balance, it will show y, and returns to the top
of the loop again. As above we often use commas to separate arguments. This
balance is initialised as 300. Now consider a user of this simple ATM satisfying:

∀x.La(k)MLk /balanceMLkxMLhxMT (3.3.11)

If we combine (3.3.10) and (3.3.11) by ◦, then we obtain 〈〈h300〉〉T. Again unless
we hide b, we cannot derive Lh300MT since another user may as well interfere
at the shared channel a before this user invokes this simple ATM. This point is
further discussed in § 8.

Remark 3.7 (properties and name substitution). As noted in Remark 2.8, the
weak bisimilarity ≈ for the synchronous calculus is usually not closed under
non-injective name substitution. For this reason, we allow, in the present no-
tion of “parametrised property,” to be such that its interpretation of an assertion
variable X , a parametrised property, may map “ab” to say p and “aa” to q such
that q may not be related to P by a direct substitution of a for b. Fortunately,
by the general constructions of fixed points, we are still guaranteed to have both
minimal and maximal fixed points.
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4 Semantics of Logic

4.1 Properties and Parametrised Properties

The semantics of logical formulae follow [31], extended to the new connectives
and to the typed semantics of processes (our terminology also follows [74]). A
behaviour is a typed process up to ≈. A property is a collection of behaviours
(that is, we are only interested in how a typed process will behave disregarding
differences up to ≈). Thus a formula stands for a collection of behaviours: later
we shall see, conversely, any behaviour can be characterised by some formula.

As an example of a property, consider

〈〈k〈1〉〉〉T (4.1.1)

under the typing k :↑ nat;end. This formula indicates:

“The property of being able to output 1 through a linear channel k”.

That is, it denotes a collection of (the≈-equivalence classes of) all the processes
each of which can, after zero or more reductions, output 1 through k, and may
do anything afterwards.

Since ≈ is closed under all process operators (including prefixes due to the
use of variables), we can naturally equip properties with algebra through the
algebra of processes, which we define below. Recall a typed process is closed
if its typing environment (hence the process itself) does not contain any free
value/process variables.

Convention 4.1. In the following we assume relations on processes only relate
those under the same typing, often omitting type annotations. We often call such
a relation typed relation.

Definition 4.2 (algebra of properties). A property (written p,q, ..) is a set of
closed typed processes under an identical typing modulo ≈. We define opera-
tions on properties as:

p|||q =
S

P∈p,Q∈q[P|Q]≈ (νu)p =
S

P∈p[(νu)P]≈

〈〈〉〉p′ = {P | P =⇒ P′ ∈ p′} 〈`〉p′ = {P | ∃P0.(P≈ P0
`−→ P′ ∈ p′)}

pσ = {Pσ | P ∈ p}

where we set:

1. [P]≈ is the equivalence class of ≈ including P.
2. σ in the last line denotes an injective renaming over values (including names).
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Proposition 4.3. Each of the operators given in Definition 4.2 returns a prop-
erty. Moreover each operator is closed under injective renaming over values.

Proof. For the closure under ≈, all are immediate (for 〈〈 ˆ̀〉〉p′ note if P ≈ Q

and P
ˆ̀

=⇒ P′ ∈ p then we can find Q
ˆ̀

=⇒ Q′ ≈ P′ by definition, and again by
definition we have Q′ ∈ p). Closure under name/value permutation is immediate
(in the case of name permutation itself, this comes from the composition of two
permutations being another permutation).

Remark 4.4 (properties). When we interpret a logical formula for a number
theory, say “1 = 1”, the underlying universe of discourse is usually natural num-
bers and relations on them: for example “1” denotes a number “one” and “=”
the identity. In the definition above, our universe of discourse consists of typed
processes modulo ≈. While we can use (e.g.) the underlying rooted labelled
transition with essentially the same consequence, the present definition has a
merit in that it easily extends to other process equivalences which may abstract
away from concrete labels, as we shall see in a later section.

Remark 4.5 (semantics of strong modality). The clause for 〈`〉p′ in Defini-
tion 4.2 will be used later for defining semantics of strong modality. This defini-
tion is mediated by ≈ rather than directly based on transition. This mediation is
necessary for capturing strong actions inside the framework of weak semantics,
and leads to a significant merit in descriptive power and reasoning. In partic-
ular, a simple definition of Mixed modality may become impossible without
it. Note we cannot use strong transition directly for this purpose since in that
case the logic discriminates too much: for example (νk)(k!〈1〉;P | k?(x);Q) and
(νk)(P | Q[1/x]) may be distinguished. While other notions of behavioural se-
mantics other than the weak bisimilarity may as well be used, the choice of ≈
has a merit in the present inquiry in that it enables us to obtain characterisations
of well-known equivalences and pre-orders such as May and Must equivalences
using the fact that ≈ is one of the finest weak equivalences on processes [113].
(end of Remark 4.5)

We also need a notion of property parametrised by values (including channel
names), for interpreting process variables. We only need parametrised properties
that are closed under injective renaming.

Definition 4.6 (parametrised property). A parametrised property of type ρ̃ is
a function which maps a vector of values typed ρ̃ to a property, written f ,g, . . .,
such that f 〈(ṽ)σ〉 = ( f 〈ṽ〉)σ, where f 〈ṽ〉 denotes the application of values to
f , and σ is the obvious application of name/value permutation acting on values
and the resulting properties.
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4.2 Interpretation of Assertions

An interpretation environment (or sometimes just an environment) if there is no
danger of confusion, is a finite type-respecting map from variables and asser-
tion variables to values and parametrised properties, respectively. The symbols
ξ,ξ′, .. range over interpretation environments. A typed formula is a pair Γ and
A written Γ ` A, where Γ types the free channels and free variables in A. The
following clauses interpret assertions as properties.

Definition 4.7 (interpretation of assertions). The interpretation of a typed for-
mula Γ ` A under ξ, written [[Γ ` A]]ξ, or [[A]]ξ when Γ is known from the con-
text, by the following clauses. Below we assume formulae, processes, and all
data given are well-typed.

[[Γ ` 〈〈 〉〉A]]ξ = 〈〈 〉〉ξ[[Γ ` A]]ξ

[[Γ ` 〈`〉A]]ξ = 〈`〉ξ[[Γ\ ` ` A]]ξ

[[Γ ` eα
1 = eα

2]]ξ = {Γ` P | ξ(e1)=ξ(e2)}

[[Γ ` A∧B]]ξ = [[Γ ` A]]ξ∩ [[Γ ` B]]ξ

[[Γ ` A◦B]]ξ =
S

∆�Θ=Γ[[∆ ` A]]ξ||| [[Θ ` B]]ξ

[[Γ ` AB B]]ξ = max pΓξ. ((p||| [[∆ ` A]]ξ) ⊂ [[∆�Γ ` B]]ξ)

[[Γ ` ∀xα.A]]ξ = max pΓξ.(∀v :α.p⊂ [[Γ,x :α ` A]](ξ · x 7→v))

[[Γ ` νxρ.A]]ξ = (νu)[[Γ,u : ρ ` A]](ξ · x 7→ u)

[[Γ ` X〈ẽ〉]]ξ = (ξ(X))(ẽ)

[[Γ`(µX(x̃).A)〈ẽ〉]]ξ = (fix λ f .λṽ.([[A]](ξ ·X 7→ f · x̃ 7→ ṽ)))([[ẽ]])

[[Γ ` ¬A]]ξ = {Γ ` P}\ [[Γ ` A]]ξ

where max pΓ.P(p) denotes the maximum property p typed under Γ which
satisfies P(p), where P(p) is a predicate whose only free variable is p.

Note well-typedness is assumed in each clause: in particular Γξ mentioned in
several clauses should be a well-formed environment (in the interpretation ofB,
we take ∆ to be the minimum typing of A, and the domain of ξ should cover
variables in both A and B). We can mechanically check that:

Proposition 4.8. For each typed Γ ` A and type respecting ξ, [[Γ ` A]]ξ gives a
property typed under Γξ.

The defining clauses in Definition 4.7 follow [31] except that (1) they are
type-respecting; that (2) we use variables for channels (channels themselves are
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interpreted through essentially identity, regarding them as constants); and that
(3) we have extra clauses for ◦, B, and ν. We shall illustrate these features in
the following subsection.

4.3 Interpretation of Judgements

Define [[E]]ξ as a finite map from dom(E), a set of process variables, to parametrised
properties defined by:

[[X 7→ (x̃)A]]ξ = {X 7→ λṽ.([[A]](ξ, x̃ 7→ ṽ))}
[[E,E ′]]ξ = [[E]]ξ∪ [[E ′]]ξ.

Intuitively, [[E]]ξ specifies the (parametrised) property each process variable is
assumed to satisfy.

Using this notation, let us write:

E ` σ≺ ξ (4.3.1)

where σ is a finite map such that:

1. For each non-process variable, say x, σ(x) = ξ(x);
2. For each process variable, say X , in dom(E), σ(X)∈ ξ(X) (i.e. if [[E]]ξ maps

X to f and σ maps X to a parametrised process say (x̃)P, then P[ṽ/x̃] ∈ f 〈ṽ〉
for each well-typed ṽ).

We also write Pσ for the closed process by applying σ as above (which closes
both variables and process variables) on P.

Definition 4.9 (satisfiability). We say Γ ` P satisfies A under E, which we
write Γ;E |= P I A, when Pσ ∈ [[Γ ` A]](ξ · [[E]]ξ) for each ξ and σ such that
E ` σ≺ ξ.

Above we need to have ξ and σ affect P variables and process variables in P.

Notation 4.10. In Γ;E |= P I A, we often leave Γ implicit, writing E |= P I A,
though we assume a sequent is always typed. If further E is empty we write
|= P I A.

We conclude this section with several comments on Semantics of Assertions.
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4.4 Names and distinction.

Existing studies of modal logics for the untyped π-calculus [10, 31, 87] interpret
channel names as channel names, but possibly collapsing two or more names
into one. Note also that, in first-order logic, both constants and variables are
interpreted as elements in the target domain which may thus collapse constants,
with the only difference being that we vary the interpretation of variables when
defining validity.

In the present approach, we distinguish channel names (as constants) and
channel variables. This is also standard in programming language semantics
[117] and conforms to the syntax of processes we give in Section 2.1. We have
chosen this approach since it seems to give a simpler interpretation for typed
formulae and because one can recover, if one wants, the same semantic effects
as the untyped one by considering formulae which use only variables. However
it is also possible to extend the approach taken in [31] to the typed setting.

4.5 Typed Interpretation of ◦, B and ν.

In the interpretation of ◦:

[[Γ ` A◦B]]ξ =
S

∆�Θ=Γ[[∆ ` A]]ξ||| [[Θ ` B]]ξ

Note we are taking ∆ and Θ to be arbitrary typings such that (1) they type A
and B respectively, and (2) their �-composition becomes Γ. An alternative is to
demand A and B have the minimal typings whose composition precisely gives Γ

(this does not lose generality since we can always add spurious conjunction with
identities on the missing names and channels). However the present formulation
gives a more flexible framework, allowing us to freely use entailment inside each
component (A or B) without annotating them with explicit typings.

Similarly, in the interpretation of B:

[[Γ ` AB B]]ξ = max pΓξ. ((p||| [[∆ ` A]]ξ) ⊂ [[∆�Γ ` B]]ξ)

we assume that ∆ is such that Γ�∆ types B. Further ξ should cover variables in
both Γ and ∆.

Along the same line, the interpretation of ν:

[[Γ ` νxρ.A]]ξ = (νu)[[Γ,u : ρ ` A]](ξ · x 7→ u)

which interprets x in A as a fresh channel constant u, then hides that u, assumes
the typing Γ,u : ρ for fresh u.
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4.6 Minimal Typing for Assertions

The following says that it suffices to consider the minimal typing of an outer-
most process/formula for judging validity. Below Γ,∆ is the disjoint union of Γ

and ∆ (i.e. we assume the domain of Γ and that of ∆ are disjoint).

Proposition 4.11 (weakening, thinning). Suppose Γ`A and Γ`P. Then Γ,∆`
P satisfies Γ,∆ ` A if and only if Γ ` P satisfies Γ ` A.

Proof. By induction on A. The only non-trivial cases are ◦ and B. For the for-
mer we use (Γ�Γ′),∆ is the same thing as Γ� (Γ′,∆) (by disjointness). For the
latter we use the observation: given A and B such that A� B, the minimal typing
of A�B is the result of composing the minimal typings of A and B.
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5 Reasoning about May Modalities

5.1 Approach to Proof Rules

In standard proof systems for Hennessy-Milner logic, including those for the
π-calculus [10, 31, 108], we usually derive modal formulae applying the proof
rules which rely on both the shape of processes and the shape of formulae. This
approach, which gives tractable proof rules for simple calculi such as CCS, is
no longer feasible in the present context, partly because of difficulty in deriving
assertions about weak transitions; partly because of the inherent complexity of
the π-calculus; and partly because of the diversity of type disciplines (hence of
typed behaviours, hence of reasoning principles) for name passing processes.
For these reasons we use the following parametrised approach:

– Compositional proof rules, where each rule corresponds to a single process
construct, augmented with the standard rule of consequence.

– Axioms for logical formulae, which stipulates the entailment relation among
assertions.

A similar distinction is found in Hoare logic, where the domain of discourse,
number theory, is so rich that mixing number theory and compositional deriva-
tion of formulae is not practical. In the same way, we distinguish compositional
derivation (proof rules) and axiomatic transformation of these formulae (axioms
on formulae). The proof rules and axioms use the key ideas from the preceding
works on Hennessy-Milner logic [10, 31, 108] and program logic [54].

There are three proof systems, respectively for the May modality, the Must
modality and the Mixed modality, completely characterising May/Must pre-
orders and bisimilarity, respectively. The derived judgements in three proof sys-
tems are all sound under the semantics given in §4, i.e we can mix these rules to
derive sound judgements.

One of the key merits of having these three proof systems is that they offer
separation of concerns. If one is only interested in the actions a process can carry
out, then the first proof system may as well suffice, while the second system tells
us what behaviour the process may not do. This may be useful, for example,
when we reason about different parts of an application which demand different
classes of properties (say total and partial correctness). All three proof systems
use the same rules for parallel composition (using ◦) and hiding (using ν). Using
◦ and ν hides the complexity of the behaviour of composed processes: they are
unfolded through the axioms for formulae.

Apart from several basic shared axioms, the three modalities also accom-
pany different sets of logical axioms. These axioms are again sound under the
semantics given in §4.
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Fig. 3 Proof System (May Modality)

E ` P I A
E ` a(k).P I 〈〈a(k)〉〉A

E ` P I A
E ` a(k).P I 〈〈a(k)〉〉A

Acc,Req

E ` P I A
E ` k(x).P I ∀x.〈〈kx〉〉A

E ` P I A
E ` k〈e〉.P I 〈〈ke〉〉A

Rcv,Send

E ` Pi I Ai ∀i ∈ I
E ` k . [li :Pi]i∈I I

V
i∈I〈〈k . li〉〉Ai

E ` P I A j

E ` k / l j.P I 〈〈k / l j〉〉A j
Bra,Sel

E ` Pi I Ai i = 1,2
E ` P1 |P2 I A1◦A2

E ` P I A x fresh
E ` (νu)P I νx.A[x/u]

−
E ` 0 I T
Conc, Res, Inact

−
E, X :(x̃)A ` X〈ẽ〉 I A[ẽ/x̃]

E, X :(x̃)(∀ j � i.A( j)) ` P I A(i)
E ` (recX(x̃).P)〈ẽ〉 I ∀i.A(i)[ẽ/x̃]

Var,Rec-ind

E `P1 I e⊃A E `P2 I ¬e⊃A
E ` if e then P1 else P2 I A

E `PI A A⊃B
E ` P I B

If, Conseq

5.2 Proof Rules for the May Modality

The proof rules for the May modality are given in Figure 3. There is a single rule
for each typing rule in Figure 3, except for Conseq. The typing environment for
each judgement is not mentioned in these rules, assuming it exactly follows
Figure 1.

The first six rules are about the six kinds of prefixes. As is known from
the preceding studies (cf. [31, 107]), deriving the May modality from prefixes
is relatively straightforward. In the first two rules, Acc and Req, we infer for
initiation of session, which let two parties share fresh session (linear) channels.
In session types, the newly introduced channels at session initiation are always
bound, hence bound actions are used.

Rcv infers for receiving a value: since we do not know what value to be
received, we quantify what to obtain universally, which can be instantiated at
will. Send infers for sending a value, in which case we know what is being sent.
When a name is sent, the use of ν-binder allows us to turn the free name output
to the bound name output.

36



In Bra, the set {li} of branch labels are determined by typing, which means
that the assertion in the conclusion indicates all possible input actions the pre-
fixed process can have. Note this understanding depends on the underlying typ-
ing context and the typability of the process: thus a typing gives a basis for this
derivation. In Sel we know the label which is selected hence we can directly use
it as part of the modal action.

Conc and Res construct formulae for composition and hiding using ◦ and ν.
These connectives do not explicitly specify the behaviour of processes but rather
indicate potential structures of processes. For example, if we have the following
two processes:

P def= a(k).k?(x).b(h).h!(x).h?(y).k!〈y〉.0 (5.2.1)

Q def= b(h).h?(w).h!〈w+1〉.0 (5.2.2)

Through Inact (discussed below), Acc, Req, Bra and Sel, we can infer, for P and
Q respectively, the following two assertions:

AP
def= 〈〈a(k)〉〉∀n.〈〈k n〉〉〈〈b(h)〉〉〈〈hn〉〉〈〈hn+1〉〉〈〈k n+1〉〉T (5.2.3)

BQ
def= 〈〈b(h)〉〉∀m.〈〈hm〉〉〈〈hn+1〉〉T (5.2.4)

Now through Conc, we can infer AP ◦BQ. Note we may as well wish to know
that P|Q may receive an input at a and returns its increment: this is however only
implicit in AP◦BQ, which solely juxtaposes two specifications without telling us
the resulting modal behaviour. It is through axioms, on which we shall discuss
soon, that we can derive explicit assertions on behaviour. The rules Conc and
Res are shared in the proof systems for the Must and Mixed modalities.

Inact is the well-known proof rule reflecting the nature of May semantics
[70]: the inaction never has any potential to do anything, hence it has least in-
formation. As we shall see later, the same inaction is treated quite differently in
the Must and Mixed modalities.

For reasoning recursion, each modality induces a distinct rule. In the case of
the May modality, we obtain the rule which uses mathematical induction. First,
the proof rule for process variables, Var is standard [70, 108] and is common
to all modalities. Second, on its basis, Rec-ind infers for recursion, through the
course-of-value induction. In the rule, we assume i, j are in some well-ordered
set [54].7 Rule Rec-ind says that, if, assuming that for each index j strictly
smaller than an index i, that a process variable satisfies a certain property, we
can infer that the same holds for the body of a recursion for the next ordinal

7 Mathematical induction often suffices, though higher ordinals are useful when we need to deal
with e.g. lexicographic ordering.
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i, then we can conclude that the recursion satisfies the stated property for ev-
ery possible index. As an example usage of Rec-ind, but this time without fixed
point formulae, consider a process P given as:

P def= a(k).k(x).if x = 0 then k〈1〉 else R (5.2.5)

R def= (νb)(X〈b〉|b(k′).k′〈x−1〉.k′(y).k〈x× y〉) (5.2.6)

The following shows how we can infer (recX(a).P)〈a〉 computes a factorial
using Rec-ind.

X : (a)∀ j � i.〈〈a(k)〉〉〈〈ki〉〉〈〈k j!〉〉T ` P I 〈〈a(k)〉〉〈〈ki〉〉〈〈ki!〉〉T

` (recX(a).P)〈a〉 I ∀i.〈〈a(k)〉〉〈〈ki〉〉〈〈ki!〉〉T
(5.2.7)

Note the recursion computes the factorial by generating sub-processes, which is
naturally captured by induction through the recursion rule.

When using Rec-ind, the indexed fixed-point formulae become useful:

(µ/νXκ(x̃).A)〈ẽ〉 (5.2.8)

which follow Dam [31], with κ ranging over ordinals. The notation stands for
the standard κ-th approximations, given as, with λ a limit ordinal in the last line:

(µX0(x̃).A)〈ẽ〉 ≡ F

(µXκ+1(x̃).A)〈ẽ〉 ≡ A[(µXκ(x̃).A)/X ][ẽ/x̃]
(µXλ(x̃).A)〈ẽ〉 ≡ ∃i�λ(µX i(x̃).A)〈ẽ〉,

dually for ν-recursion. As an example usage, let:

A(i) = (νY i(k).〈〈k1〉〉Y 〈k〉)〈k〉. (5.2.9)

where we use the extended fixed point. Then we reason:

1. ........

2. X : (k)∀ j � i.A( j) ` k1.X〈k〉 I A(i)

3. ` (recX(k).k1.X〈k〉)〈k〉 I (νY (k).〈〈k1〉〉Y 〈k〉)〈k〉
showing a process can repeatedly perform an output of 1 at k.

The conditional rule If is standard. The final proof rule is the consequence
rule: as discussed at the outset of this section, one of the roles of the entailment
in this rule is to extract modal content from bare assertions using ◦ and ν. This
is also the place where we carry out logical calculations for assertions on values
which messages may carry (which in particular include number theory in the
present logic: or if we are to use structured messages such as those based on
XML, a logic for those structured messages).

We shall later show this system characterises the May preorder.
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5.3 Axioms for the May Modality

Because of the introduction of ◦ and ν, it becomes imperative to extract be-
havioural (modal) content of assertions using axioms. Below we illustrate some
of the key axioms useful for deriving the May modality through examples. A
comprehensive list of axioms can be found in Appendix B.

Recall the two processes P and Q in (5.2.1) and (5.2.2) before. Their respec-
tive assertions AP and BQ in (5.2.3) and (5.2.4) may be precise, but leaves the
action of composed behaviour implicit. Now we show how we can make this
implicit behaviour explicit. The following laws are among the basic laws for the
May modality. Each axiom is valid under a typability condition: that the both
sides of the entailment have the same typing (where the typing of formulae is
given following that for processes in §2), as we shall illustrate later.

(〈〈`〉〉A)◦B ⊃ 〈〈`〉〉(A◦B) (5.3.1)

〈〈`〉〉A◦ 〈〈`〉〉B ⊃ νbn(`).〈〈〉〉(A◦B) (5.3.2)

〈〈〉〉〈〈〉〉A ≡ 〈〈〉〉A (5.3.3)

〈〈〉〉〈〈`〉〉A ≡ 〈〈`〉〉A (5.3.4)

〈〈`〉〉〈〈〉〉A ≡ 〈〈`〉〉A (5.3.5)

A◦T ⊃ A (5.3.6)

The first two rules are a logical analogue of the expansion law [79]. The first
rule is particularly sensible to the typing constraint. While we can infer:

〈〈a(k)〉〉A◦ 〈〈a(k)〉〉B ⊃ 〈〈a(k)〉〉(A◦ 〈〈a(k)〉〉B) (5.3.7)

we cannot infer

〈〈k?1〉〉A◦ 〈〈k!1〉〉B ⊃ 〈〈k?1〉〉(A◦ 〈〈k!1〉〉B) (5.3.8)

since if the left-hand side of (5.3.8) is typable, then its right-hand side will not
be, noting the linear channel k will given the type ⊥ in the former but not for
the latter. By this typing condition, the axiom in effect says:

If one part of the composition can do a visible action, and if that ac-
tion is not type-wise prohibited from interacting with the outside in the
typing of the composed process, then the composed process can indeed
do that visible action, with its continuation having the corresponding
composition property.

The underlying typing constraint is of the sort which can be easily inferred by
e.g. an editor.
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In the next three laws, (5.3.3), (5.3.4) and (5.3.5), the first one (5.3.3) im-
plies the remaining ones (by the definition of the weak modal action, 〈〈`〉〉A ≡
〈〈〉〉〈`〉〈〈〉〉A). Finally (5.3.6) again relies on typability, following the same se-
mantic principle as noted above.

We can now extract explicit modality from A◦B for A and B in (5.2.3) and
(5.2.4) as follows. Below we set A′ as 〈〈b(h)〉〉〈〈hn〉〉〈〈hn + 1〉〉〈〈k n + 1〉〉T, i.e. A′

is the “remaining part” of AP after two May actions.

AP ◦BQ ⊃ 〈〈a(k)〉〉∀n.〈〈k n〉〉〈〈〉〉(A′ ◦BQ)
⊃ 〈〈a(k)〉〉∀n.〈〈k n〉〉〈〈〉〉νh.(〈〈k n+1〉〉T◦T)
⊃ 〈〈a(k)〉〉∀n.〈〈k n〉〉〈〈k n+1〉〉T

In the first implication above, we use (5.3.1). In the next implication, we use
(5.3.2) combined with (5.3.5), with standard quantification rules. In the last im-
plication, we use (5.3.6) and the standard entailment for T.

We next show how we can use B for a more modular reasoning. In essence,
B allows the use of a cut through the following axioms:

B ⊃ AB (A◦B) (5.3.9)

(AB B)◦A ⊃ B (5.3.10)

There are other rules, but we only use these two rules. The first rule says that
once we know B holds for a process, then automatically we can say:

The well-typed composition of the process with any process satisfying B,
will automatically satisfy A◦B.

On the other hand the second rule states the symmetric case:

If we know that the well-typed composition of the process with any pro-
cess satisfying A leads to a property B, and if we combine this with a
process satisfying A, then the result satisfies B.

The axiom (5.3.9) allows us to reason, for AP in (5.2.3):

AP ⊃ BQ B (AP ◦BQ)
⊃ BQ B 〈〈a(k)〉〉∀n.〈〈k n〉〉〈〈k n+1〉〉T

If we have this assertion for P, then by the axiom 5.3.10, we immediately know
P satisfies 〈〈a(k)〉〉∀n.〈〈k n〉〉〈〈k n + 1〉〉T. Such reasoning is useful when we wish
to infer a property of a process (or a code) knowing it would be composed with
a process (or code) of a certain property. 8

8 The corresponding method is used in [31] and [103] using process variables and the cut rule.
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We also have the standard laws from the modal logic, such as

〈〈`〉〉(A∧B)⊃ 〈〈`〉〉A∧〈〈`〉〉B (5.3.11)

and
〈〈`〉〉(A∨B)≡ 〈〈`〉〉A∨〈〈`〉〉B. (5.3.12)

which are natural from the viewpoint of process behaviour. The remaining ax-
ioms can be found in Appendix B, while more reasoning examples using these
and other axioms can be found in Section 8.

41



6 Reasoning about Must and Mix Modalities

6.1 Must Modality and Prefix

With the May modality, we can specify what potential behaviours a process has,
up to non-deterministic branching. In contrast, with its dual, the Must modality,
we specify what behaviour a process does not have, that it can not reach a cer-
tain state. The starting point of the specification with the Must modality is the
following simple assertion under, say, k :↑ nat;end.

[[k 1]]F (6.1.1)

This assertion says that the process can never output 1 through k. By typing, we
assume that the process may only, if ever, output a natural number through k:
hence the assertion (6.1.1) says that (1) either the process can never output at k;
or (2) if it does output a number via k, it will emit something other than 1. This
is a safety specification, showing some event never happens.

This simplest usage of the Must modality, specifying the incapability of a
single action, is expanded by having the use of a non-trivial predicate after the
Must modality, instead of F:

[[h2]][[k 1]]F (6.1.2)

The formula (6.1.2) says that, if the process ever emits 2 through h, then it will
never emit 1 through k. The formula as a whole is again about safety, since it
tells that the process cannot do some action and it can reach only such a state.
This specification is satisfied by the following process:

if e then h!2.k!2.0 else h!1.k!1.0 (6.1.3)

Note that, whether e evaluates to truth or falsity, the process satisfies the asser-
tion, since, for example, when falsity, 2 is not emitted through h.

The specification (6.1.2) consists of a sequence of Must modal actions ter-
minating with F. Can we derive such specifications compositionally? Yes we
can, in the same spirit of various proof rules for Must modality in the previous
work (cf. [10, 107, 108]), combined with the typing environment. The basic idea
is simple. Suppose P is prefixed. Then we can infer:

The only action this process can do, among those at free channels in the
typing environment or silent actions, is indeed one based on its prefix,
and then it reaches the specification of its continuation.

A sequence of such derivations will give us a desired safety specification. To get
an idea, take the following simple process, the typing h:↑ nat;end, k :↑ nat;end.

h!1.k!1.0, (6.1.4)
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Then starting from 0 and following each prefix one by one, we may derive the
following specification:

Initially it has no output actions except sending 1 via h. If it ever does
so, it has no output actions except sending 1 via k. And if it ever does so,
it has no action whatever.

This informal specification captures the whole behaviour of this process as far
as the Must modality goes — it does not say what this process can do, but it
does say what it cannot do, as well as what can ever happen if it does a potential
action it may be capable of. For inferring such properties from prefixes, we use
the notion of non-action predicate, introduced in the next subsection.

6.2 No-action Predicate

We define the no-action predicate at Γ, written noact(Γ). The predicate noact(Γ)
asserts that “no actions at Γ are possible”. We use a notation for refined IO-
types for non-deterministic channels, written (τ)I, (τ)O as well as the original
(τ), where the first two respectively restrict the capability to input and output
only [91]. This allows us precisely to specify the absence of a certain action. 9

Assume Γ is the typing environments whose co-domain is extended with
these refined IO-types. Then the no-action predicate for Γ, written noact(Γ), is
defined by:

• noact(k : ↓α;τ) = ∀xα.[[kx]]F, noact(k : &{li : τi}) =
V

i[[k . li]]F, dually for
linear output and selection.

• noact(a : (τ)I) = [[a(k)]]F, noact(a : (τ)O) = [[a(k)]]F, and noact(a : (τ)) =
noact(a :(τ)I)∧noact(a :(τ)O).

• noact(ũ : ρ̃) =
V

inoact(ui : ρi).

We refine the no-action predicate by specifying an action possible by a prefix,
written [`,Γ] (which says that “this process can immediately do `, and nothing
else, as far as the typing Γ goes”), defined as follows. Below we assume ` 6= τ

and Γ may again use refined IO types.

• [`,Γ]A def= [`]A∧noact(Γ) if ` is an input or a branching;
• [ke,Γ]A def= [ke]A∧∀x.(x 6= e⊃ [kx]F)∧noact(Γ); and
• [k / li,Γ]A def= [k / li]A∧

V
j∈I\i[k / l j]F∧noact(Γ).

We can now introduce the Must predicate for prefixes.

9 There is no change in the typing system for processes: the introduction of refined IO-types for
non-deterministic channels is solely for defining the no-action predicate.
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Definition 6.1 (extended Must modality). The extended Must modality for `

under Γ, written [[`,Γ]]A, is defined as: [[`,Γ]]A
def
= [[ ]][`,Γ]A.

Note that there is a [[ ]] before `, but not after `. The predicate [[`,Γ]]A, where
the typing Γ is the typing of the whole (prefixed) process minus the capability
given by ` (e.g. an output at a channel a), says the two things:

(1) Whatever τ-actions the process may have, it is always ready to do `, and
nothing else; and

(2) If ever it does `, it will immediately reach A.

Note (2) does not say the resulting process stably satisfies A. Let us illustrate this
predicate through simple examples. First, take the inaction, which we assume to
be typed under a : (τ), with τ =↑ Nat;end. Then we have:

` 0 I noact(a : (τ)) (6.2.1)

which expands to
` 0 I [[a(h)]]F ∧ [[a(h)]]F (6.2.2)

The formula in (6.2.2) says that an action at a, either input or output, is impos-
sible, hence in effect it asserts that process has no visible actions — as is indeed
true with the inaction agent.

As the second example, let Γ′ = a : (τ), b : (τ′) and assume Γ′ ` a(k).P.
Then we “subtract” a : (τ)I from Γ′ to obtain Γ = a : (τ)O, b : (τ′), so that,
assuming A is the assertion for P, we assert for a(k).P as [[a(k),Γ]]A, which
expands to:

[[a(k)]]A ∧ [[a(k)]]F ∧ [[b(k′)]]F ∧ [[b(k′)]]F (6.2.3)

The assertion says that there is no action at b and no output action at a, and that,
after an input at a of a fresh session channel k, a state satisfying A follows.

Finally we formalise the idea of “subtracting ` from Γ”, which we write
Γ− `. Take ` typable under Γ and assume the type of ` (using refined IO-types)
is u : α. We then define Γ− u : α as the maximum typing environment ∆ such
that ∆�u : α = Γ (here the maximality is defined, following [51], with respect to
the ordering v induced by composability, given as: ∆1 v ∆2 if whenever Γ�∆2
is defined, Γ�∆1 is defined, for each Γ). In this case we say ∆ is the result of
extracting ` from Γ.

For example, with Γ and Γ′ above, and ` = a(k), the result of extracting `
from Γ′ is:

(a : (τ), b(τ′))−a(k) = a : (τ)O, b(τ′) (6.2.4)

which is the maximum typing environment which, when composed with a : (τ)I ,
yields a : (τ), b(τ′).
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Fig. 4 Proof System (Must Modality): with Conc,Res,Var,Rec-ind and If from Fig. 3

E ` P I A
E ` a(k).P I [[a(k),Γ]]A

E ` P I A
E ` a(k).P I [[a(k),Γ]]A

Acc,Req

E ` P I A
E ` k(x).P I ∀x.[[kx,Γ]]A

E ` P I A
E ` k〈e〉.P I [[ke,Γ]]A

Rcv,Send

E ` Pi I Ai ∀i ∈ I
E ` k . [li :Pi]i∈I I

V
i∈I[[k . li,Γ]]Ai

E ` P I A j

E ` k / l j.P I [[k / l j,Γ]]A j
Bra,Sel

−
E ` 0 I noact(Γ)

E, X :(x̃)A ` P I A A admissible
E ` (recX(x̃).P)〈ẽ〉 I A[ẽ/x̃]

Inact,Rec-adm

6.3 Proof Rules for the Must Modality

The proof rules for the Must modality are presented in Figure 4, assuming im-
plicit typing environments in each rule, corresponding to the typing rules in
Figure 1. We also use Conc,Res,Var, and If from the May proof system in Fig-
ure 3. Thus the only differences from Figure 3 are (1) the prefix rules, (2) the
inaction rule and (3) the recursion rule, each of which is illustrated below.

(1) Prefix Rules There are six prefix rules: Acc, Req, Rcv, Send, Bra, and Sel.
Each of these rules uses an extended Must modal formula following Definition
6.1, of form [`,Γ]A, where ` depends on the shape of the prefix used. Assume the
implicit typing environment for the conclusion is ∆. Then Γ is given by ∆− `,
that is ∆ minus the capability `, in the sense of the previous subsection.

Using the extended Must modality, each rule precisely specifies what the
process cannot do and, if ever it does something it can, what would be the re-
sulting state. Soundness of these rules depend on the avoidance of [[ ]] after ` in
Definition 6.1, since, in each rule, A may not be stable for P (i.e. P may have
some τ-actions after which A may no longer hold).

(2) Inaction Rule In the rule for May modality in Figure 3, T indicates “we
cannot say anything about what this process does.” Here in contrast we explicitly
assert what this process cannot do. In Inactin Figure 4, we assume Γ is the whole
typing environment of 0 in the conclusion.

As a small example to show how we can infer properties of processes using
these prefix and inaction rules, consider a simple agent a(k).k〈3〉.0 under the
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typing a : (↓nat;end). Applying these rules we obtain, with α = (↑nat;end)O:

` a(k).k〈3〉.0 I [[a(k),a :α]][[k3,a]]noact(a,k) (6.3.1)

The assertion part can be expanded into:

noact(a :α) ∧ [[a(k)]](noact(a) ∧ ∀i 6= 3.[[ki]]F ∧ [[k3]]noact(a,k)) (6.3.2)

which says that the process will not do any action except an input at a to es-
tablish a session k; then will not do any action later with an output 3 via k: and
no further actions are possible. This is close to a partial correctness assertion,
which constraints a possible final state if the program ever terminates (we shall
pursue this informal connection in more detail in §10).

(3) Recursion Rule The recursion rule Rec-adm uses the standard notion of
admissibility [101], defined formally in §6.7 later (in brief, an admissible for-
mula is one satisfied by the inaction and that which is closed under a limit of a
chain of unfolding, or a rational chain: Admissibility has various ramifications
which make reasoning easier). As an example usage of Rec-adm, we consider:

(recX(k).k1.X〈k〉)〈k〉 (6.3.3)

from Section 5.2. Now consider the following specification, considered under
the typing k : rec t.↑nat.

C ≡ (νY (k).[[k1, /0]]Y 〈k〉)〈k〉. (6.3.4)

We can expand C into:

(νY (k).([[k1]]Y 〈k〉 ∧ ∀i 6= 1.[[ki]]F)〈k〉 (6.3.5)

By Proposition 6.5 later C is admissible. We now apply Rec-adm via the stan-
dard logical equivalence for an unfolding of a fixed point operator:

1. ........

2. X : (k)C ` k1.X〈k〉 I C

3. ` (recX(k).k1.X〈k〉)〈k〉 I C

which in fact is the dual derivation of what we have done in Section 5.2.
Further examples of reasoning which uses the Must modality will be dis-

cussed in §6.5 later.
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Fig. 5 Proof System (Mixed Modality): with Conc,Res,Var and If from Fig. 3.

E ` P I A
E ` a(k).P I La(k),ΓMA

E ` P I A
E ` a(k).P I La(k),ΓMA

Acc,Req

E ` P I A
E ` k(x).P I ∀x.Lkx,ΓMA

E ` P I A
E ` k〈e〉.P I Lke,ΓMA

Rcv,Send

E ` Pi I Ai ∀i ∈ I
E ` k . [li :Pi]i∈I I

V
i∈ILk . li,ΓMAi

E ` P I A j

E ` k / l j.P I Lk / l j,ΓMA j
Bra,Sel

−
E ` 0 I noact(Γ)

E, X :(x̃)X ′〈x̃〉 ` P I A
E ` (recX(x̃).P)〈ẽ〉 I (νX ′(x̃).A)〈ẽ〉

Inact,Rec-mix

6.4 Proof Rules for the Mixed Modality

We now move to the proof system which infers the behaviour of processes using
both May and Must modalities. We do this by the use of the Mixed modality
(cf. Definition 3.4), strengthened by incorporating the specification for the lack
of actions from the extended Must modality (cf. Definition 6.1). In this way,
each prefix rule becomes the combination of the corresponding May and Must
prefix rules. The strengthened Mix modality is given as follows.

Definition 6.2 (extended Mix modality). The extended Must modality for `
under Γ, written L`,ΓMA, is defined as L`MA∧ [[`,Γ]].

Note L`MA∧ [[`,Γ]] is equivalent to [[ ]]〈`〉A∧ [[ ]][`,Γ]A (since [[ ]] distributes over
conjunction), entailing both 〈〈`〉〉A and [[`,Γ]]A). The predicate L`,ΓMA says:

(1) After any (zero or more) τ-actions, the process can do `, and no other; and
(2) if the process does so, it satisfies A immediately after `.

As we shall see later this modality can fully capture the semantics of prefixes.
The proof system for the Mix modality consists of those rules given in Fig-

ure 5 combined with Conc,Res,Var and If from Figure 3. As before, we assume
the premise and conclusion of each rule in fact use implicit typing environments,
precisely following the corresponding typing rule in Figure 1. The rule Inact is
in fact the same as Inact from Figure 4, so in effect the only new rules are the
prefix rules and the recursion rule, which we illustrate below.
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(1) Prefix Rules The prefix rules use the extended Mix modality, subsuming (in
terms of the properties derived) the corresponding rules in the May/Must proof
systems. For example, Send in Figure 5 says that all and only action this process
can do is an output of e via k, and immediately after that action it satisfies A.

The mixed modality is particularly useful for deriving deterministic be-
haviour of processes. This is useful since many communication-based applica-
tions may consist of deterministic local parts together with their non-deterministic
composition. In the absence of general summation, the Mix modality is enough
to ensure that an action can never be cancelled. Thus in Send the formula
Lke,ΓMA fully describes the behaviour of k〈e〉.P up to the precision of A w.r.t. P.
Since it combines both the May modality and the Must modality, we can derive
these modalities as needed from a specification based on mixed modalities.

As a simple example of the use of prefix rules with Mix modality, consider
the following process:

a(k).k〈3〉.0 (6.4.1)

Let α = (↓nat;end)O and β = (↓nat;end). Then under a : β we can infer for
this process with the following conclusion:

` a(k).k〈3〉.0 I La(k),a :αMLk3,a :βMnoact(a :β,k :end) (6.4.2)

which says that this agent can initially do an input a(k), and no others; then can
do an output k〈3〉, and no other; and has no more actions, precisely specifying
all the behaviour of the process in (6.4.1).

(2) Recursion Rule The key difference of the proof system for the mixed
modality is the proof rule for recursion 10, due to Larsen [70], reproduced below.

E, X :(x̃)X〈x̃〉 ` P I A
E ` (recX(x̃).P)〈ẽ〉 I (νX(x̃).A)〈ẽ〉

Rec-mix

Note the rule assumes that an assertion variable is assigned to a process variable,
assuming an injective function mapping X (a process variable) to X (an assertion
variable). Thus the fixed-point formula in the conclusion precisely corresponds
to the recursion in the syntax of the process. We observe:

– From our experience, for many processes with recursive definitions, a for-
mula thus derived offers a useful specification, see §8 later.

– If we need abstraction, one may use the preceding two recursion rules which
give better abstractions for different purposes, for liveness properties (Rec-ind)
and for safety properties (Rec-adm).

We prove later in §7 that Rec-mix leads to completeness.
10 This mixed recursion rule corrects the corresponding rule in our previous presentation [16].
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6.5 Axioms and Reasoning for Must Modality

It is well-known in the context of the standard Hennessy-Milner logic (which is
based on the strong modalities) that it is a delicate task to derive Must modal ac-
tions, especially in the presence of parallel composition [108]. This is because,
to derive a Must modal action from a composed process, we should know all
possible ways to reach that action and all possible states from that action, which
becomes complex especially when that modal action is the silent (τ) action.

In the current setting, the situation becomes worse because we should reason
about weak Modal actions. To see this, observe the following equivalence:

[[`]]A ≡ [[ ]][`][[ ]]A (6.5.1)

Thus to derive [[`]]A, one needs to show all possible zero or more τ-actions
should lead to A, which means we need to go into arbitrarily nested potential
interactions between two behaviours inhabiting the formulae.

The present logical framework partly compensates this difficulty through the
use of linearly typed actions. This is particularly visible when we combine two
prefixed processes, hence their corresponding properties, by parallel composi-
tion. First, the general laws of interest are distribution of the must modality over
conjunction, i.e. [`](A∧B)≡ ([`]A)∧ ([`]B) and [[ ]](A∧B)≡ ([[ ]]A)∧ ([[ ]]B).

Now suppose we have a pair of dually prefixed processes at a shared name,
say a(k).P and a(k).Q, satisfying the following assertions:

A def= [[a(k),Γ]]A′

B def= [[a(k),∆]]B′

which use Must assertions. Now suppose A′ ◦ B′ ⊃ [[ ]]C. Can we infer, from
A◦B, the assertion [[ ]]C? Certainly not, since at a there can be interactions with
the outside.

However, the linearity in actions changes the situation. If we have two pro-
cesses k(x).P and k〈v〉.Q at a linear channel k, then the assertions for these
processes will look like:

E def= [[kv,Γ]]E ′

G def= [[kv,∆]]G′

In this case, if we have E ′◦G′⊃ [[ ]]H, we can reason as follows, under the typing
Θ = k :⊥,Γ�∆:

E ◦G ⊃ [[ ]](H ∨ noact(Θ))
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The second step is by the following axiom, again assuming A ◦B ⊃ [[ ]]C and
under the typing sbj(`) :⊥, Γ�∆ (sbj(`) is the subject of the transition label `):

[[`,Γ]]A ◦ [[`,∆]]B ≡ [[ ]](C ∨ noact(Θ)) (` linear) (6.5.2)

where for simplicity we assume bn(`) = /0.
As another rule for linear actions, under the typing sbj(`) : τ, Γ�∆ where

τ 6=⊥, and again assuming A◦B⊃ [[ ]]C,

([[`]]A) ◦ B ≡ [[`]]C (` linear) (6.5.3)

Validity of this axiom crucially relies on the typing: since ` cannot be compen-
sated except by the dual action from the outside, we know it is never consumed
by the other party: hence if this action ever happens, we shall still have A and
B intact. We also observe the following simple axiom for no-action predicates,
typed under Γ�∆:

noact(Γ) ◦ noact(∆) ≡ noact(Γ�∆) (6.5.4)

which says that if there is a behaviour which does nothing at Γ, and if it is
composed with another behaviour which does nothing at ∆, and the composed
process is typed under Γ�∆, then this composed process can do nothing at all
of its interaction points.

Below we show a simple example as an illustration of the usage of these
axioms. Consider the following processes:

P def= k(x).h!〈x+1〉.0

Q def= k〈2〉.0

Then P and Q respectively satisfy, with G1 = noact(k : end,h : end) and G2 =
noact(k : end),

A def= [[k2,h]][[h3]]G1

B def= [[k2]]G2

which are respectively typed under k :↓ nat;end, h :↑ nat;end and k :↑ nat;end, h :↓
nat;end (in fact both G1 and G2 are equivalent to T). By noting G1 ◦G2 ⊃ G
where G = noact(k : ⊥,h : end) by (6.5.4) and noact(Γ)⊃ [[ ]]noact(Γ) by defi-
nition, we can apply (6.5.3) to obtain:

([[h3]]G1)◦G2 ⊃ [[h3]]G (6.5.5)

By applying (6.5.2) and noting G∨G⊃ G, we reach:

A◦B ⊃ [[h3]]G (6.5.6)

which says that P|Q will surely output 3 via h, and will have no more visible
behaviour.
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6.6 Axioms and Reasoning for Mix Modality

As we observed, formulae with Mix modal actions, especially those with ex-
tended Mix modal actions, can precisely capture the behaviour of prefixed pro-
cesses hence, through the use of ◦ and ν, the whole behaviour of processes (this
informal observation extends to formal results including processes with recur-
sion, as we shall see in Section 7).

Even if so, such formulae are not process themselves: these Mix modal
formulae can be weakened through axioms into weaker formulae, taking off
branches or conjuncts, adding disjunction, and turning Mix modalities to the
corresponding May/Must modalities. These aspects are particularly significant
because of the following reasons:

1. The resulting weaker specifications may as well be what we may wish to
have for a given process.

2. Recursion rules (Rec-ind and Rec-adm) are most easily applied to formulae
which use May and Must formulae.

3. Axioms for the Mix modality, especially those which involve ◦ and ν, tend
to be simpler than axioms for May and Must modalities, in close corre-
spondence with the expansion law but with added logical flexibility (e.g.
cancellation of irrelevant branches and conjuncts).

Thus, in addition to the use for asserting for the whole behaviour of processes,
mixed modal actions can be used for effective reasoning for processes.

As an example, the axiom corresponding to (6.5.2) becomes, assuming A◦
B⊃ [[ ]]C and under Θ = sbj(`) :⊥, Γ�∆:

L`,ΓMA ◦ L`,∆MB ≡ [[ ]]C (` linear) (6.6.1)

where again for simplicity we assume bn(`) = /0. Note that we do not have to
consider the possibility that these dual linear actions do not interact.

When these actions are possibly non-linear, we may use the underlying May
axiom to obtain:

L`,ΓMA ◦ L`,∆MB ≡ 〈〈〉〉νbn(`).(A◦B) (6.6.2)

which is much weaker than (6.6.1) but is still useful.
We also record, again assuming A◦B⊃ [[ ]]C and under sbj(`) :τ, Γ�∆ such

that τ 6=⊥,
(L`MA) ◦ B ≡ L`MC (` linear) (6.6.3)

Again the linearity of ` and the overall typing for sbj(`) are essential for the
axiom.
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We use these axioms to reason about an example similar to the one we used
in the previous subsection.

P ≡ b(k).k(x).k〈x+1〉.0
Q ≡ b(k).k〈2〉.k(y).h〈y〉.0

We consider these processes under the obvious minimal typing. Let us define:

A′ = ∀xnat.Lb(k)MLkxMLkx+1MT
B′ = ∀ynat.Lb(k)MLk2MLkyMLhyMT

We can then easily infer, using the proof system with mixed modalities:

` P I A′

` Q I B′

From which we obtain, using Conc:

` P|Q I A′ ◦B′ (6.6.4)

We can then infer:

A′ ◦B′ ⊃ Lb(k)MLk2MLk3MT◦ Lb(k)MLk2MLk3MLh3MT
⊃ 〈〈〉〉νk.(Lk2MLk3MT◦ Lk2MLk3MLh3MT)
⊃ 〈〈〉〉νk.(T◦ Lh3MT)
⊃ 〈〈h3〉〉T

By applying Conseq, we now obtain

` P|Q I 〈〈h3〉〉T. (6.6.5)

In Section 8 we shall see larger inference examples.

6.7 Admissibility

In this subsection we formally define the notion of admissibility, needed for rea-
soning about the recursion for deriving the must modality (or partial correctness,
cf. [54]. It is a property satisfied by formulae which naturally arise in practice
as well as theoretical inquiries. For this reason we first present the notion in
its most general form: then present syntactic characterisations which help us in
reasoning about processes.

For the purpose of defining admissibility, we use the syntactic unfolding and
the characterisation of the recursion as its limit [92, 94]. We now define:
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Definition 6.3 (unfolding chain). We call a family {Γ ` Pi}0≤i of typed pro-
cesses is an unfolding chain with the limit (recX(x̃).P)〈ẽ〉 or often simply un-

folding chain if Pi
def
= Qi[ẽ/x̃] such that, for i, Qi is given by the following induc-

tion:

Q0
def
= 0

Qn+1
def
= P[(x̃)Qn/X ]

We often write Pω for the limit of an unfolding chain {Γ ` Pi}0≤i.

Definition 6.4 (admissibility).

1. A property Γ ` p is admissible if the following two conditions hold: (1)
0 ∈ p; and (2) For each unfolding chain {Γ ` Pi} with limit Pω, if Pi ∈ p for
each i, then Pω ∈ p.

2. An interpretation environment ξ is admissible if it maps each assertion vari-
able to an admissible property.

3. A typed formula Γ ` A is admissible if [[Γ ` A]]ξ is an admissible property
under each admissible ξ.

Note the conditions above correspond to the shape of the typing rule for recur-
sion (recX(ẽ).P)〈ẽ〉: if Pn satisfies A, we can replace X in P with Pn and the
result satisfies A, so that we can continue the unfolding indefinitely, which by
the given condition ensures that (recX(x̃).P)〈ẽ〉 satisfies A.

Proposition 6.5 (syntactic approximation for admissibility). Let A,B, . . . be-
low be generally open formulae.

1. X〈ẽ〉, T, F, e = e′ and e 6= e′ are admissible.
2. If A and B are admissible then so are A∧B and A∨B.
3. If ¬A and B are admissible then so is A⊃ B.
4. If A is admissible then ∀x.A is admissible.
5. If A is admissible then (νX(x̃).A)〈ẽ〉 is admissible
6. If A is admissible then both [`]A and [[`]]A are admissible
7. If A is admissible and A≡ B then B is admissible

Proof. For ν-recursion, by the third clause of Definition 6.4, its finite approxi-
mants are all admissible. For each limit case, we take the conjunction, which is
again closed under admissibility.

If process recursion is sufficiently well-behaved, we can expand the set of syn-
tactically admissible formulae. The following notions are also important in our
later development, when we analyse the construction of characteristic formulae.
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Definition 6.6 (prefix). A typed process P is prefixed if P ≡ Q such that Q has
one of the following forms:

v(k).P′, v(k).P′, k(x).P′, k〈e〉.P′, k(νa).P′, k / [li.P′i ], and k . l.P′, (6.7.1)

where k(νa).P′ stands for (νa)k〈a〉.P′. The subject of P is v in the first two
cases, k in the last four cases.

Definition 6.7 (well pointed recursion).

1. A typed process Q
def
= (recX(x̃).P)〈ẽ〉 is a well-pointed recursion if P is pre-

fixed in the sense of Definition 6.6. In this case, the prefix of recursion Q is
the prefix of P.

2. A typed process P is well-pointed if each occurrence of a recursion in P is
a well-pointed recursion.

Thus, in well-pointed processes, the body of each recursion is a prefixed pro-
cess. A key nature of well-pointed processes is that its unfolding in effect takes
place only when this prefix is invoked. Thus we have a clear interaction point
to observe when the behaviour inside a recursion body is launched and gets
engaged in interactions.

Well-pointed recursions are those recursions which naturally arise in prac-
tice and in encoding of programs. Further, under many type disciplines for the π-
calculus in general and those treated in this paper in particular, well-pointedness
is not semantically restrictive, as the following proposition proves.

Proposition 6.8 (well-pointedness suffices). For any well-typed Γ ` P, we can
algorithmically construct Γ ` Q such that P≈ Q and Q is well-pointed.

Proof. We inductively transform each recursion. Consider (recX(x̃k̃).P)〈ẽk̃〉
(setting the parameter to k̃ does not lose generality because linear channels never
get coalesced). For illustration we let k̃ be given as kh. We recall, following the
standard convention (cf. §2.1), a recursion variable X in P is under some prefix.
So we can write:

P≡ (ν ũ)Π1≤i≤nQi (6.7.2)

where each Qi is prefixed. Note k (say) cannot occur in both Qi and Q j (i 6= j)
by typing 11. Assume for simplicity k and h both occur in Q1 (it should be said
that, in this case, X cannot occur in other Qi, i 
 1: the encoding below caters for
all these cases). Further without loss of generality we assume ũ do not contain a

11 This restriction is not obeyed if we have a delegation or, in general, when a linear name is
passed in communication: however in that case we can pass these linear channels as we do for
other channels.
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linear channel (since if so, say for k′, then we can add two mutual dual session
initiations, say c(k′) and c(k′), for a fresh hidden name c, and add a new hiding
for c). Then we replace (recX(x̃k̃).P)〈ẽ〉 with

(b̃)(b0〈ẽ〉 | Π0≤i≤nQ′
i) (6.7.3)

where b0,b1, ..,bn are fresh and {Qi} are given as follows. Below we write
a(x̃).P for b(h′).h′?x̃.R and a〈ẽ〉.P for b(h′).h′!ẽ.R, and use the notation !a(x̃).R
following §2.1, standing for recX .a(h).h(x̃).(R|X) (which is obviously well
pointed).

Q′
0

def= !b0(x̃).(ν ũ)(Π1≤i≤nbi〈x̃ũ〉)

Q′
1

def= (recY (kh).b1(x̃ỹ).Q1[ũ/ỹ][(x̃kh)(b0〈x̃〉|Y 〈kh〉)/X ])〈kh〉

Q′
i

def= !bi(x̃).(Qi[ũ/ỹ][(x̃kh)b0〈x〉/X ]) (i≥ 2)

which has the same observable behaviour as the original recursion. By induc-
tively applying this mapping, we obtain well-pointed process up to ≈.

Proposition 6.9 (admissibility for well-pointed recursions). If we only treat
well-pointed typed processes and if A and B are admissible then so is A◦B.

Proof. Since a recursion is now prefixed, its unfoldings can satisfy A ◦B only
when one of them includes zero (say B) and one of them is satisfied by the
unfoldings (say A). Then we use induction. For (ii), if each unfolding Pi satisfies
νx.A, then (without loss of generality) (νa)Qi satisfies A.

Remark 6.10 (admissibility and µ-recursion). The µ-recursion (least fixed
point) is not generally well-behaved w.r.t. admissibility. For example, the fol-
lowing formula is admissible under the typing Γ,k : rec t.(↑ nat; t), assuming X
is interpreted by an admissible property.

[[k1,Γ]]X (6.7.4)

However the result of taking its least fixed point:

µX .([[k1,Γ]]X) (6.7.5)

is not admissible: the formula (6.7.5) is satisfied by all finite agents which have
a sequence of zero or more outputs k1, and nothing else (we can easily con-
struct such agents under the given typing), but it is not satisfied by its limit,
i.e. the recursive behaviour recX .(k〈1〉.X) (to see this, take the collection of all
such finite agents as a property, which immediately gives a fixed point). In con-
trast, the maximal fixed points, ν-recursions, are better behaved with respect to
admissiblity.
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Remark 6.11 (admissibility and ν-quantifier). In the same way the existen-
tial quantifier is not well-behaved w.r.t. admissibility, the ν-quantifier is not
well-behaved w.r.t. admissibility. However if the quantifier can identify the hid-
den name sufficiently clearly, we can use the induction hypothesis. This is the
case when, for example, we consider Must characteristic formulae in §7.3.2.
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7 Soundness and Completeness of Proof Rules

This section proves soundness and completeness of the three proof systems. The
proofs of completeness largely follow [54], based on the syntactic derivation of
characteristic formulae. In addition, we use the close relationship between proof
rules and the derivation rules for characteristic formulae for proving soundness.
For these reasons the technical development starts from the introduction and
study of the derivation rules for characteristic formulae.

7.1 Derivation of Characteristic Formulae

Characteristic formulae [40, 105, 106] precisely characterise the semantics of
processes. There are three systems for the derivation of characteristic formu-
lae. Each system consists of a set of the derivation rules which exactly follow
the syntax of typed processes, centring on distinct modality (May, Must and
Mixed). The systems however differ in terms of the main modality they use.
Thus each derivation system defines a function from a typed process (including
its typing environment) to an assertion in Hennessy-Milner logic. The rules gen-
erally follow the proof rules in the previous two sections, using ◦ and ν, with
differences in recursion rules and conditional. Because of the use of ◦ and ν,
the derived formulae may not directly describe the behaviour of agents: rather it
leaves the most difficult part, how a behaviour arises from parallel composition
and hiding, implicit. Nevertheless they serve significant purposes:

1. The results lead to (relative) completeness of the three proof systems, and
also contribute to soundness.

2. The derived formulae characterise three representative semantic preorder-
s/equivalence, shedding light on the semantic nature of the proof systems.

3. The completeness results also suggest that the only complexity to derive full
modal specification of processes come from these two operators.

Thus the derivation of characteristic formulae offer significant information about
the present logic, both in terms of the nature of its underlying semantic universe
and in terms of proof systems.

Convention 7.1 (typing environments in derivation rules). When deriving
characteristic formulae for Must and Mixed modalities, the typing plays a fun-
damental role. For this purpose we assume that we weaken the typing for shared
names as far as possible, so that we can specify the lack of actions on those
names as necessary. For example, when we derive a formula for the composi-
tion of a(k).P and b(h).Q, we start from typing each of them with the environ-
ment whose domain is {a,b}, which allows us to specify a(k).P does not have
a b-action and b(h).Q does not have an a-action.
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Fig. 6 Derivation of Characteristic Formula (May Modality)

E `?
may P I A

E `?
may a(k).P I 〈〈a(k)〉〉A

E `?
may P

E `?
may a(k).P I 〈〈a(k)〉〉A

Acc,Req

E `?
may P I A

E `?
may k(x).P I ∀x.〈〈kx〉〉A

E `?
may P I A

E `?
may k〈e〉.P I 〈〈ke〉〉A

Send, Rcv

E `?
may Pi I Ai ∀i ∈ I

E `?
may k . [li :Pi]i∈I I

V
i∈I〈〈k . li〉〉Ai

E `?
may P I A j

E `?
may k / l j.P I 〈〈k / l j〉〉A j

Bra,Sel

Ei`?
may Pi I Ai i = 1,2

E1∪E2 `?
may P1 |P2 I A1◦A2

E `?
may P I A

E `?
may (νu)P I νx.A[x/u]

−
E `?

may 0 I T

Conc, Res, Inact

−
E, X :(x̃)X `?

may X〈ẽ〉 I X〈ẽ〉
E, X :(x̃)X `?

may P I A
E `?

may (recX(x̃).P)〈ẽ〉 I (νX(x̃).A)〈ẽ〉
Var,Rec

E `?
may P1 I A1 E `?

may P2 I A2

E `?
may if e then P1 else P2 I (e∧A1)∨ (¬e∧A2)

If

Derivation Rules (1): May Modality The derivation rules for the May modal-
ity are given in Figure 6. The sequent E `?

may P I A is calculated purely based
on structure of processes, even without using typing environments (except an-
notation of logical variables). That is, when E `?

may P I A is derived from these
derivation rules, A (and E) is uniquely determined by P.

The derivation of `?
may P I A assigns a property A in which P is the minimal

element satisfying A with respect to the May preorder vmay (we later validate
this claim). Property A gives a positive description of what a process can do us-
ing the May modality, rather than what it does not do: for example Inact assigns
the least informative specification, T, to P, since 0 cannot do anything.

In Var rule, we assign a formula X (an assertion variable) to X (a process
variable), assuming this map is injective (cf. (Rec-mix), page Rec-mix). In Rec,
we fold both the process and the formula in sync. This folding is done via ν-
recursion. We later show it maintains the minimality of the target process inside
the property represented by the constructed formula.
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Fig. 7 Derivation of Characteristic Formula (Must Modality)
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E `?
must P I A

E `?
must (νu)P I νx.A[x/u]

−
`?

must 0 I noact(Γ)
Conc, Res, Inact

−
X :(x̃)X〈x̃〉`?

mustX〈ẽ〉IX〈ẽ〉
Var

E, X :(x̃)X `?
must P I A

E `?
must (recX(x̃).P)〈ẽ〉 I (νX(x̃).A)〈ẽ〉

Rec

E `?
must P1 I A1 E `?

must P2 I A2

E `?
must if e then P1 else P2 I (e∧A1)∨ (¬e∧A2)

If

Derivation Rules (2): Must Modality The derivation rules of characteristic
formulae for the Must modality are given in Figure 7. We list all rules, though
Conc, Res and Res are common with Figure 6. In the prefix rules and Inact, we
assume Γ is given as in the Must proof system (Figure 3, page 36), using an
implicitly given typing environment and following Convention 7.1. Var adds a
disjunction with the no-action predicate for Γ (Γ is implicitly assigned to X from
the typing of the recursive agent when this process is closed: such Γ can always
be chosen uniquely once we have a type derivation of the whole process).

Rec uses a maximal fixed point to obtain a partial correctness property for
recursion, 12 giving a sufficiently constrained property as far as the recursion
conforms to a semantically non-restrictive syntactic condition. This condition,
called well-guardedness, is discussed in §7.2 later.

When we derive E `?
must P I A, the formula A is intended to be a property

in which P is a maximal element w.r.t. vmust . This claim will be verified later.

12 A previous version uses a least fixed point and a mix characteristic formula. The new rule
gives a better closure property and, in particular, admissibility.
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Fig. 8 Derivation of Characteristic Formula (Mixed Modality)
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E `?
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−
`?
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−
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E, X :(x̃)X `?
mix P I A

E `?
mix (recX(x̃).P)〈ẽ〉 I (νX(x̃).A)〈ẽ〉
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E `?
mix P1 I A1 E `?

mix P2 I A2

E `?
mix if e then P1 else P2 I (e∧A1)∨ (¬e∧A2)

If

Derivation Rules (3): Mixed Modality Finally the derivation rules for the
mixed modality are given in Figure 8. These rules are identical with those for the
Must derivation rules in Figure 7 except for the prefix rules, which are identical
with the proof rules for the Mix modality in Figure 5, page 47; and the pair of
the variable rule (Var) and the recursion rule (Rec), which are identical with the
corresponding rules for characteristic formulae for May modality in Figure 6.

Rec can construct a characteristic formula which exactly pinpoints a recur-
sion (recX(x̃).P)〈ẽ〉 based on the assumption A in the premise is already suffi-
ciently restrictive, pinpointing the behaviour of P. The structure of A follows the
structure of P, and this assumption is generally true for a wide class of typable
processes. We shall later formally stipulate the shape of processes which can
guarantee characterisation. As we shall discuss there, this does not restrict the
expressive power of typed processes, since the excluded shape can always be
recovered through composition.

We illustrate the use of Rec by a simple example. Consider a process:

P def= k!1.X〈k〉 (7.1.1)
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For this process we can easily build its characteristic formula, for an appropriate
Γ such that Γ,k : rec t. ↑ nat; t types P:

A def= Lk1,ΓMX (7.1.2)

If we set Γ = a : (τ), A can be expanded as:

[[ ]](〈k1〉T ∧ [k1]X〈k〉 ∧ ∀x 6= 1.[k1]F ∧ noact(a :(τ))) (7.1.3)

From P, we build the recursive process (recX(k).P)〈k〉. For its characteristic
formula, we obtain (νX(k).A)〈k〉 by Rec. Using the expanded form (7.1.3), we
obtain the following series of unfolded fixed points:

(ν0X(k).A)〈k〉 def= T

(ν1X(k).A)〈k〉 def= [[ ]](〈k1〉T ∧ [k1]T ∧ ∀x 6= 1.[k1]F ∧ noact(a :(τ)))
· · ·

(νn+1X(k).A)〈k〉 def= [[ ]](〈k1〉T ∧ [k1]An ∧ ∀x 6= 1.[k1]F ∧ noact(a :(τ)))

Then (νωX(k).A)〈k〉 denotes the intersection of the properties specified by these
formulae. Since this formula is already a fixed point for A, it in fact coincides
with (νX(k).A)〈k〉. By the construction, it specifies that there is only the out-
put of 1 through k initially; and then it returns to exactly the same state. Thus
this formula exactly describes the behaviour of (recX(k).P)〈k〉, and nothing
more: if another typed process satisfies (νX(k).A)〈k〉, then that process should
be bisimilar to (7.1.2).

As a simplest example of a process for which Rec does not give the desired
single semantic point, consider the trivial recursive process recX .X , typed under
Γ. 13 This is bisimilar to 0, but the corresponding maximal fixed point formula,
νX .X , gives the whole set of processes typed under Γ. As another example, writ-
ing e.g. a.P for a(k).P with k not occurring in P and using the replication nota-
tion, consider the recursive process recX .(a.X | !a.0). The formula constructed
for this process is, with an appropriate Γ:

νX .((La,ΓMX ◦ (νY.La,ΓMY ))) (7.1.4)

which in fact is equivalent to T (to see this, expand and check the first approxi-
mant of (7.1.4) is T, hence the chain is already stationary at 0).

As before, these rules build judgements of form E `?
mix P I A (under im-

plicit typing environments, following Convention 7.1). As noted, under a mild
(and semantically non-restrictive) restriction on the shape of the body of the
process, the constructed process A pinpoints a single semantic point, P, up to ≈.
In other words, A captures the whole behaviour of P, and nothing else.
13 This recursion is not guarded but we can easily construct an equivalent guarded (but not well-

pointed) version, such as (νa)(recX .(a.X |a)), to which the identical arguments apply.
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7.2 Well-Guarded Recursion

The characterisation results for Must and Mix characteristic formulae are stated
under a mild syntactic condition on recursive processes called well-guardedness
(which strengthens the well-pointedness discussed in §6.7). We study this condi-
tion in this subsection before entering the next two subsections, showing, among
others, the condition is not semantically restrictive.

Intuitively, a recursive process is well-guarded if it is well-pointed and more-
over, in its recursion body, any of its prefix can only be invoked from the outside.
The formal definition follows. Below the subject of a prefix is the initial chan-
nel/name of a prefix. A communication redex pair is a pair of prefixes which
induce a reduction in a process. Below and henceforth we always assume men-
tioned transitions, substitutions, etc. are well-typed.

Definition 7.2 (well-guarded recursion). Let Q
def
= (recX(ũ).Q0)〈ṽ〉 be well-

pointed below.

1. Q is a well-guarded recursion if whenever Q s−→ Q′ for some action se-
quence s, the process Q′ does not contain two active prefixes at the same
subject.

2. Q is a weakly well-guarded recursion if whenever Q s−→Q′ for some action
sequence s, and if the subject channel, say u, of the prefix of each recursion
in Q′ occurs actively (i.e. not under any prefix), then u is never part of a
communication redex pair in Q′.

3. We say a typed process is well-guarded (resp. weakly well-guarded) if all
recursions occurring in it are well-guarded recursions (resp. weakly well-
guarded recursions).

Note a recursion occurring in a well-guarded recursion is always well-guarded
since, if not, the property in (i) does not hold. Note also a well-guarded process
is immediately weakly well-guarded.

Example 7.3 (well-guarded recursions).

1. (sequential recursion, 1) P1
def= (recX .a(k).k1.X) is well-guarded. Under ar-

bitrary transitions the residual has the form a(k).k1.a(k).k1. . . . hence each
a(k) can only interact with the outside.

2. (sequential recursion, 2) A process P is sequential if it starts from a prefix
and does not contain any parallel composition. For any sequential P, the
recursion (recX(x̃).P)〈ẽ〉 is well-guarded.

3. (replication, 1) P2
def= recX .(a(k).(k1|X)) is well-guarded. Though its re-

cursion body is not sequential, after arbitrary transitions it has the form
a(k).(k1|a(k).(k1|a(k).k1|...), so a(k) can only interact with the outside.
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4. (replication, 2) A well-typed process of the form recX .(a(k).(P|X)) (which
we may write !a(k).P) is well-guarded whenever P does not contain an out-
put shared name a or a variable as a subject.

5. Let P3 be recX(k).k . [l1 : k〈1〉.X〈k〉, l2 : 0]. Then P2 is well-guarded. In
fact, in the present type discipline, any typed process whose recursion has a
linearly typed subject not typed ⊥ in the enclosing context, is well-guarded,
since k, by the typing, can never be part of a redex or co-occur inside the
recursion body.

Proposition 7.4 (well-guardedness suffices). For any well-typed Γ`P, we can
algorithmically construct Γ ` Q such that P≈ Q and Q is well-guarded.

Proof. By noting that, in the translation into well-pointed processes in the proof
of Proposition 6.8 (page 54), each prefixed Q′

i can in fact be expelled to the
outermost of the whole process, thus dispensing with the need for nesting. More
precisely, assume we have a process which can be written as follows:

C[(recX(x̃k̃).P)〈ẽk̃〉] (7.2.1)

where C[ ] is a context, such that the hole of C[ · ] is not inside another recursion
(so this is an outermost recursion: there can be two or more such outermost re-
cursions in a process, which are treatable in the same way). Then the translation
of this recursion into a well-guarded one can be done as follows, using Q′

i given
in the proof of Proposition 6.8, 54::

(ν b̃)(C[b0〈ẽ〉] | Π0≤i≤nQ′
i) (7.2.2)

The translation starts from the outermost recursions in a given process as above,
then inductively we apply the translation to each Q′

i above, we do the same,
which always allows these prefixed recursions (note that, inside each recursion,
there can be a sequence of other recursions) stay in a reduction context. Each
generated recursion is prefixed by a fresh channel which can never be commu-
nicated hence whose dual can only occur outside of its recursion body.

Remark 7.5 (well-guarded processes). The mapping given in the proof of
Proposition 7.4 may not lead to naturally specified processes by itself, but often
the underlying idea can be used for obtaining a natural translation to externalise
an inner recursion. As a simple but typical example, consider

recX .a(k).(X |a(k).0) (7.2.3)

which is not well-guarded. But we can turn it into

(νb)( (recX .a(k).(X |b(h).0) | (recX .b(h).(X |a(k).0)) ) (7.2.4)
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which is well-guarded. A similar natural translation may be possible in many
classes of typed processes other than what we are treating in the present paper.

Well-guardedness has a sound syntactic characterisation which is useful to check
(weak) well-guardedness.

Proposition 7.6 (syntactic well-guardedness).

1. Suppose P is a well-pointed recursion such that its body never contain a
redex under any well-typed substitution, similarly inductively for recursions
in P, if any. Then P is a well-guarded recursion.

2. Suppose P is a well-pointed recursion such that either its subject is linearly
typed or, if not, its subject is free and its dual prefix never occurs in any
sub-term of the recursion body under any well-typed substitution, similarly
inductively for recursions in P, if any. Then P is a weakly well-guarded
recursion.

Proof. (i) is immediate. For (ii), as we already observed in Example 7.3 (v), no
linearly typed channel in such a prefix can participate in a reduction inside a
residual of arbitrary transitions.

We can easily check that all recursions in Example 7.3 satisfy the condition (i)
stated in Proposition 7.6.

A key property of well-guarded processes follows, after a definition.

Definition 7.7. A well-guarded closed process P is enough unfolded when there
is a well-guarded closed process Q such that P is the result of unfolding each
recursion occurring in Q more than once.

Note unfoldings can be performed through ≡. Below ` range over τ and visible
actions. s is a sequence of such actions.

Proposition 7.8 (strong transition in well-guarded process). Let P be a closed,
well-guarded recursion and P s−→ Q for a sequence of actions s. Then the fol-
lowing two clauses hold.

1. Q is well-guarded.
2. If R ≡ Q such that R is enough unfolded, and R `−→ R′, then this transition

is inferred without the recursion rule in Figure 2.

Proof. (1) is immediate because well-guardedness is closed under substitutions
and multi-step transitions, by Definition 7.6. For (2) notice that, by being enough
unfolded, each recursion is now (possibly indirectly) under some prefix. Thus if
there is any transition including τ-action, it can be inferred without reaching the
recursion body of any recursion.
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Corollary 7.9 (weak transition in well-guarded process). Let P be a closed,
well-guarded recursion and P s−→≡ R for a sequence of actions s such that R

is enough unfolded. Let R
ˆ̀

=⇒ R′ with ` being τ-action or a visible action. Then
this weak transition, consisting of zero or more strong transitions, is inferred
without applying the recursion rule in Figure 2.

Proof. Immediate from Proposition 7.8.

Observe that the proof of Proposition 7.8 above only uses weak well-guardedness:
thus this Proposition and Corollary 7.9 hold for weakly well-guarded processes,
though in the following we only use these properties for well-guarded processes.

7.3 Properties of Derivation Systems

7.3.1 May characteristic formulae The first two derivation systems intro-
duced above respectively derive, for a given typed process, what correspond
to total correctness properties (`?

may) and partial correctness properties (`?
must)

in Hoare logic, following [54]: total correctness specifies positive information
about actions, i.e. what the process can do, whereas partial correctness specifies
negative information, i.e. what actions a process does not do, inductively at each
state.

Lemma 7.10 (May characteristic formulae). Let P and Q be closed and ty-
pable under the same typing and `?

may P I A. Then |= P I A and, for each Q
such that |= Q I A, we have Pvmay Q.

We first prove the soundness.

Proposition 7.11 (May characteristic formula: soundness). E `?
may P I A

implies |= P I A.

Proof. By rule induction. We only show the case for Rec, leaving the remaining
cases to Appendix A.1. Suppose

E,X : (x̃)X |= P I A. (7.3.1)

Now consider the following chain:

(ν0X(x̃).A)〈ẽ〉 def= T

· · ·
(νn+1X(x̃).A)〈ẽ〉 def= A[(νnX(x̃).A)/X ][ẽ/x̃]
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By induction and using (7.3.1), we obtain:

E |= (recX(x̃).P)〈ẽ〉 I (νnX(x̃).A)ẽ (7.3.2)

(which is immediately true for n = 0; and if it is true for n = m, then ap-
ply (7.3.1) and note P[recX(x̃).P/X ][ẽ/x̃] ≡ (recX(x̃).P)〈ẽ〉 to obtain the case
for n = m + 1). Since (7.3.2) entails, under a fixed interpretation environment,
each (νnX(x̃).A)ẽ as a property includes (recX(x̃).P)〈ẽ〉, the same holds for
(νωX(x̃).A)ẽ. For all ordinals the same argument applies, so that we obtain:

E |= (recX(x̃).P)〈ẽ〉 I (νX(x̃).A)〈ẽ〉 (7.3.3)

as required.

We now turn to the minimality.

Definition 7.12 (May-closed properties). We say a property is May-closed if
it has the minimal element w.r.t. vmay. We say a parametrised property is May-
closed if its all well-typed instantiations are May-closed. ξ is May-closed when
ξ maps each assertion to a May-closed parametrised property.

Proposition 7.13 (May characteristic formula: minimality). If E `?
may P I A

then, for each May-closed ξ, [[A]]ξ is also May-closed, and, moreover, Pξσ is a
minimal element of [[A]]ξ w.r.t. vmay whenever σ assigns to each say X〈ẽ〉 a
minimal element of ξ(X)〈ẽ〉.

Proof. By induction on the size of the derivation tree, where the size of a deriva-
tion tree is given as follows: for each application of a recursion rule, we use the
next limit ordinal as its size of the derivation tree (this is enough since the max-
imal fixed point we shall use is stationary at the first limit ordinal ω, as we shall
see soon). We show the case for Rec, which is the only non-trivial case, leav-
ing other cases to Appendix A.2. Consider assigning respectively X to T and 0
to X , where immediately T is May-closed and 0 is its minimum element. This
bootstraps approximations in both processes and fixed point formulae, as fol-
lows (below the notation [(x̃)Pn/X ] denotes the obvious substitution involving
instantiation of variables).

• We set Pn as: P0 = 0, Pn+1 = P[(x̃)Pn/X ]. We also write Pω for (recX(x̃).P)〈x̃〉.
We write Pn〈ẽ〉 for Pn[ẽ/x̃].

• We set νn.X(x̃).A as the standard n-th approximant with n ranging over natu-
ral numbers, i.e. (ν0.X(x̃).A)〈x̃〉≡T and (νn+1.X(x̃).A)〈x̃〉≡A[(νn.X(x̃).A)/X ].
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Define the recursion size of a formula A as the deepest nesting of fixed point
operators in A. We claim:

Claim. Suppose, up to and including the recursion size m, the Proposition above
holds. Then for A whose recursion size is m, and for each natural number n
and under any May-closed interpretation environment, we have, for each type-
conforming parameter ẽ:

1. Pn〈ẽ〉 I (νn.X(x̃).A)〈ẽ〉.
2. Pn is a minimal element of (νn.X(x̃).A)〈ẽ〉 w.r.t. vmay and (νn.X(x̃).A)〈ẽ〉 is

May-closed.

Proof of Claim. Both are obvious when n = 0, regardless of the environment.
For induction, note that (νn+1.X(x̃).A)〈ẽ〉 is the May characteristic formula of
Pn+1, and if a fixed point formula occurs in it, its depth is m or less, hence by
assumption and other cases of Proposition we directly obtain the result. (end of
the proof of Claim)

Now we show the above Claim entails the statement for Rec, by induction of
the derivation trees. Assume the rule constructs a fixed point formula whose re-
cursion size is m+1. By induction we can apply the Claim above for the first ω

approximants. Now consider the first limit ordinal ω. The traces of Pω〈ẽ〉 are the
union of those of {P0〈ẽ〉,P1〈ẽ〉, ..,Pn〈ẽ〉, ..} while (νω.X(x̃).A)〈ẽ〉 is the inter-
section of (νn.X(x̃).A)〈ẽ〉 each of which contains Pn〈ẽ〉; hence their intersection
still contains all the traces. Hence we know Pω〈ẽ〉 is minimal in (νω.X(x̃).A)〈ẽ〉,
the intersection of all the predecessors, by which (νω.X(x̃).A)〈ẽ〉 is May-closed.
From here on each approximant always contains Pω〈ẽ〉, hence Pω〈ẽ〉 stays to be
minimal until we reach (ν.X(x̃).A)〈ẽ〉, as required.

7.3.2 Must characteristic formulae Next we prove:

Lemma 7.14 (Must characteristic formulae). Let P and Q be closed and well-
guarded, and be typable under the same typing and `?

must P I A. Then |= P I A
and, for each Q such that |= Q I A, we have Qvmust P.

Note we restrict processes to well-guarded ones. As noted in Proposition 7.4,
this does not lose generality semantically. We start from soundness.

Proposition 7.15 (Must characteristic formula: soundness). E `?
must P I A

implies |= P I A.

Proof. By rule induction. Rec is reasoned precisely as in the proof of the cor-
responding case for May characteristic formulae, in Proposition 7.15. The re-
maining cases are found in Appendix A.3.
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For maximality we use the following property using vmust .

Definition 7.16 (Must-closed properties). We say a property is Must-closed if
it has the maximal element w.r.t.vmust . We say a parametrised property is Must-
closed if its all well-typed instantiations are Must-closed. We say an interpreta-
tion environment ξ is Must-closed when ξ assigns a Must-closed parametrised
property to each assertion variable.

The following statement mentions well-guardedness (cf. §7.2), though the prop-
erty holds with weakly well-guarded processes (in fact the proof only uses the
latter).

Proposition 7.17 (Must characteristic formula: maximality). If E `?
must P I

A and P is well-guarded, then, for each Must-closed ξ, [[A]]ξ is also Must-closed,
and, moreover, Pξσ is the maximal element of [[A]]ξ whenever σ assigns to each
process variable say X the maximal element of ξ(X).

Proof. By rule induction. Below we focus on the recursion rule Rec, relegating
other cases to Appendix A.4. Suppose by induction that, in

E `?
must P I A (7.3.4)

that, for each ξ and σ as noted in Proposition above, that

1. Pσ is a maximal element of Aξ w.r.t. vmust .
2. Aξ is admissible.

We show the same conditions hold for the process and formula in conclusion.
We recall the approximants to the maximal fixed point formula:

(ν0X(x̃).A)〈ẽ〉 def= T

· · ·
(νn+1X(x̃).A)〈ẽ〉 def= A[(νnX(x̃).A)/X ][ẽ/x̃]

We now show that, if a process, say Q, is such that

E |= Q I (νiX(x̃).A)〈ẽ〉 (7.3.5)

for each ordinal i, then we have

Qvmust (recX(x̃).P)〈ẽ〉 (7.3.6)

For the proof, suppose Q passes a must test O with a success flag at fresh c:

Q|O =⇒ R implies R c=⇒ (7.3.7)
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and suppose for each i we have

E |= Q I (νiX(x̃).A)〈ẽ〉 (7.3.8)

Now suppose the Q has the following multi-step visible transition corresponding
to the first part of (7.3.7): (which as always we assume to be well-typed):

Q ŝ=⇒ Q′ (7.3.9)

By tracking this transition w.r.t. approximants by (7.3.8), and by (weak) well-
guardedness and Corollary 7.9, we can infer, without going into infinite regres-
sion, that:

By satisfying the n-th approximant, the first n weak visible one-step
transitions of Q are inside the transition tree given by (νnX(x̃).A)〈ẽ〉.

This is because, by Corollary 7.9, an unfolding of the recursion always demands
a visible action. Thus the recursion can simulate this transition, i.e.

(recX(x̃).P)〈ẽ〉 ŝ=⇒ P′ (7.3.10)

where the visible weak actions from Q′ is similarly constrained by those of P′,
in that it is a sub-tree of that of P′. Hence the same property as the second part
of (7.3.7) holds, as required.

We have now proved Lemma 7.14.

7.3.3 Mix characteristic formulae. This subsection proves:

Lemma 7.18 (Mix characteristic formulae). Let P and Q be closed, be ty-
pable under the same typing and be well-guarded. Assume `?

mix P I A. Then
|= Q I A if and only if P≈ Q.

Remark. The result holds under weak well-guardedness.

We first prove the soundness part (“if” direction) of lemma 7.18.

Notation 7.19. Given a well-typed Γ ` P, we write L≈(Γ ` P) for the formula
A such that Γ;E |= P I A is derivable (such A is determined uniquely once given
Γ and P, by Convention 7.1). We often leave the typing implicit, writing L≈(P).

Proposition 7.20 (mix characteristic formulae, soundness). , If Γ;E `?
mix P I

A then Γ;E |= P I A. In particular, when Γ ` P is closed, we always have
P ∈ [[L≈(P)]].
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Proof. By rule induction. Rec is the same as before, while other cases are com-
bination of the previous two modalities.

For completeness, we use a co-induction over processes and formulae, in con-
trast to the use of induction for May and Must characterisations. We use the
following behavioural characterisations of extended mixed modalities (for the
notion of extended mixed modalities, see Definition 6.2, page 47).

Lemma 7.21 (extended mix modalities and transitions). Assume below Γ in
each extended mixed modality is given from the typing of the process P as be-
fore, i.e. in L`,ΓMA, Γ is the typing of P minus the capability of `. Under this
assumption, we leave the typing of processes implicit. Further, for each clause,
we assume that E ` σ≺ ξ, and that [[Aξ]] is not empty.

1. Suppose E |= P I La(k),ΓMA. Then Pξσ≈ a(k).Q such that Q ∈ [[A]]ξ.
2. Suppose E |= P I La(k),ΓMA. Then Pξσ≈ a(k).Q such that Q ∈ [[A]]ξ.
3. Suppose E |= P I ∀x.Lkx,ΓMA. Then Pξσ≈ k(x).Q such that Q ∈ [[A]]ξ.
4. Suppose E |= P I

V
i∈ILk . li,ΓMAi where the typing for k has precisely the

{li} branches. Then Pσ≈ k . [&li.Qi] such that Qi ∈ [[A]]iξ.
5. Suppose E |= P I Lk / l j,ΓMA j. Then Pσ≈ k / l j.Q such that Q ∈ [[A]]ξ.
6. Suppose E |= P I A1◦A2. Then Pσ≈Q1|Q2 such that Qi ∈ [[Ai]]ξ (i = 1,2).
7. Suppose E |= P I νx.A[x/u]. Then Pσ≈ (νu)Q such that Q ∈ [[A[x/u]]]ξ.
8. Suppose Γ ` E |= P I noact(Γ). Then Pσ≈ 0.

Proof. All are direct from the definition. We only outline the first and last
clauses. For the first clause, fix σ and ξ and suppose E |= P I La(k),ΓMA. Then
by definition of the extended mix modality, we have

Pσ≈ P′
a(k)−→ Q, Q I Aξ. (7.3.11)

Moreover Pσ is stable and has no other visible transitions. Thus taking Q above,
and taking the obvious bisimulation, we get Pσa(k).Q, as required. For the last
clause, if Γ ` E |= P I noact(Γ) then P has no transition, hence again by the
obvious bisimulation we get P≈ 0. The remaining cases are similar.

We now prove the main lemma of this subsection. The statement and its proof
below only rely on weakly well-guardedness.

Lemma 7.22. Let P and R be closed, R be a well-guarded recursion and sup-
pose P ∈ [[L≈(R)]]. Then P≈ R.

In the proof below, the one-time unfolding of a fixed point formula is the result
of unfolding a fixed point once. For example, given (νX(x̃).A)〈ẽ〉, its one-time
unfolding is A[ẽ/x̃][(νX(x̃).A)/X ]. Note that, by the standard unfolding axiom
[31], a fixed-point formula and its one-time unfolding are logically equivalent.
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Proof. Call R a well-guarded component, or WGC, if it is a sub-term of a well-
guarded recursion, where we include the use of well-typed instantiation of vari-
ables in the construction of sub-terms. Note any well-guarded closed term is a
combination of finite constructors (without recursion/replication) over WGCs.
Now we set S to be a relation over typed closed processes given by:

S
def= {(Γ ` P, Γ ` R) | Γ ` P I L≈(Γ ` R), R WGC and enough unfolded}

(7.3.12)
(Above, for the term “enough unfolded”, see Definition 7.7.) In the following
we show S is a weak bisimulation up to ≈ [100], which proves the Proposition.
Throughout the proof we often leave typing environments implicit for brevity.
We first observe, writing P I A for P and A both closed and leaving the typing
environment left implicit:

Claim. Let P I L≈(Γ ` R) with P and R closed, typed under Γ and well-
guarded. Then there exists Q satisfying the following three conditions:

1. P≈ Q.
2. For some context C[ · ] and Q1, ..,Qn and R1, ..,Rn (each Qi and Ri closed),

we have Q def= C[Q1]...[Qn] and R def= C[R1]...[Rn] such that Qiσ I L≈(Riσ)
for 1≤ i≤ n and for each well-typed instantiation σ.

Proof of Claim. Immediate from P I L≈(Γ ` R) and by applying Lemma 7.21
sufficiently many times.

Let PSR. We start from a simulation of R by P. Recall we set R to be enough
unfolded. We assume each mentioned transition is well-typed.

Case R `−→ R′. By Claim above, there exists Q such that P ≈ Q and Q has
exactly the same syntactic structure as R except for recursions in R. Since R is
enough unfolded, we can apply Proposition 7.8 to know this transition does not
use any of these recursions. Hence we have:

Q `−→ Q′, Q′ I L≈(R′) (7.3.13)

By P≈ Q, we know

P
ˆ̀

=⇒ P′, P′ ≈ Q′ I L≈(R′) (7.3.14)

which means P′ ∗L≈(R′). Since R′ is well-guarded and, through ≈, can always
be made enough unfolded, we know P′SR′, as required.

Again set PSR. We show a simulation of P by R. The argument crucially relies

71



on Corollary 7.9, a bound in τ-actions for well-guarded processes.

Case P `−→ P′. Take Q as the preceding case, given by Claim above. By P≈ Q
we have, for some Q′:

Q
ˆ̀

=⇒ Q′, P′ ≈ Q′ I L≈(R′) (7.3.15)

By the construction of Q by which Q has the same syntactic structure as R
which is enough unfolded, R has precisely the same sequence of transitions as
(7.3.15) using precisely the same inferences, since Corollary 7.9 says that such
a sequence of transitions from an enough unfolded R can be inferred without
using recursions, which are the only places Q and R differ (by the construction
of R in Claim above). Thus we know:

R
ˆ̀

=⇒ R′ (7.3.16)

such that the inferences for (7.3.16) precise follows those for (7.3.15). By Propo-
sition 7.8 R′ is well-guarded and by≡we can make R′ well unfolded. Since each
of Ri and Qi in Claim above is not touched (except instantiation of variables to
values if any), we obtain, by the construction of Q′ and of characteristic formu-
lae in the derivation rules of Figure 8, for R′ above:

Q′ I L≈(R′) (7.3.17)

By P′ ≈ Q′ this also means P′ I L≈(R′), as required.

By the initial observation that any well-guarded process is combination of WGCs
by finite combinators (without using recursion), we are done.

Combined with Proposition 7.20, this proves Lemma 7.18.

7.4 Soundness

Let us write Γ;E `may PI A, Γ;E `must PI A and Γ;E `mix PI A for the respec-
tive provability in the three proof systems of the May/Must/Mixed modalities in
§ 5 and § 6. In this section we prove:

Theorem 7.23 (soundness). Γ;E `may P I A implies Γ;E |= P I A, similarly
for Γ;E `must PI A and Γ;E `mix PI A.

Notation 7.24. In the following proof, whenever we write E |= P I A, we al-
ways assume Γ is the typing of the sequent. When we interpret say E |= P I A
as Pσ ∈ [[A]]ξ, we often fix ξ and σ such that E ` σ≺ ξ (cf. (4.3.1), page 32).
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Proof. By rule induction of the proof rules of each proof system. The proofs for
prefixes, inaction, parallel composition and hiding are shared with the soundness
proofs for characteristic formulae, see Appendix A.2 and A.4. Here we only list
the proofs of soundness for If (which has a slightly different shape than the
derivation rule for characteristic formulae), Var (for May and Must proof rules),
Rec-ind, Rec-adm, Rec-mix and Conseq.

Case If. By induction hypothesis we have E |=P1 I e⊃A and E |=P2 I ¬e⊃A.
In the environment where e is true, i.e. if [[e]]ξ = T, then

if e then P else Qσ ≈ Pσ ∈ [[e⊃ A]]ξ = [[A]]ξ. (7.4.1)

Symmetrically for the case when [[e]]ξ = F, done.

Case Var. By definition having X : (x̃)A in the assumption means that if we in-
stantiate x̃ to ẽ then we only assign to X the property coming from A[ẽ/x̃].

Case Rec-ind. In the rule, i and j range over values of some well-founded order.
Since any well-founded order is isomorphic to an initial segment of ordinals,
below we regard as such without loss of precision. Suppose by induction hy-
pothesis we have:

E, X :(x̃)(∀ j � i.A( j)) |= P I A(i) (7.4.2)

By definition, (7.4.2) means that, for each i and for each ξ and σ such that
E ` σ≺ ξ, we have, writing A′(i) for ∀ j � i.A( j)

Pσ ·X 7→(x̃)Q ∈ [[A(i)]]ξ (Q ∈ [[A′(i)]]ξ) (7.4.3)

When i = 0, we can instantiate (7.4.3) as, noting A′(0) = T:

(P[(recX(x̃).P)/X ])σ ≡ P(σ∪{X 7→ (recX(x̃).P)σ} ∈ [[A(0)]]ξ (7.4.4)

Observing
P[(recX(x̃).P)/X ][ẽ/x̃] ≈ (recX(x̃).P)〈ẽ〉, (7.4.5)

we obtain
(recX(x̃).P)〈ẽ〉σ ∈ [[A(0)]]ξ (7.4.6)

This bootstraps a hierarchy of satisfactions by repeatedly applying (7.4.3), ob-
taining (recX(x̃).P)〈ẽ〉σ ∈ [[A(i)]]ξ for each ordinal i, reaching:

(recX(x̃).P)〈ẽ〉σ ∈ [[∀i.A(i)]]ξ (7.4.7)

that is E |= (recX(x̃).P)〈ẽ〉 I ∀i.A(i), as required.

Case Rec-adm. Assume A is admissible. Then we have 0 ∈ [[A]]ξ, from which
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(as we have done for Rec-ind above, but starting from the substitution of 0 for
X), all finite unfoldings of (recX(x̃).P)〈ẽ〉 inhabits A under any ξ and σ such
that E ` σ≺ ξ. Hence again by admissibility we know (recX(x̃).P)〈ẽ〉 inhabits
A, as required.

Case Rec-mix. As already proved for the corresponding rule in the May deriva-
tion rule, in the proof of Proposition 7.11, 65.

Case Conseq. If Pσ ∈ [[A]]ξ and A⊃ B then Pσ ∈ [[A]]ξ⊂ [[B]]ξ hence done.

7.5 Completeness

The completeness results for May/Must proof systems are given with respect to
the following subclasses of properties.

Definition 7.25 (May/Must-saturated properties). A property p is May-saturated
is when it is May-closed and moreover P ∈ p and P vmay Q implies Q ∈ p. A
property p is Must-saturated when it is Must-closed and moreover P ∈ p and
Q vmust P implies Q ∈ p. Their counterparts for parametrised properties, and
formulae, are obviously given.

May/Must saturated properties are those properties which do not care behaviours
except with respect to having at least some positive behaviours, or at most some
negatively specified (lack of) behaviours. These properties naturally extend total
and partial correctness in the standard sense to the richer interactional setting,
which in particular include those for higher-order functions we explored in [54]
(also see the end of the section for further discussions on these properties).

We now establish one of the basic results of the present paper. We use
well-guardedness, although the completeness for Mix only needs weak well-
guardedness and the completeness for May holds for arbitrary well-typed pro-
cesses.

Theorem 7.26 (completeness). Let Γ ` P and let P be well-guarded and closed
and A be closed.

1. |= P I A and A May-saturated imply `may P I A.
2. |= P I A and A Must-saturated imply `must P I A.
3. |= P I A implies `mix P I A.

Let P be closed. Observe that the least May-saturated property including P is
the vmay-upper set of P. Similarly the least Must-saturated property including
P is the vmust-down set of P. Further the former can be given by saturating a
vmay-closed whose minimum element is P; similarly the latter by saturating a
vmust-closed set whose maximum element is P. Thus in order to prove Theorem
7.26, it suffices to prove the following.
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Proposition 7.27 (completeness w.r.t. characteristic formulae). Let P be closed
and well-guarded below.

1. `?
may P I A implies `may P I A.

2. `?
must P I A implies `must P I A′

3. `?
mix P I A implies `mix P I A.

Note we do not have the assertion environment E since P is closed. The proof
is by showing the same result for open processes through rule induction on
the derivation systems given in (respectively) Figure 6, Figure 7 and Figure
8, given respectively in Page 58, Page 59, and Page 60, . showing provability
w.r.t. the proof systems given in Figures 3, 4 and 5 (pages 36, 45, 47). For Must
derivation, we use the derivation system which uses the same rules as in Figure
7 except Var and Rec are replaced by the following two rules:

−
X :(x̃)A`?

mustXA〈ẽ〉IA[ẽ/x̃]
E, X :(x̃)A `?

must P I A
E `?

must (recX(x̃).P)〈ẽ〉 I A[ẽ/x̃]
Var-Close,Rec-close

Above A is a ν-recursion (a maximal fixed point) of the form (νX(x̃).A0)〈x̃〉
which is later to be bound to X , in an enclosing target closed process. That
is, we assume that we first annotate the occurrences of each process variable
in a closed process, say P, by going through the derivation of Figure 7 for P
(the annotation is done after unfolding a ν-recursion for each occurring process
variable). For example, if a process is

(recX(k).k〈1〉.X〈k〉)〈k〉 (7.5.1)

Then we annotate X of “X〈k〉” in the process above by, assuming it is typed
under k : τ,Γ for an appropriate τ and Γ:

(νX(k).[[k〈1〉,Γ]]X〈k〉)〈k〉 (7.5.2)

Note the resulting derivation coincides for closed typed processes. We denote
the derivability in this refined derivation as E `??

must P I A. Note A does not con-
tain a free assertion variable, by construction, though it may contain a value vari-
able. By well-guardedness, such A is constructed from extended Must modal-
ities, conjunction, disjoint composition, i.e. parallel composition without a po-
tential redex (under well-typed substitutions), hiding and ν-recursion (for the
formal construction see Definition A.1 in Appendix A.5). We call such formu-
lae, well-guarded Must-modality formulae. We note:

Lemma 7.28. Let A be well-guarded Must-modality formulae. Then A is admis-
sible.

75



Proof. By showing that, for the establishment of satisfaction of such a formula
by a process which has only visible transitions (as in a well-guarded recursive
process), it suffices to check its sub-trees of its synchronisation tree at all finite
depths satisfy the formula. We call this property, finite visible property. This
property is proved through inductive construction of such formulae, using the
standard approximants for the ν-recursion. See Appendix A.5 for the proof.

We believe that the result here holds for its “weak” version (defined in cor-
respondence with weak well-guardedness in processes), through the justifica-
tion of the encoding of weak well-guardedness to well-guardedness discussed
in §8.1, though details are to be checked.

We can now prove Proposition 7.27. Since, in each pair of the derivation
system and the proof system, the rules for prefixes, composition and hiding
are identical, we only treat the following derivation rules: If (common to three
derivation systems), Rec for May derivation rule, Rec for Must derivation rule,
and Rec for Mix derivation rule.

If. This rule is common to May/Must/Mix derivation systems. The reasoning is
also common to all these systems, using the common proof rules Conseq and
If (the latter being the proof rules in Fig. 3). By induction hypothesis we have
E `P1 I A1 and E `P2 I A2. We now observe:

A1 ⊃ e⊃ A1 (7.5.3)

⊃ e⊃ (e∧A1) (7.5.4)

⊃ e⊃ (e∧A1 ∨ 6= e∧A2) (7.5.5)

Symmetrically we have the deduction:

A2 ⊃ (¬e⊃ (e∧A1 ∨ 6= e∧A2)). (7.5.6)

Hence by applying the proof rules Conseq and If, we obtain the conclusion of
the derivation rule If.

Var. Immediate.

Rec (May). We consider the derivation rule Rec for May characteristic formula
against the proof rule Rec-ind. We first set:

A(n) def= (νnX(x̃).A)〈ẽ〉 (7.5.7)

We also let A′(n) def= ∀ j � n.A( j). By induction hypothesis we have E,X : (x̃)X `
P I A. By substitution we obtain:

E,X : (x̃)A′(n) ` P I A[(x̃)A′(n)/X ] (7.5.8)
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We now show, by transfinite induction on n, that

A[(x̃)A′(n)/X ]⊃ A(n). (7.5.9)

This is immediate when n = 0. For n = m+1 with m being an ordinary ordinal,
we get:

A[(x̃)A′(m+1)/X ] ⊃ A[(x̃)A(m)/X ]
def= A(m+1) def= A(n)

If n = λ is a limit ordinal, since in this case A′(λ) = A(λ), we reason:

A[(x̃)A′(λ)/X ] def= A[(x̃)A(λ)/X ]
⊃ A(λ)

as required.

Rec (Must). Working with the extended derivation `??
must as discussed above,

suppose
E, X :(x̃)A `??

must P I B (7.5.10)

occurs as the premise of Rec. By construction the premise B in fact coincides
with A. Further by construction A is a well-guarded Must modal formula (for
the precise syntatic construction of this formula, see Appendix A.5) hence, by
Lemma 7.28 we know it is admissible. Hence we can apply Rec-adm to each
the conclusion of Rec.

Rec (Mix). This is identical with the proof rule Rec for Mix, Figure 8.

We have now proved Proposition 7.27, hence Theorem 7.26.

Remark 7.29 (Extensions of Completeness Results). These results can ex-
tend to many other typed π-calculi without general sums (as far as they obey the
algebras in [51] such as partial commutativity and associativity in parallel com-
position, which, as far as we know, are satisfied by all known typed π-calculi).
It should be noted that the May characteristic formulae are not May-saturated,
similarly for the Must characteristic formulae. This suggests there are broader
classes of properties the May and Must proof systems in fact cater for, extending
the completeness results.
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8 Reasoning Examples

8.1 Reasoning about Synchronised Stateful Interaction

We now turn to stateful agents, extending the simple ATM discussed in § 2 and 3
to the three-party interactions among User, ATM and Bank. Our purpose in this
example is two-fold: first, it shows a typical case, in specification and reasoning,
how the composition of stateful communicating systems exhibit both (inevitable
global) non-determinism and (local) determinism. Second, its natural specifica-
tion demands us to capture transfer of state induced by (repeated) synchronised
actions among multiple parties, which needs be captured as a single modal be-
haviour obeying a certain invariance. In the present case, User interacts with
ATM and ATM interacts with Bank, so the behaviour of ATM for User is in fact
a composite of ATM and Bank, which requires certain consistency.

The scenario extends the previous one (given in § 2.1) by adding withdraw
among the options ATM offers. Further ATM now asks Bank each time it re-
ceives a request, and forwards its answer to User. Below we list the π-calculus
term for this behaviour, which we henceforth denote as ATM.

a(k).b(k′).recY.(
k . [balance : k′ /balance.k′(z).k〈z〉.Y,

withdraw : k(n).k′ /withdraw.k′〈n〉.k′ . [
ok : k /ok.Y
no : k /no.Y

],

quit : k′ /quit)

Thus ATM itself is now stateless: it does not retain any state on its own. The
stateful part is now performed by Bank, whose specification is presented later.

By interacting with Bank, the state change in Bank is reflected onto the
actions of ATM, so that ATM will behave to User as if it were stateful. To this
behaviour User may as well demand the following consistency criteria:

If User first looks at the balance then withdraws money one or more
times, the balance after each withdrawal should be the immediately pre-
ceding one minus the withdrawn amount; and the withdrawal succeeds
if it is within the current balance.

Even if the bank account itself is shared, User may expect this consistency cri-
teria to be obeyed within a single session. Thus we consider the following spec-
ification, ATMSpec(a,x), for ATM,

ATMSpec(a,x) = La(k)M(νZ(z).A)〈x〉

with A = Lk .withdrawM ∀n.LknM∧ (
z≥ n ⊃ Lk /okMZ〈z−n〉
z < n ⊃ Lk /noMZ〈z〉 )
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where x denotes its initial balance. We shall later slightly refine this specifica-
tion. For now our purpose is to show:

ATM |= BankSpec(b,300) B ATMSpec(a,300)

where BankSpec(b,x) is a specification for Bank which is given as (again fo-
cusing on withdrawal):

BankSpec(b,x) = Lb(k′)M(νZ(z).B)〈x〉

with B = Lk′ .withdrawM∀n.Lk′nM∧ (
z≥ n⊃ Lk′ /okMZ〈z−n〉
z < n⊃ Lk′ /noMZ〈z〉 )

Note both BankSpec(b,x) and ATMSpec(a,x) have state. To derive the target
assertion, we start from the assertion directly derivable by applying `?

mix to AT M
and weakening a little, which we call ATMSpec0(a,b), given as:

ATMSpec0(a,b) = La(k)MLb(k′)MνY.A0

with A0 = Lk .withdrawMLk′ /withdrawM∀n.LknMLk′nM∧ (
Lk′ .okMLk /okM.Y
Lk′ .noMLk /noM.Y

)

It thus suffices to show:

ATMSpec0(a,b)◦BankSpec(b,300)⊃ ATMSpec(a,300)

Note ATMSpec0(a,b) is stateless, so that we need to realise the stateful specifi-
cation ATMSpec(a,300) by its composition with BankSpec(b,300). We use the
following axioms (all are from Section B). We observe that the second axiom
cannot take off 〈〈〉〉. This point is further discussed at the end of this subsection.

Proposition 8.1. Below we assume formulae are appropriately typed.

1. Assume ` is linear. Then we have (L`MA)◦B≡ L`M(A◦B) (assuming both sides
have the same type) and L`MA◦ L`MB≡ νbn(`).([[ ]]A◦ [[ ]]B).

2. L`MA◦ L`MB⊃ (〈〈`〉〉(A◦ L`MB)∧〈〈〉〉(A◦B)∧〈〈`〉〉(L`MA◦B))
3. (state merging axiom) Assume A◦B⊃C[X〈ẽ〉 ◦Y 〈g̃〉]i is valid. Then

(νX(x̃).A)〈ẽ〉 ◦ (νY (ỹ).B)〈g̃〉 ⊃ (νZ(x̃ỹ).C[Z〈ẽg̃〉]i)〈ẽg̃〉

where C[X〈ẽ〉i ◦Y 〈g̃〉i]i∈I denotes a formula with multiple holes indexed by I,
assuming all occurrences of X , Y and Z are thus exhausted.

Proof. We outline the proof of the last axiom (state-merging axiom). Others are
easier. For simplicity we assume I is a singleton (i.e. there is only one occurrence
of the stipulated variable) so that we can write our assumption:

A◦B⊃C[X〈ẽ〉 ◦Y 〈g̃〉]i (8.1.1)

79



We use the induction using the standard unfoldings of maximum fixed points,
by which the left-hand side is the conjunction of all unfoldings:

(νκX(x̃).A)〈ẽ〉 ◦ (νκY (ỹ).B)〈g̃〉 (8.1.2)

and the right-hand side is the conjunction of all unfodings:

(νκZ(x̃ỹ).C[Z〈ẽg̃〉]i)〈ẽg̃〉 (8.1.3)

Write ακ, βκ and θκ for these unfolding formulae. We also write (under the
standard bound name condition) σ for the substitution [ẽg/x̃y].

The base case is trivial. For the successor case, the right-hand side is:

Ax̃[ακ/X ]σ◦B[βκ/Y ]σ (8.1.4)

By (8.1.1), and writing σX , σY and σZ for the substitutions replacing (respetively)
X , Y and Z with ακ, βκ and γκ, (8.1.4) entails:

CσX σY σ (8.1.5)

By induction and because of the positive occurrences this also means:

CσZσ (8.1.6)

as required. The limit case is immeidate. Thus at each step the entailment holds,
hence their conjunctions are related in the same way, as required.

We now calculate:
A0 ◦ B ⊃ A

Note the interactions involve only strong linear actions so that all dual actions
at k′ silently compensate by Axiom (3) in Proposition 8.1:

{Lk′ /withdrawM,Lk′nM,Lk′ .okM,Lk′ .noM} in A0 and
{Lk′ .withdrawM,Lk′nM,Lk′ /okM,Lk′ /noM} in B

are cancelled, preserving causality. This and Axiom (6) in Proposition 8.1 give
us:

νY.A0 ◦ (νZ(z).B)〈x〉 ⊃ (νZ(z).A)〈x〉

All involved actions have strong modality: once a session has started, we do not
want it to be interrupted nor its state getting inconsistent. We have successfully
transferred the bank’s state to ATM, assuring the required consistency.
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We now finish, combining all the specifications:

Lb(k′)M.(νZ(z).B)〈300〉 ◦ La(k)MLb(k′)M(νY.A0)
⊃ La(k)M(Lb(k′)M(νZ(z).B)〈300〉 ◦ Lb(k′)M(νY.A0))
⊃ La(k)M〈〈〉〉(νZ(z).A)〈300〉

But the final conclusion above has a subtle difference from our original speci-
fication, ATMSpec(a,300): now 〈〈〉〉 is inserted after the first action, derived by
Axiom (5) in Proposition 8.1. Indeed, ATMSpec(a,300) is impossible to realise
as far as b is a shared channel, since there can be interference at b. Thus we insert
〈〈〉〉, saying “it can happen but it may not”. In this way, the proposed framework
can efficiently infer fine-grained mixture of determinism and non-determinism
involving recursive state transfer.

In the example above, we have used the basic fact that two compensating
“strong” actions represented by L`MA do not generally induce another strong
action. In fact, we have the following result.

Fact 8.2. Suppose B◦C ⊃ L`MA. Then there is a counter-example to the follow-
ing assertion:

L`0MB◦ L`0MC ⊃ L`MA.

Proof. Take P = b, Q = b.a where P satisfies LbMnoact(a,b,c) and Q satisfies
LbMLaMnoact(a,b), and that noact(a,b,c) ◦ LaMnoact(a,b) does entail LaMT but
P|Q does not satisfy LaMT since the involved τ-action is at s hared channel.

This is why the use of typed actions plays the essential role in the present system:
when a channel is linear or replicated, the induced τ-action is always stateless,
mediating the reductum and residual with ≈.

8.2 Capturing Imperative Variables: Sequential and Concurrent

The way we have captured imperative computation in the previous subsection
can be adapted to the reasoning principles for standard sequential computation
as well as shared variable concurrency. In particular, such reasoning principles
as presented by Floyd and Hoare (for sequential computation) and Cliff Jones
(for shared variable concurrency), as well as those which involve locks.

In the present paper we shall not go into detailed specification, but just dis-
cuss the core idea. First, we consider the following standard specification of an
imperative variable:

Var〈xv〉=
(

recX〈v〉.x(k). k .

[
read : k〈v〉.X〈xv〉,
write : k(w).X〈xw〉

])
〈v〉
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We can then infer the following specification for this “variable agent”.

VarSPec(xv) = νX〈v〉.Lx(k)M

 Lk . readMLkvMX〈v〉
∧

Lk .writeM∀w.LkwMX〈w〉


Now the agent which interacts with the variable agent may be encoded as:

[[x := 2]]u
def= x(k).k /write.k〈2〉.u :

Under the sequential typing [17], we can then infer:

[[x := 2]]u |= ∃pre.VarSPec(x, pre) B [[u]]VarSPec(x,2)

Exactly the same framework can be used for encoding the rely-guarantee method
by Jones [65]. It would also be interesting to extend this method to object-
oriented programming incorporating method invocations (along the line of [64]),
using the encoding of objects into processes as found in [115].

When an imperative variable is used in combination with a lock, as in many
concurrent programs with shared memory, a straightforward encoding is ob-
tained through combining a lock with a variable, as follows.

LVar〈xv〉=

recX〈v〉.x(k). recY 〈v〉.k&

 read.kv.Y 〈v〉,
write.k(w).Y 〈w〉],
unlock.X〈xv〉

〈v〉

The specification for this agent can be given as:

νX〈v〉.Lx(k)MνY 〈y〉.

 Lk . readMLkyMY 〈y〉 ∧
Lk .writeM∀w.LkwMY 〈w〉 ∧

Lk .unlockMX〈y〉

〈v〉

which is close to the bank account we discussed in §8.1, suggesting how we can
reason about locked variables. A refined way to use a locked variable is to use
delegation of a linear handle to another program, which limits certain idioms
(such as shared read lock) but which allows a tractable reasoning on state. More
concrete reasoning examples will be discussed in future expositions.

8.3 Extending Logic for Server-Client Types

In the next two examples, we use a type discipline in which a name can be used
by one agent for input repeatedly often, while the remaining agents will use it
for outputs, just as a server and clients interact. Such a discipline is presented
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and studied by Sangiorgi as uniform receptiveness [98]. Its introduction to the
present system is simple.

First we introduce the following two linear types:

α ::= ..... | (α)! | (α)?

The first one is server type, while the second one is client type. We set (α)! =
(α)?. The algebra over these types is given as follows:

(α)!� (α)? = (α)!

which extends to the environments as before. Then we stipulate the following
type rules:

Ser
Γ,k : τ ` P

Γ,a : (τ)! `!a(k).P
CReq

Γ ` a : (τ)? Γ,k : τ ` P
Γ ` a(k).P

Note we use the replication for typing. The same subject reduction and other
properties hold. The semantics is given precisely as before.

For proof rules, we have the following rules for May:

Ser
E ` P I A

E `!a(k).P I 〈〈a(k)〉〉A
CReq

E ` P I A
E ` a(k).P I 〈〈a(k)〉〉A

For Must modality, we get:

Ser
E ` P I A

E `!a(k).P I [[a(k),Γ]]A
CReq

E ` P I A
E ` a(k).P I [[a(k),Γ]]A

under the same typing convention as before. Finally for mixed modality we set:

Ser
E ` P I A

E `!a(k).P I La(k),ΓMA
CReq

E ` P I A
E ` a(k).P I La(k),ΓMA

In these rules, we do not use fixed point: while we can do so, interactions fol-
lowing the uniform receptive discipline, where one stateless server will receive
many clients’ request, leads to the following axioms (shown in the case of mixed
modality):

La(k)MA◦ La(k)MB ≡ La(k)MA◦νk.(A◦B) (8.3.1)

La(k)MA◦ L`MB ≡ La(k)MA◦ L`M(νa.(La(k)MA◦B)) (8.3.2)

which are instances of the equivalence between La(k)MA and νX .La(k)M(A ◦X)
for fresh X , and which dispense with the explicit specification of fixed points.

The same completeness and soundness results, through the derivation of
characteristic formulae, are satisfied for the augmented type discipline.
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8.4 Data Type Encoding: from Untyped to Typed

First we present a small example, treating a typed version of Milner’s encoding
of natural numbers [82]. Essentially the same agent is treated by Dam [31] in the
untyped setting. In its conciseness the encoding captures many of the essential
elements of the π-calculus. Our purpose is to pinpoint the effect of having types
in a modal specification of processes. The encoding is defined inductively as
follows.

Definition 8.3 (natural number encoding). For each natural number n, we
define [[n]]u by the following induction:

[[0]]u = !u(k).k / zero
[[n+1]]u = (ν p)(Succ(up) | [[n]]p)

where Succ(u, p) =!u(k).k / succ.k〈p〉.

For its typing we observe:

Proposition 8.4. Let nattype = rec t.(⊕{zero : end, succ : ↑t;end})!. Then we
can check u : nattype ` [[n]]u for each n.

Thus all natural number encodings are given the same types. Note nattype al-
ready gives a rough specification, focusing on the skeletal interaction structures
including directions of communication. Upon this backbone we can specify their
behavioural properties as a logical assertion, as we shall do so.

Example 8.5 (addition). As an example of operators on natural numbers, for
example we can define addition as follows.

Add(k,b,c) = b(k).k . [
zero : k〈n〉,
succ : k(x).(νk′)(Add(k′, p,c) | k′(x).(νy)k〈y〉.Succ(yx))]

Then we can check

(νm,n)(!a(k).Add(k,b,c)|[[n]]b|[[m]]c) ≈ [[m+n]]a

We can further define multiplication, subtraction and other operations in the
same way, which we omit.

We now consider specifications for natural numbers. As one of the natural
specifications, we consider the following assertion.
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Definition 8.6 (specification for natural numbers). Under u : nattype:

NatSpec(u) = νX(x).(Lx(k)M (Lk / zeroMnoact(k) ∨
Lk / succM∃p.(LkpMnoact(k)◦X〈p〉)))〈u〉

where noact(k) is given as in § 6.2 (by which, indeed, it is defined to be T).

The assertion NatSpec(u) is conformant to nattype (as it should be): but it now
tries to capture the whole of the behaviour, with the help of strong modality and
the least fixed point, on the basis of the use of strong typing.

We first show soundness, i.e. that all encodings satisfy this specification. For
this purpose it suffices to show that the judgement ` [[n]]u I NatSpec(u) holds
under u : nattype, for each n. We use the following logical laws.

Lemma 8.7. Under an appropriate typing the following assertions are valid.

(1) (A∧B)⊃ A.
(2) (νX(x̃).A)〈ẽ〉 ≡ A[νX(x̃).A/X ][ẽ/x̃].
(3) (A∧B≡ F)⊃ (L ˆ̀M(A∨B) ≡ L ˆ̀MA∨ L ˆ̀MB).
(4) A◦ (B∨C)≡ (A◦B)∨ (A◦C) assuming B∧C ≡ F is valid.
(5) A ◦ ∃i.B(i) ≡ ∃i.(A ◦B(i)) where we assume ∀i 6= j.(B(i)∧B( j) ≡ F is

valid and i does not occur in A.

Proof. (1) is a law of predicate calculus. The rest are instances of the axioms in
Section B.

Note that by Lemma 8.7 (2) we have:

NatSpec(u) ≡ Lu(k)M (Lk / zeroMnoact(k) ∨
Lk / succM∃p.(LkpMnoact(k)◦NatSpec(p))))

We use this unfolding (the r.h.s. of the equivalence above) for our proof of:

Proposition 8.8. u : nattype |= [[n]]u I NatSpec(u).

Proof. By induction on n we show

u : nattype ` [[n]]u I NatSpec(u).

in the proof system for mixed modalities in Section 6.4.

Case n = 0. Note that noact(k : end) = T.

k : end ` 0 I T (Inact)

k : k / zero;end ` k / zero I Lk / zeroMT (Sel)

u : nattype ` [[0]]u I Lu(k)MLk / zeroMT (Ser)

u : nattype ` [[0]]u I NatSpec(u) (Conseq)

85



Case n > 0.

u : nattype, p : nattype ` Succ(up) I Lu(k)MLk / succMLkpMT (Par)

u : nattype, p : nattype ` Succ(up) | [[n]]p I Lu(k)MLk / succMLkpMT◦NatSpec(p) (Res)

u : nattype ` (ν p)(Succ(up) | [[n]]p) I ν p.(Lu(k)MLk / succMLkpMT◦NatSpec(p)) = C

Since p is a server type, we can change ν to ∃ in C. Also by A⊃ A∨B, we know
C entails:

Lu(k)MLk / zeroMT∨ Lu(k)MLk / succM∃p.(LkpMT◦NatSpec(p)) (8.4.1)

Thus we conclude, for each n:

` [[n]]u I NatSpec(u)

which, by Theorem 7.23 implies the required statement.

Thus all encodings are inhabitants of NatSpecn(u). We now show the converse:
all processes which satisfy NatSpecn(u) are essentially (up to ≈) the encod-
ings of natural numbers. Thus NatSpec(u) indeed captures the whole of the
behaviour of natural number encodings precisely. To prove this result, use the
standard approximants of the least fixed points.

Definition 8.9. Let NatSpecn(u) be given by:

NatSpec0(u) = F

NatSpecn+1(u) = Lu(k)M (Lk / zeroMnoact(k) ∨
Lk / succM∃p.(LkpMnoact(k)◦NatSpecn(p))))

NatSpecω(u) = ∃i ∈ Nat.NatSpeci(u)

Below we write [[A]] is the interpretation of A given in Definition 4.7 where we
omit ξ because A is closed. The typing is always u : nattype.

Lemma 8.10. [[NatSpec(u)]] = [[NatSpecω(u)]], i.e. NatSpec(u) and NatSpecω(u)
are logically equivalent

Proof. We can syntactically reason, using Lemma 8.7 (5),

NatSpecω(u) ≡ C[NatSpecω(u)/X〈x〉][u/x]

where C is the body of NatSpec(u). This shows [[NatSpecω(u)]] is indeed a fixed
point of the underlying function on parametrised properties. Since the chain of
approximants is increasing and [[NatSpec(u)]] is the least fixed point we know
[[NatSpec(u)]] and [[NatSpecω(u)]] coincide.
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We now prove the key lemmas.

Lemma 8.11. Below (1) is taken up to logical equivalence.

(1) `?
mix [[n]]u I NatSpecn+1(u)∧¬NatSpecn(u);

(2) NatSpecn(u)≡ ∃i � n.(NatSpeci+1(u)∧¬NatSpeci(u)).
(3) NatSpecω(u) gives a least fixed point.

Proof. We first show (1) and (2) simultaneously. We let

A(u,m) = NatSpecn+1(u)∧¬NatSpecn(u).

Below we write L≈([[n]]u) for the characteristic formula of [[n]]u derived by `?
mix.

Thus we are to prove L≈([[n]]u)≡ A(u,n). The base case (n = 0) is obvious. For
the inductive case, we have:

∃i � n+1. A(u, i) ≡ ∃i � n. A(u, i)∨A(u,n+1)
≡ ∃i � n. A(u, i)∨ (NatSpecn+1(u)∧¬NatSpecn(u))
≡ NatSpecn(u)∨ (NatSpecn+1(u)∧¬NatSpecn(u))
≡ NatSpecn(u)∨NatSpecn+1(u)
≡ NatSpecn+1(u)

As well as, through the axiom (4) in Lemma 8.7:

L≈([[n+1]]u) = Lu(k)MLk / succMν p.(LkpMT◦L≈([[n]]u))
≡ Lu(k)MLk / succMν p.(LkpMT◦A(u,n))
≡ ∃i≤ n+1.Lu(k)MLk / succMν p.(LkpMT◦A(u, i−1))
∧ ¬∃i≤ n.Lu(k)MLk / succMν p.(LkpMT◦A(u, i−1))

≡ NatSpecn+1(u)∧¬NatSpecn(u)

(b) is by Lemma 8.7 (1) and (4).

We can now establish the desired inhabitation result.

Proposition 8.12. u : nattype |= P I NatSpec(u) iff P≈ [[n]]u for some n.

Proof. By Lemma 8.11 (1), we have:

[[NatSpecn(u)]] = [[∃i � n.A(u, i)]] = [[∃i � n.L≈([[i]]u)]] = ∪i�n[[i]]u. (8.4.2)

We now reason:

[[NatSpec(u)]] = [[NatSpecω(u)]] (Lemmas 8.11)

=
S

n[[NatSpecn(u)]] (definition)

=
S

n[[n]]u (by (8.4.2) above)

as desired.
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8.5 Comparison with Dam’s Specification

There are three comments in comparison with Dam’s specification in [31, Ex-
ample 4.4]. First, Dam’s assertion is more complex than NatSpec(u) using a
parametrisation of formulae (which can be unfolded), because he had to specify
what nattype has already ruled out, such as when at k a natural number does
either k / zero or k / succ there are no other actions: no value output, no value
input. All these actions are prevented by typed transition defined in § 2.3, hence
we do not need to specify them.

Second, NatSpec(u) is specified using the weak semantics, recapturing strong
modality inside the weak regime through mixed modalities. This aids not only
the conciseness of specifications but also reasoning. In contrast, Dam’s logic is
based on strong modalities. The use of weak modalities gives much more effi-
cient reasoning in many encodings (the correctness of most encodings is proved
up to weak semantics in the literature). Nevertheless, axioms for strong modality
have more definite forms, as we have seen in Section B. Thus, from a founda-
tional viewpoint it is important to consider strong transitions.

The ease of reasoning for the Mixed modality is not only limited to func-
tional computation: this is because many systems exhibit locally deterministic
behaviour. We shall see such an example in the next section.

As further note on the significance of the use of types in specifications and
reasoning, we observe that NatSpec(u) in fact entails mathematical induction.
For this purpose we define predicates isZero(x) and isSucc(xy) as follows:

isZero(x) def= L≈([[0]]x)

isSucc(xy) def= succ〈xy〉

Now let

Φ(A) def= ∀x.(isZero(x)⊃ A(x)) ∧ (8.5.1)

∀xp.((isSucc(xp)∧NatSpec(p)∧A(p))⊃ A(x)) (8.5.2)

Then we can show

Φ(A)⊃ ∀x.(NatSpec(x)⊃ A(x)) (8.5.3)

Further using an axiom which substantiates observability, we can also infer:

(isZero(x)∧∃p.isSucc(yp))⊃ x 6= y

In this way many of the axioms for natural numbers can be obtained through
syntactic reasoning.
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9 Determinism and Elimination Results

This section demonstrates how our logic can be used for another, and signifi-
cantly different, type discipline for the π-calculus, with essentially no change in
proof rules. Our target, the affine π-calculus, was first introduced in [17] to give
a fully abstract encoding of call-by-name and call-by-value PCF, which (for the
call-by-value PCF) we shall outline at the end. Later, in §10, we show that the
full-abstraction result of [17] can be lifted to the level of axiomatic semantics.

The interest in studying this type discipline is two-fold. First, as we just
noted, this type discipline is quite different, indeed its calculus is now based on
asynchronous communication. That all constructions in the previous sections
extend to this type discipline is of technical interest.

Another interest is the application of the logic for a deterministic type dis-
cipline. In communicating systems, many of its fundamental parts are deter-
ministic, combined with non-deterministic sharing [79, 124]. Thus it is useful
to consider how we can treat specifications and reasoning for such behaviour:
the following discussions give one starting point for such inquiry. This aspect is
carried over to the next section, where we show a logic for call-by-value higher-
order functions can be fully abstractly embedded in this logic.

Indeed, as we shall discuss at the end of the next section, the embedding
results for deterministic languages cleanly extend to imperative features, sug-
gesting the potential for uniform treatment of the diversity of deterministic and
non-deterministic features in a single technical framework, thus substantiating
our initial programs discussed in Introduction.

9.1 Types and Affine Processes

We have four modes: ↓ for affine input, ↑ the affine output, ! standing for repli-
cated input and ? which is replicated output. Each mode p has a dual mode p,
given by ! def=?, ↓ def=↑ and p def= p. Types are now given by the following grammar.

α ::= nat || bool || (α̃)! || (α̃)? || (α̃)↓ || (α̃)↓ || &{li : (α̃i)}↓i∈I || ⊕{li : (α̃i)}↑i∈I

Adding recursive types is straightforward (cf. §2) and has been omitted for
brevity. We extend modes with a new one for constant, denoted s, for simple.
We define the mode of a type α, written md(α), with the following clauses.

– md(nat) def= s, md(bool) def= s.
– md((α̃)p) def= p, md(&{li : (α̃i)}↓i∈I)

def=↓, and md(⊕{li : (α̃i)}↑i∈I)
def=↑.

Dualisation of types α is also given as an extension of dualisation of type vari-
ables by the following clauses.
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– nat
def= nat, bool def= bool.

– (α̃)p def= (α̃)p, &{li : (α̃i)}↓i∈I
def= ⊕{li : (α̃i)}↑i∈I; and

⊕{li : (α̃i)}↑i∈I
def= &{li : (α̃i)}↓i∈I .

A type α is sequential if

– If α = (α1, ...,αn)?, then there is a unique i such that md(αi) =↓ and for all
j 6= i: md(α j) =! or α j ∈ {nat,bool}. In addition αi must be sequential for
all i.

– If α = (α1, ...,αn)↑, then md(αi) =! or αi ∈ {bool,nat} for all i. In addition
αi must be sequential for all i.

– If md(α) ∈ {!,↓} then α is sequential.

From now on we assume all occurring types to be sequential.
An extended sequential type is a sequential type or ⊥. We shall usually

simply refer to extended sequential types as types. Composition of types, α�β

is defined as the least partial, associative and commutative binary function on
types such that the following requirements are met.

– nat�nat = nat and bool�bool = bool
– (α̃)↓� (α̃)↑ =⊥, (α̃)!� (α̃)? = (α̃)!, and (α̃)?� (α̃)? = (α̃)?

– &{li : (α̃i)}↓i∈I �⊕{li : (α̃i)}↑i∈I =⊥

A (typing-)environment, Γ,Γ′, ..., is now a finite map from names and variables
to extended sequential types. Such an environment is simple if Γ(x) is simple
for all x ∈ dom(Γ).

Two environments Γ1,Γ2 are compatible, written Γ1 � Γ2, if for all a ∈
dom(Γ1)∩dom(Γ2): Γ1(a)�Γ2(a) is defined. We extend � to environments as
follows: Γ1�Γ2 is defined exactly when Γ1 � Γ2, and in this case:

(Γ1�Γ2)(a) def=


Γ1(a) a ∈ dom(Γ1)/dom(Γ2)
Γ2(a) a ∈ dom(Γ2)/dom(Γ1)
Γ1(a)�Γ2(a) else

An environment Γ is simple if Γ(a) is simple for all x. We set md(⊥) def= ⊥.
The grammar of processes is given next. Names, a,b,c, ...,k,k′, ...,x,y, ...

(note we do not have any distinction between session names, shared names and
variables). Expressions, e,e′, ... are exactly those of §2.

P ::= 0 || k〈ẽ〉 || k / l〈ẽ〉 || k(x̃).P || !a(x̃).P || k . [li(x̃i).Pi]i∈I || P|Q
|| if e then P else Q || (νa)P
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Fig. 9 Typing rules for the affine π-calculus.

−
Γ,x : α ` x : α

Γ ` ei : α i = 1,2 md(α) 6=!
Γ ` e1 = e2 : bool

Γ ` ei : nat i = 1,2
Γ ` e1 + e2 : nat

Γ simple
Γ ` 0

Γi ` Pi i = 1,2 Γ1 � Γ2
Γ1�Γ2 ` P1|P2

Γ
x:α ` P md(α) ∈ {⊥, !}

Γ/x ` (νxα)P

Γ
-x ` P md(α) ∈ {⊥,?}

Γ,x : α ` P
ṽ : α̃,↑?Γ

-x ` P
x : (α̃)↓,Γ ` x(ṽ).P

ṽi : α̃i,↑?Γ
-x ` Pi

x : &{li : (α̃i)}↓i∈I,Γ ` x. [li(ṽi).Pi]li∈I

Γ simple Γ
-x ` ei : αi i = 1, ...,n

x : (α̃)?,Γ ` x〈ẽ〉

Γ simple Γ
-x ` ei j : αi j

x :⊕{i : (α̃i)}↑li∈I ` x/ l〈ẽ〉

We write a(ṽ)P for (νṽ)(a〈ṽ〉|P) and x(nr).P for (νr)(x〈nr〉|P), assuming that
n is of type nat. The main difference between these processes and those of
previous sections is that we use replication instead of recursion. Both are mu-
tually definable, but replication is more convenient for embedding functional
languages. We use the standard structural congruence ≡.

Typing judgements for expressions are of the form Γ ` e : α where all names
and variables occurring freely in e must be in dom(Γ). Typing judgements for
processes are of the form Γ ` P with a similar restriction of free names and
variables. Figure 9 gives the key rules, omitting most of the straightforward
typing rules for expressions.

Remark 9.1. The rules in Figure 9 prohibit comparing !-moded names to be
compared for equality of inequality (we assume that e 6= e′ is a shorthand for
¬(e = e′)). This is a key difference from the system in previous sections, where
names could be compared for equality regardless of type. The advantage of
imposing this mild restriction is that it enables an elegant form of semantics
where elimination results can be proved easily.

Reductions are given by the following clauses.

– x〈ẽ〉|x(ṽ).P−→ P[w̃/ṽ], assuming that ẽ ↓ w̃
– x/ li〈ẽ〉|x. [li(ṽi).Pi]i∈L −→ Pi[w̃/ṽi], assuming that ẽ ↓ w̃.
– x〈ẽ〉|!x(ṽ).P−→ P[w̃/ṽ]|!x(ṽ).P, assuming that ẽ ↓ w̃

91



– If P−→ P′ then also P|Q−→ P′|Q and (νx)P−→ (νx)Q
– If P≡ P′ −→ Q′ ≡ Q then P−→ Q.

The contextual precongruence is the least binary typed relation .Γ such that
Γ`Pi(i = 1,2) implies: for every closing context C[·] such that x : ()↑ `C[Pi](i =
1,2) we have:

C[P1] ⇓ implies C[P2] ⇓.

The contextual congruence ∼=Γ is obtained as: .Γ ∩ .−1
Γ

. We usually write .
for .Γ and ∼= for ∼=Γ.

9.1.1 Determinism of the Affine π-Calculus One interesting property of the
affine π-calculus is that although a process might have reductions to different
terms that are not structurally congruent, these different terms are nevertheless
contextually indistinguishable. Here is an example:

P def= (νx)((νr)(x〈0r〉|r(n).a〈n〉)︸ ︷︷ ︸
P0

|(νr)(x〈1r〉|r(n).b〈n〉)︸ ︷︷ ︸
P1

| !x(nr).r〈n+2〉︸ ︷︷ ︸
P′

)

P has the following reductions:

P−→∗ (νx)(a〈1〉|P1|P′︸ ︷︷ ︸
Q0

) P−→∗ (νx)(b〈2〉|P0|P′︸ ︷︷ ︸
Q1

)

As no well-typed observer can input on x, Q and Q′ are indistinguishable: Q ∼=
Q′. In addition we have:

Q0 −→∗ a〈1〉|b〈2〉 Q1 −→∗ a〈1〉|b〈2〉.

More generally:

Proposition 9.2. If P−→∗ Q and P−→∗ Q′ then:

– Q∼= Q′.
– There is R such that Q−→∗ R and Q′ −→∗ R.

9.2 Semantics of Assertions Based on ∼=

Now we interpret the logic of §3, but with a twist: instead of ≈ we use ∼= to
quotient properties. When constructing models in §4, we defined the notion of
properties in our logic. There, a property is a set of processes modulo≈ (cf. Def-
inition 4.2, page 29), i.e. it is an equivalence class of ≈. But proving the elimi-
nation result for the ν operator in §9.4 later, and, more significantly, establishing
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the logical full abstraction result in §10, is not feasible with ≈-based properties:
this is because a basic logical axiom for equality such as (a〈b〉∧b = c)⊃ a〈c〉,
with b and c representing the equal behaviour, is not consistent with the direct
transition-based reasoning in≈, since outputting b and outputting c can never be
equal in a transition-based equivalence such as ≈. This issue is however elimi-
nated when we use ∼= for defining properties, where, for example, an equation
such as

a〈b〉|!b(k).k〈1〉|!c(k).k〈1〉 ≈ a〈c〉|!b(k).k〈1〉|!c(k).k〈1〉

makes sense. This is why we use∼=-based semantics of logics in the following.14

9.2.1 Semantics First, properties are now defined to be the sets of processes
of the affine π-calculus up to ∼=, rather than up to ≈. Similarly for parametrised
properties. max pΓ.P is the maximum property (in the sense above) which sat-
isfies P. We set:

p|||q =
S

P∈p,Q∈q[P|Q]∼=
(νu)p =

S
P∈p[(νu)P]∼=

〈〈〉〉p′ = {P | P=⇒P′ ∈ p′}
〈`〉p′ = {P | P∼= P0

`−→ P′ ∈ p′}
〈〈 ˆ̀〉〉p′ = {P | P∼= P0

ˆ̀
=⇒ P′ ∈ p′}

In the last three clauses above, for illustration, we first present the semantic
operations corresponding to the pure weak transition and the strong transition,
then finally the clause for the weak transition. Note that if P=⇒∼= `=⇒ P′ and
Q ∼= P then surely Q=⇒∼= `=⇒ P′ by reduction closure, so that the last clause
is the result of combining the preceding two clauses (in other words, we do not
need this clause if we are only to use 〈〈〉〉A and 〈`〉A). We note:

Proposition 9.3. The operations p|||q, (νu)p, 〈〈 ˆ̀〉〉p′ and 〈`〉p′ are well-defined,
i.e. the results of these operations are again properties. Further these operations
are closed under injective renaming.

Proof. For the firsts two operations this is obvious. We consider the third op-
eration. Assume P ∈ 〈〈 ˆ̀〉〉p′ and P ≈ Q. From the former, by definition, there

is some P0 such that P0
ˆ̀

=⇒ P′ ∈ p′. Since ≡sym⊂≈ from the construction we
have P0 ≈ Q hence, for ` which is not a linear output or even if it is so if it

is not a server-typed name, we have Q
ˆ̀

=⇒ Q ≈ P′. If it is a linear output of a
server-typed name then there are two cases:
14 Such “extensional” nature of name equality is more telling in the typed setting, but can also

be observed in the untyped π-calculus [56].
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– ` = ka. In this case if Q does not have the corresponding transition then it
has the “renamed” transition say kb or k(b). In the first case we can surely

find ≡sym-equivalent Q0 such that Q0
kb=⇒Q′ ≈ P′. In the second case again

we can do the renaming under the prefix by the construction of ≡sym and
we can find such Q0.

– ` = k(a). This is the symmetric to the case above.

Hence as required.

We now present the defining clauses for the semantics of formulae, which are
as in Section 4 except, for equality and quantification, we set:

[[Γ ` eα
1 = eα

2]]ξ =
{
{Γ` P | ξ(e1)=ξ(e2)} (md(α) 6=!)
{Γ`P | P[ξ(e1)ξ(e2)/ξ(e2)ξ(e1)]∼= P} (md(α)=!)

[[Γ ` ∀xα.A]]ξ =
{

max pΓξ.(∀v :α.p⊂ [[Γ,x :α ` A]](ξ · x 7→v)) (md(α) 6=!)
max pΓξ.(∀qu:α.p|||q⊂ [[Γ,x :α ` A]](ξ · x 7→u)) (md(α) =!)

The second clause in each definition uses symmetries [52, 121] for server-typed
channels, whose significance is discussed next.

9.3 Names, Distinctions and Symmetries

A symmetry on P [52] is a type-preserving injective renaming σ on P of server
channels s.t. Pσ ≈ P. We generate P ≡sym Q by all rules of ≡ including con-
gruence rules together with: P|R ≡sym P|R′ if R′ substitutes zero or more oc-
currences of a for b in R where [ab/ba] is a symmetry on P. For example,
P|h〈a〉 ≡sym P|h〈b〉 when P≡!a(k).k〈1〉|!b(k).k〈1〉 with a and b typed (↑nat)!.
Since a and b have the same functionality their difference is not detected (unless
names are matched).

9.3.1 Equality over server-typed channels The observation behind the clause
for equation of server typed channels, which use symmetries, is that these “chan-
nels” can be treated as if they are “variables” for behaviours, as far as processes
do not use the channel matching operation. For example, consider the following
two processes:

P def= k〈a〉 (9.3.1)

Q def= k〈b〉 (9.3.2)

R def= !a(k).k〈1〉 | !b(k).k〈1〉 (9.3.3)

P′ def= P|R (9.3.4)

Q′ def= Q|R (9.3.5)

94



Now consider interacting with P′ and Q′ though k. P′ will emit a, at which
location we have the constant behaviour of emitting one: and Q′ will emit b, at
which location we have the same constant behaviour. So from the viewpoint of
the users of a and b, there is no difference between them, except the identities
of channels a and b. This identity is however insignificant as far as processes
do not compare these channels directly. Thus logically speaking we may as well
equate these a and b. If we have some assertions mentioning a, then the same
assertions should be possible mentioning b instead. This means in effect we are
treating a and b as embodiment of the underlying behaviours. This idea has been
present in our preceding works on logics for higher-order functions [54].

9.3.2 Universal quantification over server-typed channels The preceding
discussion also motivates the treatment of quantification over variables of server
typed channels. The use of parallel composition in the defining clause may look
strange: however it is necessary from the viewpoint of types. Suppose we wish
to range x over all server typed names, including, as is standard, fresh names.
But when u is fresh, the result of assigning u to x in A is typed as:

Γ, u :α ` A[u/x] (9.3.6)

which however can never be an assertion satisfied by P such that Γ ` P since α

is a server type and in this case we need a replicated process at u by the type
discipline. For this reason we need to add a process (which may as well be a
property) in parallel to the process in question. In effect we treat “processes” as
if they were “values” (since they are stateless and never change the behaviour),
so that one may consider the composition with r above as an assignment of a
“value” r to x.

Formally we have the following basic properties of the quantifiers and sub-
stitutions (we state the results for all types.

Proposition 9.4 (equality, quantifier). The following formulae are valid (we
omit type annotations assuming any appropriate typing).

1. (equality) x = x, x = y⊃ y = x, and x = y∧ y = z⊃ x = z.
2. (quantification, 1) ∀x.A⊃ A[u/x], for each u with the same type as x.
3. (quantification, 2) ∀x.A, if A is valid with x free.
4. (quantification, 3) ∀x.(A⊃ B)⊃ (A⊃ ∀x.B), if x does not occur free in A.
5. (substitution) ∀x.(x = y⊃ A)≡ A[y/x]≡ ∃x.(A∧ x = y).

Proof. All statements are standard for types other than server-typed names. Be-
low we discuss only this case. (1) is immediate since the collection of all sym-
metries in a process form a group. (2) says that choosing any replicated process
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of type u : α is as good as choosing it in another (existing) name, which holds be-
cause of symmetries and because the assertion for these processes are identical
(except the initial subjects which symmetries cater for).

It is also notable that the current clause for universal quantification is equiva-
lent to the following one where we let x range over arbitrary (similarly typed)
channels in Γ and u.

max pΓξ.∀qu:α,v :α.p|||q⊂ [[Γ,x :α ` A]](ξ · x 7→v) (9.3.7)

That is ranging x over all channels in Γξ,u : α of type α is the same thing
as setting x to be u. This is because we are anyway letting u “ranging over” all
possible processes of type u : α, and because in the case of a server type, whether
the process is situated at u or at say u′ does not make any semantic difference.

9.4 Elimination of ν and ◦

Elimination of ν and ◦ is closely related with basic axioms in the present logic.
The results listed in this subsection all hold for the logic with strong transitions,
with the strong versions of the respective pre-orders and bisimilarity. We need
some preparation.

• P is linearly receptive [17, 98] if ∆ ` P is derived by restricting Γ in the
prefix rules in Figure 1 so that it does not contain input or branching session
channels. Then P is functional if all shared names in ∆ are server types and
it is linear receptive.

• P is acyclic if it is derived without µt.τ and does not contain circular depen-
dency among names induced by prefixing (e.g. !a.b|!b.c|!c.a has circular
dependency among a, b and c, see [120] for a formal treatment).

Linear-receptiveness makes all linear output actions to be consumable: whereas
acyclicity leads to strong normalisation, as studied in [120]. These conditions
make processes essentially those which compute functions. In particular their
reductions become Church-Rosser. We also assume:

Convention 9.5. In the rest of this section, we always assume the semantics of
assertions based on ∼=, stipulated in §9.2.

We note the following elimination results on ◦ hold for both the ≈-based se-
mantics and the ∼=-based semantics: only the proof of the elimination result for
ν uses the ∼=-based semantics. As noted in §9.2, the key difference between
these two semantics is the existence of symmetries on server-typed channels.
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The same proof systems as given in §5 and §6 are complete for the ∼=-based se-
mantics, similarly all axioms we have listed so far are sound under the semantics
with ∼=.

We shall use the following axioms for the elimination results.

Proposition 9.6 (axioms for elimination).

1. Assume a is server-typed.

La(k),ΓMA◦ La(k),∆MB ≡ La(k),ΓMA◦νk.(A◦B)
La(k)MA◦ L`MB ≡ La(k)MA◦ L`Mνa.(La(k)MA◦B)

La(k)MA◦ La(k)MB ≡ La(k)MA◦νk.(A◦B)

Below assume (1) the typing of the whole formulae only use server types
and no variables for channel types occur, and (2) fn(A)∩ fn(B) = /0.

A◦B ⊃ A∧B

2. Assume each of `,`′ is either linear or client typed.

L`MA◦ L`′MB ≡ L`M(A◦ L`′MB) ∧ L`′M(L`MA◦B)
L`MA◦ L`MB ≡ L`M((A◦ L`MB)∨ (L`MA◦B)) ∧

〈〈`〉〉(A◦ L`MB) ∧ 〈〈`〉〉(L`MA◦B)
≡ 〈〈`〉〉(A◦ 〈〈`′〉〉B)∧〈〈`′〉〉(〈〈`〉〉A◦B)

〈〈`〉〉A◦ 〈〈`〉〉B ≡ 〈〈`〉〉(A◦ 〈〈`〉〉B) ∧ 〈〈`〉〉(〈〈`〉〉A◦B)

3. Assume ` is linearly typed.

L`MA◦ L`MB ≡ νbn(l).(A∧B)
〈〈`〉〉A◦ 〈〈`〉〉B ≡ 〈〈τ〉〉(A◦B)

Below A is ◦-free (resp. ν-free) if ◦ (resp. ν) does not occur in A. A is approx-
imately ◦-free if ◦ occurs only in fixed point formulae whose finite unfoldings
are ◦-free.

Theorem 9.7 (elimination of ν and ◦).

1. Assume for each νxρ.B which appears in A, ρ is a server type. Then there is
an algorithm to find ν-free C s.t. A≡C.

2. Let `?
mix P I A for a closed functional process P typed under Γ whose range

contains only server types. Then there is an algorithm to find ν-free and ap-
proximately |-free B s.t. A≡ B. Further if P is acyclic, there is an algorithm
to find ν-free and |-free B s.t. A≡ B.
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Proof. (1) is by the following sequence of logical equivalences. Let the (hidden)
x be typed with a server type.

P |= νx.A ≡ ∃Q.(P≈ (νa)Q,Q |= A[a/x]) (9.4.1)

≡ ∃Q.(Q≈!a(k).R|P,Q |= A[a/x]) (9.4.2)

≡ ∃Q,Q0.(Q≈ Q0|P, fn(Q0) = {a},Q |= A[a/x]) (9.4.3)

≡ ∃Q0.(P|Q0 |= A[a/x], fn(Q0) = {a}) (9.4.4)

≡ P |= ∃x.A (9.4.5)

For (2) we only list an outline. A later version will provide full details. First if
a process is not acyclic then by Proposition 9.6 we can eliminate each “redex”
one by one, the procedure which we can write A B. Then we can show  
precisely corresponds to the extended reduction in [120], hence it is strongly
normalising, erasing all composed names. Finally we can use the final axiom in
Proposition 9.6 (1). For the non-acyclic case, it is possible we cannot apply the
elimination of server channels in which case we resolve circularity through the
formula:

Ψ
def= νx.((a(k).A)◦ [x 7→ a]A) (9.4.6)

where x occurs in A and [x 7→ a]A is a “copy-cat” specification induced from A,
copying each input to an output and back. We then construct the sequence of the
following formulae:

Ψ(a,0) def= νx.((a(k).A)◦!x(k).noact(k,a))

Ψ(a,n+1) def= νx.((a(k).A)◦Ψ(x,n))

whose limit can be easily represented by the least fixed point. Each of these
formulae can be resolved into ◦-free formula, thus we obtain approximately ◦-
free formulae as a whole, as required.

Remark 9.8 (◦-elimination for stateful processes). We also outline how ◦
may be eliminated for stateful processes (processes which are typed under the
typing in Section 2). We use the following typed processes:

• P is simple if ∆ ` P is derived by restricting Γ in Rec in Figure 1 contains a
single input shared type; and Γ in all prefix rules in Figure 1 is empty.

• P is first-order if α in ↓α;τ and ↑α;τ are restricted to nat or bool.

The simpleness condition means a recursive process starts from a shared in-
put and after a session, again recurs to the same input name, possibly with a
different state; and interactions in-between is never interfered with another non-
deterministic interactions and two sessions never interleave. We also use the
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same acyclicity condition on stateful processes. Now let P be a simple, acyclic,
and first-order process and `?

may P I A. Then there is a natural algorithm to cal-
culate B which is ◦-free from the May characteristic formula of A, through the
application of some of the basic May axioms. We believe these axioms preserve
the May preorder so that we have Γ |= Q I B implies P vmay Q (details are to
be checked). The result can be strengthened to Must preorder.

9.5 Examples

Consider the following simple process.

P def= f (nr)r(x). f 〈mr′〉r′(y).h〈xdivy〉 (9.5.1)

The process P invokes f with a number n and a return channel r. On r it receives
f ’s result x. Then P sends a second number to f and awaits the result y. Then
it divides the first answer by the second and emits the result via h. Let Γ be
f : (nat(nat)↓)?,h : (nat)↑. Then P is typed with Γ.

We wish to let this process compute a binomial coefficient,
(n

m

)
, so we assert

for P as follows (we omit universal quantification over n and m and omit the
condition n≥ m).

〈〈 f (nr)〉〉〈〈r n!〉〉〈〈 f 〈mr′〉〉〉〈〈r′m!〉〉〈〈h〈
(n

m

)
〉〉〉T (9.5.2)

This assertion assumes that the environment – the process situated at f – calcu-
lates a factorial, and ensures the property of P only in that case.

Now consider the process given as:

Q def= ! f (nr).r〈n !〉 (9.5.3)

which is typed with f : (nat(nat)↑)!. We can assert for Q as:

〈〈 f (nr)〉〉〈〈k n!〉〉T (9.5.4)

Now consider composing P and Q. The corresponding assertion is A◦B. Using
the axioms we discuss later, we indeed obtain:

(9.5.5)◦ (9.5.4) ⊃ ∀nnat,mnat : n≥ m.〈〈h
(n

m

)
〉〉T (9.5.5)

That is, if we combine these two processes, then there can be an output 〈〈h
(n

m

)
〉〉

at h.
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9.6 Call-by-value PCF in the Affine π-Calculus

Call-by-value PCF, which we shall hereafter write PCFv for brevity, is an ide-
alised functional language with call-by-value evaluation order. In [17] a fully ab-
stract compositional embedding of PCF (using call-by-name) into the affine π-
calculus was presented, whose encoding we outline below. First we summarise
the syntax of PCFv. PCFv-types, values (V,W, ...) and terms (M,N, . . .) are given
by the following grammar.

α ::= nat || bool || α⇒β

V ::= x || c || λxα.M || µxα⇒β.λyα.M

M ::= V || op(M̃) || MN || if M then N else N′

We assume the standard evaluation relation over closed terms, M ⇓ V , induced
from the reduction relation M −→ M′, again defined over closed terms. Using
the evaluation relation (or equivalently reduction), we let∼=λ denote the standard
contextual congruence for typed PCFv-terms.

The embedding of PCFv into the affine π-calculus is denoted [[M]]u on terms
and α◦ on types. We begin with the latter.

nat◦
def= nat bool◦

def= bool (α⇒β)◦ def= (α◦(β◦)↑)!

The call-by-value term is in fact given a type (α◦)↑, which represents an output
of a value of type α, following the preceding encoding by Milner.

The translation of terms follows that of the typing.

[[x]]u
def= u〈x〉

[[λx.M]]u
def= x(a)!a(xm).[[M]]m

[[µg.λx.M]]u
def= u(a)(νg)(!a(xm).[[M]]m|!g(vr).a〈vr〉)

[[MN]]u
def= (νm)([[M]]m|m(a).(νn)([[N]]n|n(b).a〈bu〉))

[[n]]u
def= u〈n〉

[[if M then N else N′]]u
def= (νm)([[M]]m|m(a).if a then [[N]]u else [[N′]]u)

[[M +N]]u
def= (νm)([[M]]m|m(a).(νn)([[N]]n|n(b).u〈a+b〉))

We can now show that the following holds.

Γ `M : α implies Γ◦,u : (α◦)↑ ` [[M]]u.

Here Γ◦ is the pointwise extension of (·)◦ to environments, and dualisation (·) is
extended to environments in a pointwise manner too. It is possible to prove the
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following equational full abstraction theorem which says that the embedding
is precise, i.e. reflects the semantics of PCFv in the affine π-calculus without
loosing information.

In Section 10, we use this encoding for the embedding of the program logic
for call-by-value PCF into that for the π-calculus.
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10 Logical Full Abstraction of PCFv

10.1 From Equational to Logical Embedding

A notable effects of type disciplines in the π-calculus is to enhance the semantic
precision of embeddings of diverse calculi and languages as processes. When
a typing discipline is sufficiently powerful, the embedding enjoys equational
full abstraction [17], that is, the embedding preserves all equational properties
of the original calculus/language through the compositional decomposition of
its constructs into name passing. §9.6 presented an example of an equationally
fully abstract embedding of PCFv into the affine π-calculus. In the following we
demonstrate that the presented process logic inherits this precise embeddability
at the logical level, using a relatively-complete logic for call-by-value PCF stud-
ied in our preceding work [54]. We show that this program logic is embeddable,
in terms of validity and provability, in the process logic through the encoding of
formulae, which naturally arise from those of types and terms.

In this section we shall use ∼= as the basis of the semantics of the process
logic, which we introduced in §9, since in this way we obtain the semantics of
quantifiers which precisely correspond to those in the program logic in [54].

Convention 10.1. Throughout the technical development in the rest of the sec-
tion, we use the logic in §9 with its semantics based on ∼=.

For typed processes as given in §9 with the semantics based on ∼=, exactly the
same proof systems as given in Sections 5 and 6 are sound and complete. This
is because the semantic difference due to the use of ∼= is absorbed by the con-
sequence rule: all compositional rules can capture precisely the interactional
content, while the syntactic variance up to the logical equivalence is captured
by the consequence rule.

10.2 Logic for PCFv

As a target logic, we use the relatively complete total-correctness program logic
for call-by-value PCFv (cf. §9.6), studied in [54]. This logic has the following
syntax (types are those of §9.6).

e ::= c || x || op(ẽ)
A ::= e = e′ || A∧B || ∀xα.A || ¬A || x• y↘ z

We use the same meta-symbols ranging over expressions and formulae of the
logic for PCFv as we do for the target logic (for the affine π-calculus). In the first
line (expressions), op(M̃) denotes standard first-order operations. For brevity we
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omit products and sums as well as typing rules. In the second line (formulae),
x•y↘ z, called evaluation formula, specifies that a function x, when applied an
argument y, converges and results in a value z. The semantics of these formu-
lae follows exactly [54], whose key clauses are given as follows. Below we let
ξ,ξ′, .. range over finite maps from variables to closed values.

ξ |= e1 = e2 ≡ [[e1]]ξ∼=λ [[e2]]ξ ξ |= x• y↘ z≡ ξ(x)ξ(y) ⇓ ξ(z)

Logical connectives and quantifiers are interpreted as usual, following the se-
mantics of (classical) predicate logic with equality, cf. [74].

Sequent in the program logic is written:

[A]M :u [B],

We write
|= [A]M :u [B],

This last judgement says that if the free variables in M satisfy A, the program
M terminates and whose result, named by u, satisfies B. The definition of the
relation |= [A]M :u [B] is formally defined as follows, precisely following [54].

ξ |= A ⊃ ∃V.(Mξ ⇓V ∧ξ,u : V |= B)

There are simple proof rules which can infer, with the help of the consequence
rule (hence an oracle to infer validity of assertions, in particular entailment),
precisely the set of valid judgements for formulae which are saturated upwards
with respect to the standard semantic ordering [54], see Remark 10.7 later. We
shall write this provability relation ` [A]M :u [B].

10.3 Embedding PCFv into the π-Calculus

The embedding of PCFv into the affine π-calculus is given in §9.6. For con-
venience of presentation we add the following additional translation of val-
ues. For closed values V of function type 〈〈V 〉〉x is a process such that [[V ]]k

def=
(νx)(k〈x〉|〈〈V 〉〉x), i.e. 〈〈V 〉〉x singles out the replicated part from the encoding.
For example 〈〈λx.M〉〉u =!u(xm).[[M]]m.

We can now show that the following holds.

Proposition 10.2. Let Γ◦, resp. Γ, be the pointwise extension of (·)◦, resp dual-
isation (·) to environments.

– α `M implies Γ◦,u : (α◦)↑ ` [[M]]u.
– α `V with α a function type implies u : α◦ ` 〈〈V 〉〉u.
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It is easy to show that [[·]] is sound, even in the absence of typing constraints
on the target calculus. The definability result given next shows that the affine
typing discipline of §9 constrains the target calculus sufficiently so that typable
processes (at translations of PCFv types) are exactly the encodings of PCFv-
types (up to observational congruence).

Lemma 10.3 (definability). If P is typed with x : α◦ then P ∼= 〈〈V 〉〉x for some
closed value V of functional type α. Similarly if P is typed with x : (α◦)↑, then
P∼= [[M]]x for some closed M of type α.

Proof. We show the latter by considering what corresponds to the encoding of
open terms. We show by the induction on the the height of α:

Γ◦,h : (α◦)↑ ` P

implies P composed with processes under the typing dual to Γ◦ is equivalent
to the encoding of a PCFv-term of the corresponding type. We use a method
similar to the one given in [119], showing such P is sequentially typed in the
sense of [17], which allows us to reduce the term to the corresponding let-form.
The base case is when α is an atomic type and Γ is empty, which is immediate.
When α is a function type, say α1 ⇒α2, then we should show P as above is
equivalent to the encoding of λx.M. The shape of P is by functional typing:

h(k)!k(xm).Q

assuming we fold all hidden compositions with replicated processes into Q. We
then consider the “spine” in Q which contains output at m and neglect all inter-
actions not in the spine. The result is typable by the sequential typing in [17]
(except the disregarded interactions which do not affect an output at m), hence
by the same argument as in [17] we can translate the intermediate actions into
the let-form, together with induction hypothesis.

As a direct corollary we obtain the result mentioned in §9.6:

Corollary 10.4 (full abstraction). Let M and N be closed PCFv-terms of type
α. Then M ∼=λ N if and only if [[M]]k ∼= [[N]]k under the type k : (α◦)↑;end. Sim-
ilarly if V and W are closed values of the same functional type say α, then
V ∼=λ W if and only if 〈〈V 〉〉x ∼= 〈〈W 〉〉x.

10.4 Logical Embedding

Having embedded PCFv into the affine π-calculus, we now embed the logic for
PCFv into the corresponding process logic. We get ideas about how to embed
logical formulae, by looking at how functions are translated, using types.
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For the encoding of formulae, we use the following mapping:

[[e1=e2]] ≡ e1= e2

[[A∧B]] ≡ [[A]]∧[[B]]
[[∀xα.A]] ≡ ∀x.[[A]]

[[¬A]] ≡ ¬[[A]]
[[x• y↘z]] ≡ 〈〈x(ya)〉〉〈〈az〉〉T

The last clause of the translation decomposes an evaluation formula into a modal
formula with a May-modality (which, in deterministic computation, corresponds
to total correctness). We can now translate the satisfiability ξ |= A by mapping
ξ and A individually, i.e.:

[[ξ |= A]] def= [[ξ]] |= [[A]] (10.4.1)

where we set [[x1 : V1, ..,xn : Vn]]
def= [[V1]]x1 |..|[[V1]]xn . We now observe:

Lemma 10.5. Let A be an assertion in the PCFv-logic. Then A is valid in the
PCFv-logic if and only if [[A]] is valid in in the process logic.

Proof. We show, by induction, that ξ |= A and [[ξ |= A]] coincide. The induc-
tion in fact proves the coincidence of validity simultaneously for both A and its
negation.

(1) e = e′ and e 6= e′. If their types are atomic types there is no issue. If both
have higher-order types then we can use Corollary 10.4.

(2) ∀x.A and ∃x.A. For this we reason:

ξ |= ∀x.A ≡ ∀V.(ξ,x : V |= A)
≡ ∀V.[[ξ,x : V |= A]]
≡ ∀x : α

◦ ` P. P|[[ξ |= A]]
≡ [[ξ |= ∀x.A]]

where the second to the last step is by Lemma 10.3. This also proves the
case for existential.

(3) For evaluation formulae, it suffices to consider the case when the formula
only uses variables. We take terms up to ∼=λ and ∼=. Let us assume:

ξ(x) = V

ξ(y) = W

ξ(z) = U.
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We write M ⇓∼= N to mean that some value L exists such that M ⇓ L and
L ∼= N.

ξ |= x• y↘z ≡ VW ⇓∼=λ U

≡ (νx)(〈〈V 〉〉x | (νy)(x〈yu〉.〈〈W 〉〉y)) ∼= [[U ]]u
≡ [[ξ]] |= 〈〈x〈ya〉〉〉〈〈a〈z〉〉〉T

which also proves for its negation.

This exhausts all cases.

Theorem 10.6 (logical full abstraction). For each typable PCFv-term M, we
have |= [A]M :u [B] if and only if [[M]]k |= [[A]] B ∃x.(〈〈kx〉〉T∧ [[B]][x/u]).

Proof. First |= [A]M :u [B] is the same thing as

∀ξ |= A.(Mξ ⇓V ∧ ξ,u : V |= B) (10.4.2)

By Lemma 10.5 this is in turn equivalent to, when M is typed with a higher-
order type (the case when M is typed with a first-order type, where the encoding
simply has a value output, is simpler and omitted),

∀P |= [[A]].( ([[M]]k|P)
k(u)
=⇒ R|P ∧ R|P |= [[B]] ) (10.4.3)

Through the elimination of ν (cf. Theorem 9.7) we obtain:

[[M]]k |= [[A]] B ∃x.(〈〈kx〉〉T∧ [[B]][x/u]), (10.4.4)

Hence as required.

Remark 10.7 (extension to provability). The completeness result in Theorem
10.6 immediately extends to provability. We use the completeness result for the
PCFv logic [54]. This result holds for the class of total correctness properties,
called upper-closed formulae. First, we say a formula A of PCFv-logic with
fv(A) = {u} is upper-closed with respect to u [54] if, whenever V named u
satisfies A, and if V .W (where . is the pre-congruence given in §9), then W
named u also satisfies A. Through the translation, the upper-closed formulae in
PCFv-logic precisely correspond to May-saturated formulae in §7, hence by the
completeness on both sides, we are done.
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10.5 Further Logical Embeddings

The translation of partial correctness for PCFv, as given in [54], can be done us-
ing Must modality, leading to logical full abstraction for the partial correctness
logic in [54]. In this case, the assertion {A}M :k {B} is is translated into

[[M]]k I [[A]]B ∃x.([[kx]]T∧ [[B]][x/u]) (10.5.1)

that is by exchanging the May modality with the Must modality.
This result directly extends to imperative features: starting from Hoare logic,

for the first-order imperative functions, the extensions for higher-order proce-
dures, aliasing and local state are similarly embeddable. Below we show the
case for Hoare logic, for both total and partial correctness. The framework fol-
lows the same principle as we discussed above for the logic for PCFv. We first
map each number theoretic assertion say A(x̃), where A(x̃) indicates an assertion
whose free (program) variables are covered by x̃, as follows.

Var(A(x̃)) def= ∃ṽ.(
V

1≤i≤nVarSPec(xi,vi) ∧ A(ṽ)) (10.5.2)

where we used the specification for variables VarSPec(xv) in §8.2. Using this
encoding, we translate the partial correctness assertion

{A(x̃)}C {B(x̃)} (10.5.3)

as follows, where [[C]]k is the standard mapping of imperative programs to pro-
cesses [115].

[[C]]k I Var(A(x̃))B [[k]]Var(B(x̃)). (10.5.4)

Similarly, we translate the total correctness assertion

[A(x̃)] C [B(x̃)] (10.5.5)

as follows:
[[C]]k I Var(A(x̃))B 〈〈k〉〉Var(B(x̃)). (10.5.6)

which replaces the Must modality in the partial correctness assertion with the
May modality. The interest of these mappings is not only that they are encod-
able, but also the involved process typing as well as logical encodings are simple
and tractable, in a way to allow the extension of the original assertion method
to a richer realm of interacting processes.

As one of such points, observe that the assumption part and the conclusion
part of (10.5.4) and (10.5.6) mention all program variables which may occur in
a program. This is because we cannot assume, in the present logic, that they do
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behave as “variables”: in Hoare logic we can omit them, since we are implic-
itly assuming the memory (store, heap, etc.) all behave as variables: but in the
present setting it may behave as almost anything as far as the typing is correct!
Such an “implicit assumption” may as well be left implicit as induced by types.
As a simple use of this idea, we may consider that the behaviour can be either
a variable, or a diverging (or failing) one, as an implicit assumption. This is
the case when we consider a resource sensitive logic such as separation logic.
This suggests the wide spectrum of logical specifications the present framework
suggests.

Thus we have obtained a framework where we can reason about the diver-
sity of behaviours on a uniform technical footing. In principle we can specify
and reason about arbitrary sequential, concurrent, communications, shared vari-
ables, functional, and imperative behaviours as far as they are embeddable into
the π-calculus. Underlying is the operational and type structures studied for a
long time by researchers in programming languages and process theories, which
articulate the extremely rich semantic structures hidden in the π-calculus. This
interplay offers us a rich basis for future investigations, in both applications and
basic theories.
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A Proofs for Section 7

A.1 Remaining Cases for Proposition 7.11

The case for Rec-ind is given in the main section. For other cases:

Case Conc. Suppose Γ;E |= P I A and ∆;E |= Q I B such that Θ = Γ�∆.
Then we have

(P|Q)ξσ ∈ [[Γ ` A]]ξ||| [[∆ ` B]]ξ (A.1.1)

noting the right-hand side is typed under Θ, hence done.

Case Res. Assume Γ,u : α;E |= P I A and Γ ` (νu)P is typable. We infer:

(νu)Pξσ ∈ (νu)[[Γ ` A]]ξ (A.1.2)

= (νu)[[Γ,x : α ` A[x/u]]](ξ,x 7→ u) (A.1.3)

= [[Γ ` νx.A[x/u]]]ξ (A.1.4)

as required.

Case Acc. By a(k).P
a(k)
=⇒ P and because P ∈ [[A]]ξ by induction hypothesis we

have (a(k).P)σ ∈ 〈〈a(k)〉〉[[A]]ξ hence done.

Case Req. Similar to Acc.

Case Send. Similar to Acc.

Case Rcv. Assume x in k(x).P is typed as a channel name (the case when it is
an atomic type is simpler). We show, assuming E |= P I A:

(k(x).P)σ ∈ [[∀x.〈〈kx〉〉A]]ξ (A.1.5)

We have:
[[∀x.〈〈kx〉〉A]]ξ =

T
v[[Γ,x : α ` 〈〈kx〉〉A]](ξ,x 7→ v) (A.1.6)

(The right hand side is equivalent to what is given in Definition 4.7 since a
process belonging to such an interpretation can only have channels in Γξ). We
now show the process k(x).P satisfy this specification. First when v is inside Γ,
surely we have

(k(x).P)σ kv−→ P[v/x] ∈ [[A]](ξ,x 7→ v) (A.1.7)

On the other hand if v is fresh then we have, under Γξ,v : α:

(k(x).P)σ kv−→ P[v/x] ∈ [[A]](ξ,x 7→ v) (A.1.8)

(Note this transition corresponds to bound input if the process is typed under
Γξ. ) In both cases we have shown that the process satisfies the specification.
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Case Bra, Sel. Similar to Acc.

Case Inact. Immediate.

A.2 Remaining Cases for Proposition 7.13

The minimality of formulae resulting from Conc and Res are by the precongru-
ency of vmay.

For prefix rules, we only show the case of Acc. Suppose E `?
may P I A and

P is minimal in A. Now consider E `?
may a(k).P I 〈〈a(k)〉〉A. First this is clearly

sound. Second assume E `?
may Q I 〈〈a(k)〉〉A. Note all visible traces of a(k).P

starts from a(k).P
a(k)−→ P. Now Q has this initial transition Q

a(k)
=⇒ Q′ such that

E |= Q′ I A which, by induction hypothesis, satisfies Pvmay Q′. Thus any trace
P has is also owned by Q′, hence as required.

Other prefix rules are essentially similar.
For Var, under the given conditions on σ and ξ, X under ξσ is certainly a

minimal element of X under ξ.

A.3 Remaining Cases for Proposition 7.15

We prove those cases other than Rec.

Case Acc. For Acc-Must, suppose a(k).P
a(k)−→ Q. Then Q ≡ P. Since the satis-

faction is closed under ≈ we have Q ∈ [[A]](ξ,ξ(E)). Since there are no actions
except this action the inaction clause is also immediate. For mix modality, we
in addition have [[ ]]〈〈a(k)〉〉T which is obviously satisfies.

Case Req. Similar to Acc.

Case Send, Rcv, Bra, Sel. Similar to Acc.

Case Inact. The assertion is a single point property which is 0 itself up to ≈.
(Note there are other agents which are Must-equivalent to 0: they are not in this
assertion.)

A.4 Remaining Cases for Proposition 7.17

For maximality we prove those cases other than Rec.

Case Inact. The given assertion represents 0 and only that semantic point so all
stated conditions are immediate.
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Case Acc. We take this rule as a representative of the prefix rule. Assume E `?
must

P I A satisfies the stated properties and consider E `?
must a(k).P I [[a(k),Γ]]A.

Suppose Q satisfies [[a(k),Γ]]A. Then either it does not have a visible transition
or if it ever has one then it can only be a(k). In the former case Q ≈ 0 so it

surely is smaller than a(k).P w.r.t.vmust . If the latter is the case then Q≈ a(k)−→Q′

implies Q′ |= A for which we know Q′ vmust P. Hence each must test of Q can
also be met by P, that is Qvmust a(k).P, as required.

Other prefix rules are similar.

Case Conc. For maximality, suppose we have derived (omitting E uniformly)
Γ�∆ `?

must P|Q I A◦B from Γ `?
must P I A and Γ `?

must P I A by this rule and
that we have

|= R I A◦B. (A.4.1)

We first observe that A contains all free channel names and free channel name
variables in Γ, by construction. Hence when we form A ◦B, it precisely pre-
scribes the typing of individual processes. Now by (A.4.1) we know R ≈ S|T
such that Γ |= S I A and ∆ |= T I B. Hence by induction hypothesis and pre-
congruency of vmust we are done.

Case Res. We again use the precongruency of vmust , as above.

Case Var. Immediate from the construction.

A.5 Proof of Lemma 7.28

We first make explicit inductive construction of well-guarded Must-modality
formulae.

Definition A.1. The set W of well-guarded Must-modality formulae is gener-
ated by the following induction, assuming typability at each step under an im-
plicit typing.

– T, the non-action predicate noact(Γ) at the typing Γ, and equations on Boolean
and integer values are in W.

– A∧B and A∨B are in W if A and B are.
– [[`,Γ]]A (covering the whole of the implicit typing by Γ and `) is in W if A

is, similarly for branching prefixes and value input prefixes.
– (νX(x̃).A)〈ẽ〉 is in W if A is.
– A ◦B is in W if under any well-typed closing substitutions, A and B do not

have any pair of dual occurrences of a common channel, up to unfoldings of
ν-recursion.

– νx.A[x/u] is in W if A is.
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We call a well-typed formula in W a well-guarded Must formula for brevity.

Proposition A.2. If E,X : (x̃)A `??
must P I A is derived and if P is the recursion

body of a well-guarded recursion, then A is a well-guarded Must formula.

Proof. Immediate by construction, noting the condition for ◦ comes from well-
guardedness.

The following characterises transitions of well-guarded recursions and their fi-
nite approximants.

Definition A.3 (visible process). We say P is visible if, after any typed transi-
tions, it never has a τ-action except those by the evaluation of conditionals, and,
moreover, C[ · ] does not contain two active prefixes with the same channel as
their subjects, after any typed transitions, cf. Definition 7.2.

Note that if P is visible, then (because the reduction due to a conditional eval-
uation is deterministic) we can cut off all τ-actions from its transitions. Thus,
without loss of generality, we can assume:

Convention A.4. Hereafter we always consider that a visible process only has
strong transitions.

We now show the satisfaction of a well-guarded Must formula by a visible pro-
cess is determined by the satisfaction of the same formula by its approximants.
Below and henceforth we often treat a visible process as its induced strong syn-
chronisation tree. We first generalise the notion of finite unfoldings of a recur-
sion with contexts.

Definition A.5. Let P be of the form C[R] where C is a context whose whole is
not under a recursion and R itself is a recursion. Suppose {Ri} are the standard
finite foldings of R. Then we call {C[Ri]} finite approximants of P w.r.t. C[ · ] or,
often simply, finite approximants of P.

Note that when P itself a recursion, then it has only one kind of finite approxi-
mants, its finite unfoldings.

Definition A.6 (strong admissibility). A property p is strongly admissible if
for any approximants {Pi} of visible P, if they satisfy p, then P also satisfies p.

We also use the following lemma.

Lemma A.7. Suppose A is a well-guarded Must characteristic formula under
Γ, and u does not occur in A. Then with x fresh, we have νx.A[x/u] ≡ A under
Γ.
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Proof. Suppose P |= A under Γ. Since u is fresh for A, it is also fresh for P,
hence (νu)P ≈ P, hence P |= νx.A[x/u]. Next suppose P |= νx.A[x/u] under
Γ. By definition P ≈ (νu)Q such that Q |= A. Since A is a well-guarded Must
characteristic formula, A only specifies what actions are possible at each stage,
including interleavings of actions (via ◦). Since (νu)Q has no more actions than
specified in A at each step (noting all actions at u by Q are truncated and Q
cannot have an action which extrudes u), (νu)Q surely satisfies A, hence P |= A.

We now show the main result of this subsection.

Proposition A.8. Let A be a well-guarded Must characteristic formula and as-
sume P is visible. Assume a family of approximants {Pi} satisfies A. Then P
satisfies A under any environment mapping an assertion variable to a strongly
admissible property.

Proof. We again use induction on the structure of A.

Base cases. T, non-action predicates and first-order equations under valuations
are immediate.

Conjunction and disjunction. Suppose A and B are well-guarded Must formu-
lae. Suppose approximants of P satisfy A∧B. Then they satisfy A as well as B.
By induction we are done. Similarly for disjunction.

Prefixes. Consider a well-guarded Must formula B def= [[a(k),Γ]]A. Suppose ap-
proximants of P satisfy B. Hence each Pi with i ≥ 1 (which cannot be the inac-
tion, since it contains an unfolding) can be written a(k).Qi with Qi approximat-
ing Q and satisfying A. By induction we are done.

Maximal fixed point. Suppose A is a well-guarded Must formula and let B def=
(νX(x̃).A)〈ẽ〉. Suppose each Pi from approximants {Pi} satisfies B. Hence each
Pi satisfies each approximant to B. Since T itself is strongly admissible, each
approximant to B is strongly admissible. Hence P satisfies each approximant to
B, i.e. by definition P satisfies B.

Parallel composition. Let C def= A◦B with A and B being well-guarded Must for-
mulae, and they are disjoint at subjects. Suppose approximants {Pi} of P satisfy
C. Take Pn for some n≥ 2 and suppose it satisfies C. By definition Pn ≈Q′

n|R′n s.t.
Q′

n satisfies A and R′n satisfies B. Again by disjointness we can write Pn ≡Qn|Rn

such that Qn ≈ Q′
n and Rn ≈ R′n (including the case either has no action). In this
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way we know we have a hierarchy of processes:

P0 ≡ Q0|R0, where Q0 I A, R0 I B

P1 ≡ Q1|R1, where Q1 I A, R1 I B
...

Pn ≡ Qn|Rn, where Qn I A, Rn I B
...

Observe that, since a recursion is always prefixed, for each i ≥ 1, we know
either Qi or Ri contains the i-th unfolding of the recursion. Suppose it is in Qi.
Then by the definition of the chain {Pi}, we can set {Qi} giving the chain of
finite unfoldings under some context (with Q0 containing or equal to the 0-th
unfolding, the inaction), and each Ri being identical to each other, which we set
R. That is, for each i we can set:

Pi ≡ Qi|R where Qi I A, R I B (A.5.1)

where {Qi} approximates Q. By induction Q satisfies A, hence P satisfies C.

Hiding. Let B def= νx.A[x/u] be a well-guarded Must formula. Note B under an
environment is a collection of trees each of which is the result of cutting off
some branches from one of the trees from A as well as inducing bound outputs.
Suppose {Pi} approximating P satisfy B. There are the following cases.

(1) u does not occur in A.
(2) u occurs in A and only as the subjects of Must modal actions.
(3) u occurs in A as the object of a Must modal action, as well as possibly as

the subjects/objects of other actions.

For (1), since each Pi satisfies B, by Lemma A.7, it also satisfies A. By induction
P satisfies A. Again by Lemma A.7 P satisfies B.

For (2), B is satisfied by all and only synchronisation trees without u satis-
fying A. By assumption, Pn satisfies B. Since the hiding by u on A only cuts off
those u-occurring subtrees and because a visible Must-characteristic formula
only specifies allowance of actions inductively, we know Pi also satisfies A,
hence by induction P satisfies A. Since P≈ (νu)P, P satisfies B.

Finally for (3), if P (hence {Pi}) does not have one of those bound output
extruding u, as specified in A, then this reduces to (1) or (2). If P does have
such a bound output, then, by visibility and because {Pi} is an unfolding chain,
this should start at least from P1. Take Pn such that n ≥ 1. Since Pn satisfies B,
there is one or more bound outputs in Pn extruding u conforming to B (hence
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A). Observe that the specification of A follows a visible synchronisation tree by
construction: in particular:

• If it allows two or more potential actions at different subjects, then it also
allows their interleavings. And it never allows two or more potential actions
at the same subject.

• The allowance of an initial action at some subject can be strictly mapped
to, syntactically, a position under a specific prefix or if not at the top of the
whole configuration.

• By well-guardedness, a prefix of the same subject can only occur in a se-
quence of nested prefixes (except in two different branches of a conditional),
so that there is an outermost prefix with that subject, possibly as part of a
recursion.

• Therefore we can check that A specifies, after say [[ku,∆]], whether a subject
u becomes active only after that action (if a prefix at ui is exactly below such
an output, we call it is in a strict position), or it is so already before that
action (in which case we call the outermost prefix, pre-positioned prefix:
if it is just under the corresponding bound output), though this difference
however gets blurred by hiding at u, where actions at u become possible
only after it is extruded.

• Two bound outputs extruding u as specified in A can be realised by Pn as
two distinct bound outputs, as far as it conforms to the specification, and as
far as there is Qn such that Pn ≈ (νu)Qn satisfying A.

Taking these points into consideration, we construct Qn such that Pn ≈ (νu)Qn

and Qn I A through the following steps:

• (Step 1) We pinpoint all prefixes of Pn which perform bound outputs extrud-
ing u (this can be deeply nested inside a recursion).

• (Step 2) Let u1..um (m ≥ 1) be bound names extruded by Pn specified as u
in B. Let take off their bindings from Pn, and set the result to be Q′

n.
• (Step 3) These ui may occur initially as pre-positioned prefixes, occurring

even before A allows it (thus violating A). If so we move this outermost pre-
positioned prefix with subject ui to the strict position (in the sense above,
i.e. immediately under the output prefix which extrudes ui), without chang-
ing the behaviour under its hiding. We then coalesce u1..um into u, and call
the resulting process Qn.

We now observe:

Claim. Qn constructed as above satisfies Pn ≈ (νu)Qn and Qn I A, and is well-
guarded and visible.
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PROOF: (νu)Qn has the synchronisation tree identical to the result of adding
bindings to Q′

n, i.e. identical to the process P, hence Pn ≈ (νu)Qn holds. Next,
the synchronisation tree of Qn conforms to A since, apart from turning bound
outputs into free outputs, its transitions precisely mimic those of Pn, by the re-
moval of all pre-positioned prefixes to the strict positions (note if A allows a
pre-positioned prefix then it also allows the same prefix in the strict position).
Finally Qn is visible and well-guarded since, by conforming to A, no two subject
occurrences of u can become active at the same time under any typed transi-
tions. For uniform construction, observe that either there is a unique name, say
u, which is extruded in P, or more than one, and asymptotically Pi will cover all
of them (assuming a fixed valuation of variables). (End of the proof of Claim)

Let Q be the result of applying the same procedure to P, for which we again
have (νu)Q≈ P through the same argument. We now construct the chain:

P0 ≈ (νu)Q0, where Q0 I A

P1 ≈ (νu)Q1, where Q1 I A
...

Pn+1 ≈ (νu)Qn+1, where Qn+1 I A
...

where {Qi} are finite approximants of Q, since the structural change (including
renaming and removal of prefixes) acts precisely in the same way for each Qi

as well as Q, so that the unfolding structures are preserved in {Qi} and Q from
{Pi} and P. By induction, Q satisfies A, hence P satisfies B, as required.

Remark A.9 (the use of well-guardedness). Semantically, the closure under
admissibility for Must characteristic formulae comes from the nature of these
formulae as “specifications for negative information”. For this reason, we be-
lieve that these proofs can be carried out with weak well-guardedness, though
details are to be seen.

We have now reached Lemma 7.28.

Corollary A.10. A well-guarded Must formula A is admissible.

Proof. Immediate from Proposition A.8 and noting that all well-guarded recur-
sions are visible.
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B Axioms: Informal Presentation

B.1 Logical Axioms

Because of the introduction of ◦ and ν, it becomes important how logical laws
can extract behavioural (modal) content from assertions which use these con-
nectives. In this Appendix we explore some of the axioms which we may be
able to use for enabling such endeavour. The presentation is not systematic,
and some of the axioms are presented informally (a systematic, formal pre-
sentation is planned for a later version). However these axioms may elucidate
the nature of the new connectives. One convention before our inquiry begins:

Convention B.1. In the following presentation of axioms, we assume all for-
mulae are well-typed. In particular, when we have an axiom of the form A ⊃ B
(saying A entails B) or A ≡ B (saying A and B are logically equivalent) we as-
sume both A and B should be typable under the same typing environment.

B.1.1 Logical Axioms (1): par The following laws hold directly by the se-
mantics of ◦.

B ⊃ AB (A◦B) (B.1.1)

(AB B)◦A ⊃ B (B.1.2)

AB (BBC) ≡ (A◦B)BC (B.1.3)

A◦B ≡ B◦A (B.1.4)

(A◦B)◦C ≡ A◦ (B◦C) (B.1.5)

A◦F ≡ F (B.1.6)

A◦T ≡ A (B.1.7)

It is notable that the final law does not say that A ◦T can always be simplified
into A: rather it says that if A is typable in the given environment then we can
thus simplify. Similarly, assuming typedness of both sides, we have:

(AB B)◦C ⊃ (AB (B◦C)) (B.1.8)

which has a useful corollary:

(AB B)◦ (BBC) ⊃ ABC (B.1.9)

The next rules relate ◦ with the standard logical connectives.

(A∧B)◦C ⊃ (A◦C)∧ (B◦C) (B.1.10)

(A◦C)∨ (B◦C) ⊃ (A∨B)◦C (B.1.11)

(A◦C)∨ (B◦C) ≡ (A∨B)◦C (A∧B≡ F) (B.1.12)
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These have the exact analogues that use quantifiers:

(∀x.A)◦B ⊃ ∀x.(A◦B) (x 6∈ fn(B)) (B.1.13)

∃x.(A◦B) ⊃ (∃x.A)◦B (x 6∈ fn(B)) (B.1.14)

In the following law assume A(i)∧A( j)≡ F whenever i 6= j.

∃x.(A(x)◦B) ≡ (∃x.A(x))◦B (x 6∈ fn(B)) (B.1.15)

The following law allows us to turn ◦ into conjunction, assuming: (1) the typing
of the whole formulae only use server types and no variables for channel types
occur, and (2) fn(A)∩ fn(B) = /0.

A◦B ⊃ A∧B (B.1.16)

The typing condition makes it possible to decompose processes. Note A and B
can only specify behaviour starting from replicated inputs.

B.1.2 Logical Axioms (2): new The ν-quantifier acts as expected with other
operators when there is no name conflict.

νx.〈〈〉〉A ≡ 〈〈〉〉νx.A (B.1.17)

νx.〈`〉A ≡ 〈`〉νx.A (x 6∈ n(`)) (B.1.18)

νx.〈〈`〉〉A ≡ 〈〈`〉〉νx.A (x 6∈ n(`)) (B.1.19)

νx.[[ ]]A ⊃ [[ ]]νx.A (B.1.20)

νx.[[`]]A ⊃ [[`]]νx.A (x 6∈ n(`)) (B.1.21)

νx.[`]A ⊃ [`]νx.A (x 6∈ n(`)) (B.1.22)

νxσ.(A◦B) ≡ (νxσ.Ax:σ)◦B (x 6∈ fn(B)) (B.1.23)

νxσ.(BB A) ≡ BB νxσ.Ax:σ (x 6∈ fn(B)) (B.1.24)

νx.νy.A ≡ νy.νx.A (B.1.25)

Another basic law is:

νx.A ⊃ A (x 6∈ fn(A)) (B.1.26)

We shall prove later:

νxρ.A ≡ ∃xρ.A (ρ server type) (B.1.27)

It interacts with other connectives as follows.

νx.(A∧B) ⊃ (νx.A)∧ (νx.B) (B.1.28)

νx.(A∨B) ≡ (νx.A)∨ (νx.B) (B.1.29)
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Finally the basic laws which relate this quantifier to the modal actions is:

νx.〈〈kx〉〉A ≡ 〈〈k(a)〉〉A[a/x] (a fresh) (B.1.30)

νx.〈kx〉A ≡ 〈k(a)〉A[a/x] (a fresh) (B.1.31)

νx.[[kx]]A ≡ [[k(a)]]A[a/x] (a fresh) (B.1.32)

νx.[kx]A ≡ [k(a)]A[a/x] (a fresh) (B.1.33)

B.2 Axioms for Strong Modalities

The study of strong modalities we get better ideas how axioms in our logical
language relate to the preceding proof rules for parallel composition in the log-
ics for the untyped π-calculus [10, 31] as well as for CCS [108]. Another reason
for starting from axioms for strong modality is to have a clear tie with semantics
and to assist understanding and justification for the axioms for weak transitions.
In this spirit we later relate axioms for strong modalities to those for weak tran-
sitions.

B.2.1 May Axioms For axioms on strong modalities, we only consider May
axioms and a couple of Must axioms. The logical axioms for ◦ and ν are pre-
sented in the subsequent Section B.3. We start our inquiry from the axioms for
strong May modality. The following three laws are most basic.

〈`〉A◦B ⊃ 〈`〉(A◦B) (B.2.1)

〈`〉A◦ 〈`〉B ⊃ 〈〈〉〉(A◦B) (B.2.2)

These hold for any types, though the first law strongly depends on types: for
example if the overall typing for the subject of ` is a server type, and ` has a
client type, then it cannot be transposed. For linear and replicated channel, we
can strengthen the third axioms:

〈`〉A)◦ 〈`〉B ≡ A◦B (` linear) (B.2.3)

〈`〉A◦ 〈`〉B ≡ 〈`〉A◦νbn(`).(A◦B) (` replicated) (B.2.4)

Above “replicated” means the subject of ` has either a server type or a client
type. In these cases we know the only possible interactions they can have are
τ-actions.

The way compensating actions (hence τ-actions) are induced demands some
care in the case of branching and selection. We need to explicitly stipulate the
following law. In the following we assume li 6= l j for i 6= j.^

i∈I

〈k . li〉Ai ◦
_

i∈I′⊂I

〈k / li〉Bi ≡
_
i∈I′

(Ai ◦Bi) (B.2.5)
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This law cannot be reduced to individual compensation since a May action does
not distribute over ∧. In the following, we treat the l.h.s. as one pair of mutually
dual actions (where we often have a single selection action).

One of the basic forms for May modal actions is to collect them by con-
junction,

V
i〈li〉Ai. Using this form, we can state a general law for May actions,

which is essentially the expansion law in logical form. Assume below I and J
are disjoint and li � l j denotes they are dual actions.^

i∈I

〈`i〉Ai ◦
^
j∈J

〈` j〉B j ≡
^

`i�` j

〈〈〉〉νbn(`i).(Ai ◦B j)∧C (B.2.6)

where C is a term given by, with I′ ⊂ I and J′ ⊂ J which choose typable actions
in the whole formula:

C def=
^
i∈I′
〈`i〉(Ai ◦ (

^
j∈J

〈` j〉B j)) ∧
^
j∈J′
〈` j〉((

^
i∈I

Ai)◦B j) (B.2.7)

We also have the standard laws from the modal logic, such as 〈`〉(A∧ B) ⊃
〈`〉A∧〈`〉B and 〈`〉(A∨B)≡ 〈`〉A∨〈`〉B.

B.2.2 Must Axioms The following is the well-known law.

([`]A∧A′)◦ ([`]B∧B′) ⊃ [`]((A◦ ([`]B∧B′))∨ (([`]A∧A′)◦B)) (B.2.8)

A corollary of this law is:

[`]A◦B ⊃ [`](A◦B) (B⊃ [`]F) (B.2.9)

which is often useful in the presence of the no-action predicate noact(Γ). Simi-
larly (because types give the equivalent no-action information) we have:

([`]A)◦B ⊃ [`](A◦B) (` linear) (B.2.10)

The axioms for inducting [[ ]] is treated later.

B.2.3 Axioms for Server/Client Types Server/client types dictate that a re-
source (replicated process) is available without changing behaviour. This leads
to the standard replication laws [82] and, in the present context, to the following
laws. Below we assume a is server typed (τ)!.

〈a(k)〉A◦ 〈a(k)〉B ≡ (a(k))A◦ 〈τ〉νk.(A◦B) (B.2.11)

〈a(k)〉A◦ 〈`〉B ≡ 〈a(k)〉A◦ 〈`〉(νa.(〈a(k)〉A◦B)) (B.2.12)

[a(k)]A◦ [`]B ≡ [a(k)]A◦ [`](νa.([a(k)]A◦B)) (B.2.13)
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B.2.4 Relating Strong Modality to Weak Modality We give basic laws. All
of the following laws are justified inside the weak semantics. The first three are
particularly useful. Let ` 6= τ in these laws.

〈`〉A ⊃ 〈〈`〉〉A (B.2.14)

[[`]]A ⊃ [`]A (B.2.15)

〈〈`〉〉A ≡ 〈〈〉〉〈`〉〈〈〉〉A (B.2.16)

[[`]]A ≡ [[ ]][`][[ ]]A (B.2.17)

L`MA ≡ [[ ]](〈`〉A ∧ [`]A) (B.2.18)

We also note, in the presence of strong [τ]-modality (defined in the standard
way), we have, following [31]:

〈〈`〉〉A ≡ µX .(A∨〈τ〉X) (B.2.19)

[[`]]A ≡ νX .(A∧ [τ]X) (B.2.20)

B.3 Axioms for Weak Modalities

B.3.1 May Axioms The following axioms clarify how weak modalities com-
pose, unlike strong ones. The final axiom is the corollary of the preceding two
axioms.

A ⊃ 〈〈〉〉A (B.3.1)

〈〈〉〉〈〈〉〉A ≡ 〈〈〉〉A (B.3.2)

〈〈〉〉〈〈`〉〉A ≡ 〈〈`〉〉A (B.3.3)

〈〈`〉〉〈〈〉〉A ≡ 〈〈`〉〉A (B.3.4)

〈〈〉〉〈〈`〉〉〈〈〉〉A ≡ 〈〈`〉〉A (B.3.5)

We also have the exact analogue of some of the strong may axioms.

〈〈〉〉A◦B ⊃ 〈〈〉〉(A◦B) (B.3.6)

〈〈`〉〉A◦B ⊃ 〈〈`〉〉(A◦B) (B.3.7)

〈〈`〉〉(AB B) ⊃ AB 〈〈`〉〉B (fn(l)∩ fn(A) = /0) (B.3.8)

We cannot have the weak analogue of the expansion law for the strong may ac-
tions since calculation of composite actions needs to probe deeply into formulae.
However for strongly typed actions we have the following analogue, stated in
the binary form for brevity. In the first line we assume sbj(`) 6= sbj(`′).

〈〈`〉〉A◦ 〈〈`′〉〉B ≡ 〈〈`〉〉(A◦ 〈〈`′〉〉B)∧〈〈`′〉〉(〈〈`〉〉A◦B) (`,`′ linear/client) (B.3.9)

〈〈`〉〉A◦ 〈〈`〉〉B ≡ 〈〈`〉〉(A◦ 〈〈`〉〉B) ∧ 〈〈`〉〉(〈〈`〉〉A◦B) (`,`′ linear/client) (B.3.10)

〈〈`〉〉A◦ 〈〈`〉〉B ≡ 〈〈τ〉〉(A◦B) (` linear) (B.3.11)
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Below assume a is server typed.

〈〈a(k)〉〉A◦ 〈〈a(k)〉〉B ≡ 〈〈a(k)〉〉A◦ 〈〈〉〉νk.(A◦B) (B.3.12)

〈〈a(k)〉〉A◦ 〈〈`〉〉B ≡ 〈〈a(k)〉〉A◦ 〈〈`〉〉(νa.(〈〈a(k)〉〉A◦B)) (B.3.13)

We also list the general laws for May modality (which hold for both weak and
strong modalities).

〈〈〉〉(A∧B) ⊃ 〈〈〉〉A∧〈〈〉〉B (B.3.14)

〈〈`〉〉(A∧B) ⊃ 〈〈`〉〉A∧〈〈`〉〉B (B.3.15)

∀x.〈〈〉〉A ⊃ 〈〈〉〉∀x.A (B.3.16)

∀x.〈〈`〉〉A ⊃ 〈〈`〉〉∀x.A (bn(`)∩ fn(A) = /0) (B.3.17)

〈〈〉〉(A∨B) ≡ (〈〈〉〉A)∨ (〈〈〉〉B) (B.3.18)

〈〈`〉〉(A∨B) ≡ (〈〈`〉〉A)∨ (〈〈`〉〉B) (B.3.19)

∃x.〈〈〉〉A ≡ 〈〈〉〉∃x.A (B.3.20)

∃x.〈〈`〉〉A ≡ 〈〈`〉〉∃x.A (bn(`)∩ fn(A) = /0) (B.3.21)

B.3.2 Must Axioms The following laws are symmetric to those of the weak
May modalities.

[[ ]]A ≡ A (B.3.22)

[[ ]][[ ]]A ≡ [[ ]]A (B.3.23)

[[ ]][[`]]A ≡ [[`]]A (B.3.24)

[[`]][[ ]]A ≡ [[`]]A (B.3.25)

[[ ]][[`]][[ ]]A ≡ [[`]]A (B.3.26)

We again have the analogue of the strong Must axioms. In the following laws
we assume ` 6= τ. In the first law let G = [[`]]A∧ [[ ]]B and G′ = [[`]]A′∧ [[ ]]B′.

G◦G′ ⊃ [[`]]((A◦G′)∨ (G◦A′)) (B.3.27)

([[`]]A)◦B ⊃ [[`]](A◦B) (B⊃ [[`]]F) (B.3.28)

[[`]]A◦ [[ ]]B ⊃ [[`]](A◦B) (` linear) (B.3.29)

We also have:

[[`]]A◦ [[ ]]B ⊃ [[`]](A◦B) (` linear) (B.3.30)

Observe that, by ` being linear and its being typable in the r.h.s., B cannot have
` as its capability.
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For a server-typed:

[[a(k),Γ]]A◦ [[a(k),∆]]B ≡ [[a(k),Γ]]A◦ [[ ]]νk.([[ ]]A◦ [[ ]]B) (B.3.31)

[[a(k)]]A◦ [[`]]B ≡ [[a(k)]]A◦ [[`]](νa.([[a(k)]]A◦B)) (B.3.32)

(B.3.33)

The expansion law for Must modality is helped a great deal when we use linear
actions. Assume the whole assertion is typed as Γ� δ,k : ⊥, where k is the
subject channel of `. Then we have:

[[`,Γ]]A◦ [[`,∆]]B ⊃ ([[ ]]νbn(`).(A◦B)) ∨ noact(Γ�∆) (` linear) (B.3.34)

If ` is non-linear, we need to replace [[ ]] with 〈〈〉〉.
Finally we present a trial to do the Must expansion law in the weak setting

for general actions, suggested by the existing action. Let:

G def= [[ ]]A∧
^

i

[[`i]]Bi∧C (B.3.35)

G′ def= [[ ]]A′∧
^

i

[[`i]]B′i∧C′ (B.3.36)

where C entails no other compensating actions are possible at G w.r.t. G′, simi-
larly for C′, using the typing. Then we have:

G◦G′ ⊃ [[ ]]((G◦A′)∨ (G′ ◦A)∨ (
_

i

B′i ◦Bi) (B.3.37)

For example let G def= [[ ]]A∧ [[`]]B and G′ def= [[ ]]A′∧ [[`]]B′, and suppose G◦G′ is
typed under k :⊥ (and nothing else). Then we have:

G◦G′ ⊃ [[ ]]((G◦A′)∨ (G′ ◦A)∨ (B◦B′)) (B.3.38)

B.3.3 Axioms for Mixed Modalities We shall use these axioms later in our
examples (some of the important laws are also found in the axioms for server/-
client types discussed next). The importance of mixed axioms are because pre-
fixes induce specifications with mixed (combined) modalities.

L`MA◦B ⊃ L`M(A◦B) (B.3.39)

L`MA◦ L`MB ⊃ 〈〈`〉〉(A∧ L`MB) ∧ (B.3.40)

〈〈〉〉νbn(l).(A∧B) ∧ (B.3.41)

〈〈`〉〉(L`MA◦B) (B.3.42)

G◦G′ ⊃ L`M((A◦G′)∨ (G◦A′)) (B.3.43)
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where in the last line G = L`MA∧ [[ ]]B and G′ = L`MA′ ∧ [[ ]]B′. The following
laws use types to obtain logical equivalence. In the first line we assume sbj(`) 6=
sbj(`′).

L`MA◦ L`′MB ≡ L`M(A◦ L`′MB) ∧ L`′M(L`MA◦B) (`,`′ linear/client) (B.3.44)

L`MA◦ L`MB ≡ L`M((A◦ L`MB)∨ (L`MA◦B)) ∧ (B.3.45)

〈〈`〉〉(A◦ L`MB) ∧ (B.3.46)

〈〈`〉〉(L`MA◦B) (`,`′ linear/client) (B.3.47)

L`MA◦ L`MB ≡ νbn(l).(A◦B) (` linear) (B.3.48)

The axiom (B.3.44) says if we can distinguish between two actions we can ob-
tain the effect of parallel actions by interleaving and conjunction. The axiom
(B.3.45) allows two actions to be the same by relaxing the conjunction to the
disjunction while saying the two behaviours specified in the disjunction can
surely take place. Since linear or client actions are stateless, this is enough to
ensure the interleaving of actions. For actions at server-typed channels, we have,
assuming a is server-typed below:

La(k)MA◦ La(k)MB ≡ La(k)MA◦νk.(A◦B) (B.3.49)

La(k)MA◦ L`MB ≡ La(k)MA◦ L`M(νa.(La(k)MA◦B)) (B.3.50)

We also have the following laws about the interplay with other connectives and
quantifiers:

L`MA ∨ L`MB ⊃ L`M(A∨B) (B.3.51)

L`M(A∨B) ≡ L`MA ∨ L`MB (A∧B≡ F) (B.3.52)

L`M(A∧B) ⊃ L`MA ∧ L`MB (B.3.53)

L`M(AB B) ⊃ AB L`MB (bn(`)∩ fn(A) = /0) (B.3.54)

The following law says that, even at a non-deterministic channel, a hidden one-
to-one interaction has the same semantic effect as linear interaction.

νx.((Lx(k), /0MA∧A′)◦ (Lx(k), /0MB∧B′))⊃ νx.((A∧A′)◦ (B∧B′)) (B.3.55)

Finally assume the following formula is typed with two linear types, k : ⊥,h :
⊥,Θ where Θ = Γ�∆, and sbj(l) = k, sbj(l′) = h, h occurs in A in the same
modality and k occurs in B in the same modality.

Ll,ΓMA◦ Ll′,∆MB ≡ noact(k :⊥,h :⊥,Θ) (B.3.56)

This law, which says that circular dependency in linear actions cannot be re-
solved, can be generalised to the n-party case.
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B.3.4 Axioms for Server/Client Types We summarise the laws for server
and client types. We assume a in each line is typed by a server type below.

〈〈a(k)〉〉A◦ 〈〈a(k)〉〉B ≡ 〈〈a(k)〉〉A◦ 〈〈〉〉νk.(A◦B) (B.3.57)

〈〈a(k)〉〉A◦ 〈〈`〉〉B ≡ 〈〈a(k)〉〉A◦ 〈〈`〉〉(νa.(〈〈a(k)〉〉A◦B)) (B.3.58)

[[a(k)]]A◦ [[a(k)]]B ≡ [[a(k)]]A◦νk.(A◦B) (B.3.59)

[[a(k)]]A◦ [[`]]B ≡ [[a(k)]]A◦ [[`]](νa.([[a(k)]]A◦B)) (B.3.60)

La(k)MA◦ La(k)MB ≡ La(k)MA◦νk.(A◦B) (B.3.61)

La(k)MA◦ L`MB ≡ La(k)MA◦ L`M(νa.(La(k)MA◦B)) (B.3.62)

The following law, again assuming a is server-typed, shows significant impact
determinism can have on weak transitions (compare this to the second to the last
law above).

La(k)MA◦ La(k)MB ≡ La(k)MA◦νk.(A◦B) (B.3.63)

Note we do not put any actions in front of the residual νk.(A◦B): this is possible
because this reduction is semantically neutral, just as the case of linear weak
interaction with mixed modality we saw before.

B.3.5 Miscellany Other laws include the co-variance laws for modal actions,
◦ and ν (for example if A⊃ A′ then A◦B⊃ A′ ◦B as far as types match), and the
co-variance of the conclusion part and contra-variance of the assumption part in
the B.

B.3.6 Axioms for Fixed Points The following laws are standard.

(µX(x̃).A)〈ẽ〉 ≡ A[µX(x̃).A/X ][ẽ/x̃] (B.3.64)

∃n.(µnX(x̃).A)〈ẽ〉 ⊃ (µX(x̃).A)〈ẽ〉 (B.3.65)

Dually:

(νX(x̃).A)〈ẽ〉 ≡ A[νX(x̃).A/X ][ẽ/x̃] (B.3.66)

(νX(x̃).A)〈ẽ〉 ⊃ ∀n.(νnX(x̃).A)〈ẽ〉 (B.3.67)

Another axioms of interest are:

(µX(x̃1yx̃2).A)〈ẽ1gẽ2〉 ≡ (µX(x̃1x̃2).A)〈ẽ1ẽ2〉 (y 6∈ fn(A)) (B.3.68)

(νX(x̃1yx̃2).A)〈ẽ1gẽ2〉 ≡ (νX(x̃1x̃2).A)〈ẽ1ẽ2〉 (y 6∈ fn(A)) (B.3.69)
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The following law is used to combine two or more states. First assume:

(A◦B ⊃ C[X〈ẽ〉 ◦Y 〈g̃〉]i) (B.3.70)

is valid. Then we have:

(νX(x̃).A)〈ẽ〉 ◦ (νY (ỹ).B)〈g̃〉 ⊃ (νZ(x̃ỹ).C[Z〈ẽg̃〉]i)〈ẽg̃〉 (B.3.71)

where C[X〈ẽ〉i ◦Y 〈g̃〉i]i∈I denotes a formula with multiple holes indexed by I,
assuming all occurrences of X and Y are thus exhausted. This axiom combines
the states of X and Y into one.

It is notable that many of the axioms for the weak modality can be validated
through the usage of strong axioms with the help of linking axioms. We need
further study on the status of these different kinds of axioms in terms of their
inferential power and their semantic status.
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