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Abstract

We present a process logic for theπ-calculus with the linear/affine type discipline (Berger et al.
2001; Berger et al. 2003; Honda and Yoshida 2002; Honda and Yoshida 2003; Honda et al. 2004;
Yoshida et al. 2001; Yoshida et al. 2002). Built on the preceding studies on logics for programs and
processes, simple systems of assertions are developed, capturing the classes of behaviours ranging
from purely functional interactions to those with destructive update, local state and genericity. A
central feature of the logic is representation of the behaviour of an environment as the dual of that
of a process in an assertion, which is crucial for obtaining compositional proof systems. From the
process logic we can derive compositional program logics for various higher-order programming
languages, whose soundness is proved via their embeddings into the process logic. In this paper,
the key technical framework of the process logic and its applications is presented focussing on pure
functional behaviour and a prototypical call-by-value functional language, leaving the full technical
development to (Honda 2004a; Honda 2004b).

1 Introduction

Program Logics offer abstraction of programs’ behaviours centring on logical predicates
on them, combined with proof systems for deriving valid judgements. They are useful both
for the design of programs on a rigorous basis (i.e. specification) and analysis of existing
programs (i.e. verification). In fact, these two aspects are most effectively integrated in real
engineering practice, where code or design in production, annotated with predicates which
express crucial safety properties, is subjected to logical reasoning and the result is reflected
onto the process of design and coding. This reasoning part may even be half-mechanised,
so that programmers can get feedback quickly and reliably. For all these purposes the proof
system may as well be compositional (i.e. rules are built following the syntactic structure of
the language) since, in this way, we can reason about a larger program based on properties
derived for its constituting parts. Some logics are mathematically general for a given class
of programs in that all meaningful observable properties are precisely specifiable (and, up
to derivability of valid judgement in the associated domain, relatively provable) in the sys-
tem. Since the program logics of this kind can express properties of programs in a general
and rigorous fashion, and because the associated proof system offers a fundamental articu-
lation of semantics of language constructs and their interplay, many engineering activities
ranging from static analyses to program testing increasingly use program logics as their
foundation.

One of the well-known instances of such logics, which in effect initiated the whole field
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of compositional program logics, is the specification logic by Tony Hoare (Hoare 69),
Hoare Logic, developed on the basis of earlier work by Floyd (Floyd 67) and Naur (Naur
66). Hoare Logic, originally presented for a simple imperative programming language,
is powerful from an engineering viewpoint: formulae and rules are simple and intuitive,
capturing the essence of dynamics of imperative programs concisely and elegantly. And
it is satisfying from a theoretical viewpoint; not only the proof system is both sound and
(relatively) complete with respect to a naturally defined model, but each of the rules has a
decisive form which follows the principle of finding a weakest precondition for a desired
conclusion. There have been a vast body of theoretical and practical studies starting from
Hoare’s work (see various surveys including (Apt 81; Cousot 99)). The maturity of the
theoretical understanding and practical techniques is now reaching the stage where one
can develop consistent proof rules for reasoning about non-trivial fragments of real-world
programming languages, cf. (Oheimb 2002; Jacobs et al. 98; Poetzsf-Heffter and Muller
99; Leavens and Baker 99).

Compositional program logics make it possible to reason about observable properties of
software starting from their constituent parts. A piece of software, in principle and increas-
ingly in practice, can consist of programs written in different languages. Even if a program
is written in a single language, when it runs under an operating system, its properties should
be considered in combination with those of the operating system, which may be written in
a different language. Another instantiation of the same problem is when a high-level lan-
guage calls native code (many libraries of a high-level language are implemented in this
way). In fact, almost all kinds of software nowadays explicitly or implicitly rely on the
functionalities of other software. A Java program relies on its APIs which are implemented
using native code and OS libraries, an OS library uses kernel calls, and even a kernel relies
on, for example, the proper working of the network for carrying out its essential function-
alities. Thus reasoning about behaviour of software across language boundaries, but still
on a rigorous logical basis, is fundamental for guaranteeing the safe behaviour of software.
In spite of many studies on Hoare Logic and its derivatives, it seems this topic has not been
investigated as extensively as the subject may deserve.

We present in this paper one possible approach to this problem domain. The idea is
to develop compositional logics for a tiny formalism of interaction, and use it to derive,
analyse and mediate, via encoding of language constructs in it, logics for more complex
programming languages. This tiny formalism — which is a minimal core of a process
calculus, theπ-calculus, introduced by Milner, Parrow and Walker (Milner 92) — has a
simple operation,communication of names, and a small set of algebraic operators, includ-
ing parallel composition. Theπ-calculus is a calculus of concurrency, developed along the
line of such process calculi as CCS (Milner 89), CSP (Hoare 85) and ACP (Baeten and
Weijland 90). But, as the originators noted (Milner 92), it has great expressive power to
represent diverse forms of computation, and as such may as well be regarded as a calculus
for describing software behaviour in general, including higher-order sequential computa-
tion (Milner 97). In fact, if we constrain the composition of processes using a class of type
annotations (which come from Linear Logic (Girard 87; Laurent 02), Game Semantics
(Abramsky et al. 00; Honda and Yoshida 99; Hyland and Ong 2000) and study of types for
the π-calculus (Milner 92; Pierce and Sangiorgi 96; Kobayashi et al. 99; Honda 96)), we
can embed a wide class of programming languages into name passing processes without
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losing essential semantic properties (Berger et al. 2001; Yoshida et al. 2001; Yoshida et al.
2002; Honda and Yoshida 2002; Berger et al. 2003; Honda and Yoshida 2003; Honda et al.
2004). If, therefore, we can find a suitable notion of logic for typed name passing processes
together with its sound compositional proof rules, we may as well be able to derive logics
for different programming languages via encoding; and, in turn, the typedπ-calculus would
serve as a common stratum of these program logics, allowing the combined reasoning for
multiple languages.

Let us further expand on the status of typed processes in our enterprise of developing
a basis of language-independent reasoning on software behaviour. As we already noted,
the typedπ-calculus can map programs in different programming languages to a com-
mon mathematical domain, i.e. the universe of typed name passing processes, thus assign-
ing a generic notion of software behaviour to them. This universe of behaviour is inher-
ently typed, in the sense that the way of constructing behaviours from other behaviours is
constrained by types. This constraint by types form an essential part of the notion of be-
haviour, since two behaviours may either be identical or distinct depending on what other
behaviours can interact with them. Take two simple examples:

P1 ≡ x := 1;x := 2 P2 ≡ x := 2

Do P1 andP2 own identical behaviour, or are they distinct? The answer to this question
depends on algebra of programs we consider. If we only considersequential composition
as a way of composing programs, then they would be safely considered to be the same
“behaviour”, since, in that case, intermediate results are never observed by other programs.
But if we allow composition of programs on parallel, the change from 1 to 2 inx can be
observed and can affect the interacting program (or environment), henceP1 andP2 should
be regarded as semantically distinct — they own different behaviours. Thus what sorts of
composition is being considered is important, and this is precisely what type structures for
processes offer us — the moulds by which we can shape fine-grained process behaviour. In
fact, one of the distinguishing features of theπ-calculus is that it offers very fine grains of
software dynamics, so that almost any software behaviour can be constructed out of these
grains, as far as we constrain their shape by suitable moulds (types).

Thus our process logic starts from typed processes. Following Hennessy-Milner Logic
(Hennessy and Milner 85), a basic modal logic for nondeterministic processes, assertions
in the logic centre on communication, describing reciprocal interaction a process may have
with its environment. Types offer fundamental organising principles for structuring asser-
tions: among others, they lead to a form of logical description of behaviours where be-
haviour of an environment is represented as the dual of that of a process, which is crucial
for obtaining compositional proof rules. The resulting logical description precisely cap-
tures semantics of typed processes, which is then reflected onto different programming
languages via their embedding in the typedπ-calculus. The present paper illustrates these
key technical elements in the simplest setting, focussing on purely functional sequential
processes and a basic call-by-value higher-order language. The experiment with a large
class of sequential behaviour and different kinds of higher-order programming languages
(including call-by-name, two forms of polymorphisms, data structure with destructive up-
date, objects and global and local state) is reported in (Honda 2004a). It also reports how
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the original Hoare Logic is recoverable from a stateful version of the process logic, sug-
gesting fruitful connections to the foregoing studies on program logics.

A basic reservation to our approach would be that its extensive use of types may result
in difficulties in its practical adaptation. Examining the effects of close interplays between
types and logics is one of the significant future issues (some of the remaining topics are
also summarised in§1.3 later).

1.1 Summary of Technical Contributions

Apart from the general direction to use the typed logics for theπ-calculus as a unifying
basis of program logics, the following points may be counted among technical novelties of
the present work.

1. The finding that duality-based types (originating in the foregoing studies on types
and semantics of interaction) leads to a highly structured form of Hennessy-Milner
logic for theπ-calculus. The representation of the behaviour of an environment in
assertions yields simple compositional proof rules.

2. The use of fully abstract embeddings of programming languages into typedπ-calculi
to derive, analyse and verify program logics for these languages. This extends vari-
ous semantic embeddings of programming languages in processes (Milner 90; Walker
95; Berger et al. 2001; Yoshida et al. 2001) to a logical setting.

3. As an outcome of 1 and 2, a systematic technique to use names and operations on
them for reasoning about programs and data structure on a uniform basis, including,
among others, higher-order functions and procedures, polymorphisms, and complex
data structures.

Regarding the third point, a uniform treatment of higher-order features of programming
languages in compositional program logics may not have been known so far, in spite of
many studies on program logics in the past. The present work offers a general technical
solution to this problem, using decomposability of language constructs into fine-grained
dynamics of name passing processes and the precise logical analysis of the resulting rep-
resentation through the typed process logics.

1.2 Related work

The present work owes much to the three strands of research on semantics of computation,
namely, compositional program logics, theories of processes, and types for functions and
interaction. In the following we discuss those work in these three strands.

(1) Program Logics. Among extensions of Hoare’s axiomatic method, the proof rules for
procedures studied by Hoare and Clint (Hoare 71; Clint and Hoare 71) predict the logical
treatment of replicated processes in the present work. Kowaltowsky (Kowaltowsky 77)
proposes a way to use names to express return values of procedures. More recently, Abadi
and Leino (Abadi and Leino 97) proposes a framework in which names of objects and
operations on them are used as essential elements of a program logic for an object-oriented
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language. In this context, the present work extends the usage of names in these works to a
general basis of specifications.

Jones (Jones 83) demonstrated that not only pre/post conditions but also an explicit
assertion on the two-way constraints on a program and its environment is effective for
reasoning about shared variable concurrency (a related idea is found in (Francez and Pnueli
78)). We owe to Jones’ work the idea of representation of the environments’ behaviour in
assertions in the proposed framework, as recorded in the shape of the sequent in the present
logic. It is notable that this framework is effectively used in the present theory ranging from
purely functional behaviours to those with global and local state.

Reynolds, O’Hearn and their colleagues (Reybolds 99; Reynolds 2002; OHearn et al.
2004; Bornat 2000) study extensions of Hoare’s Logic with an aim to offer an effective rea-
soning method for low-level operations, including pointers, memory allocation/deallocation,
and garbage collection. A central idea of their approach is to explicitly assume a dynami-
cally allocated region of memory cells in the universe of discourse, and reason about them
based on a conjunction which at the same time implies disjointness of such regions. An-
other, and related, aspect of their approach is its focus on resource-sensitive (rather than
observational) behaviours of programs. Because of these differences, direct comparisons
are difficult. We believe different approaches to program logics will contribute to the inte-
grated understanding of a diverse aspects of language semantics.

In a tradition different from Hoare Logic, equational logics for theλ-calculi have been
studied since the classical work by Curry (Curry and Feys 58) and Church (Church 41).
LCF (Gordon 79) augments the standard equational theory of theλ-calculus with Scott’s
fixed point induction. Other prominent logics along this line include those for polymorphic
λ-calculi (Plotkin and Abadi 98; Abadi and Curien 93). The program logics for higher-
order functions derived from process logics differ in that their assertion describes be-
havioural properties of programs rather than equates them, allowing specifications with
arbitrary degrees of precision as well as smoothly extending to non-functional behaviour.
It should be however noted that, for calculating validity in proof rules in the present logics,
it sometimes becomes necessary to make resort to semantic arguments on the target class
of behaviours. This suggests possible fruitful interplay between the presented framework,
on the one hand, and the reasoning principles as developed in, and extending, (Gordon 79;
Plotkin and Abadi 98; Abadi and Curien 93) (cf. (Wadler 89; Pitts 1443; Pitts 2000; Abadi
2000; Berger et al. 2003)) on the other.

The intersection type disciplines (Barbanera et al. 95; Dunfield and Pfenning 2003) of-
fer one of the most general ways to specify behaviours of programs among various type
systems for functions. Apart from the fact that they have mainly been studied for untyped
calculi, there are two main differences from the presented framework. First, specifications
in intersection types are based on conjunction and entailment of a specific kind, whereas
the logical language in the present framework allows the full use of standard logical con-
nectives. Second, the properties expressible in intersection types are certain closed sets in
the corresponding CPOs, whereas formulae in the presented logic essentially encompass
arbitrary observable properties of programs.

A work on program logics closely related with intersection type disciplines is Abram-
sky’s domain logic (Abramsky 91), where formulae describe properties of programs as
those of their image in Scott domains, using the correspondence between domains and
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(logical presentation of) their topologies. Domains offer clean and rich notions of alge-
bras for a wide class of computational behaviours. At the same time, the representation
using domains may not extend easily to several significant classes of behaviours such as
polymorphism and local state. Name passing processes are more versatile in representing
computation, even though capturing specific classes of behaviours and their algebra from
this large universe, necessary for clean logical articulation, can be non-trivial. As in inter-
section types, Abramsky’s domain logic considers certain upper-closed subsets of domains
(or equivalently open sets in the corresponding topologies) as specifiable properties.

(2) Theories of Processes.In (Milner 73), Milner put forward the idea that semantics of
interacting agents can be the basis of a theory of general computational behaviour. While
he initially employed a domain-theoretic method, this idea later led to the first process
calculus, CCS (Milner 80) and its behavioural theories, and, one decade later, to theπ-
calculus (Milner 92). It is also notable that Hoare’s early exposition of CSP (Hoare 78)
observed that communication primitives offer a unifying framework for giving the seman-
tics of many programming constructs such as input/output and jumps that are difficult to
treat otherwise. The theories and applications cultivated through the studies on process al-
gebras (Milner 89; Hoare 85; Baeten and Weijland 90) form the basis of the present work,
including behavioural equivalences, consistent syntactic treatment of various process op-
erators, and logics for processes.

The embeddings of various computational calculi and programming languages in the
π-calculus have been studied by many researchers, starting from Milner (Milner 90) (for
higher-order functions) and Walker (Walker 95) (for object-oriented programs). The present
work uses this embeddability for reflecting process logics onto program logics. A key tech-
nical aspect of this reflection is that it preserves and reflects the semantics of the logic: this
guarantees, among others, the soundness of the derived program logic is automatically en-
sured by that of the original process logic (a related property, albeit in a purely semantic
setting, is studied in the context of LCF-like logics under the terminology oflogical full
abstractionby Longley and Plotkin (Longley 98)). This semantic preservation crucially
relies on the so-called definability property of the embedding, which is the idea originating
in denotational semantics (Plotkin 75; Milner 77).

As already noted, Hennessy-Milner Logic (Hennessy and Milner 85), a basic modal
logic for nondeterministic processes, is one of the starting points of the present work. The
logical articulation given by Hennessy-Milner logic is based on communication between
processes. The presentation of properties in Hennessy-Milner logic is based on decompo-
sition of behaviours into all possible branches of interactions processes may be engaged in.
The logical articulations of behaviours given in the presented process logics, hence in the
derived program logics, are based on condensed representation of Hennessy-Milner logic,
made possible by types, as concretely illustrated in Section 2. The generality of logical
representation in Hennessy-Milner logics is a fundamental technical underpinning, offer-
ing a detailed and general representation of behaviours, which would become more promi-
nent as our work moves beyond sequential computation. Hennessy-Milner logic enjoys a
sound and complete equational characterisation for bisimilarity; the present logic enjoys
the same equational characterisation with respect to the typed contextual congruence. Ex-
isting studies on logics for theπ-calculus include (Milner 93) (for characterising different
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bisimilarities using Hennessy-Milner logics) and (Caires and Cardelli 02) (for capturing
spatial structures of processes). Both of these studies are done in the untyped setting: the
present work demonstrates that the use of types can lead to compositional process logics
in which compositional program logics are precisely embeddable. It is interesting to note
that compositional proof rules for the Hennessy-Milner logic of the untypedπ-calculus be-
comes quite complex, as detailed by Dam (Dam 2003). This poses an interesting question:
does the present framework — explicit representation of the environment — also help in
the untyped (or weakly typed) setting for a simple compositional logic?

The embeddability of a program logic in a process logic is first demonstrated by Mil-
ner (Milner 89), which presents a sound embedding of formulae of a basic specification
logic for shared variable concurrency in formulae in Hennessy-Milner Logic for CCS.
His result suggested the present embedding results of program logics in process logics. In
comparison, the present work has shown that, by the use of types, we can obtain a precise
embeddability of compositional program logics in compositional process logics, not only
in terms of validity of formulae, as done in (Milner 89), but also in terms of proof rules.

(3) Types for Functions and Interactions. The study of types in the modern sense started
from mathematical logics, as found in the formalisation of mathematics by Russell and
Whitehead (Whitehead and Russell 1910). In programming languages, the use of types
comes from the need to identify, at the time of compilation, memory space to be allocated;
later its benefit to structure and stratify programs and data types were gradually understood.
A more formal study of types in programming languages (Pierce 2002) started with the use
of typedλ-calculi as the basis of theories of programming language, whose origins can be
found in the early work by Landin (Landin 65) as well as Scott-Strachey’s denotational
semantics (Scott and Strachey 71) (which, in effect, models programs as certain classes of
typed higher-order functions). Typedλ-calculi are also closely related with proof theory
by so-called Curry-Howard correspondence (Howard).

ML (Milner 90; CAML), developed by Milner and his colleagues (originally a meta-
language for implementing LCF (Gordon 79)), positions types as a central organising prin-
ciple of programming in its language design, combining higher-order functions with imper-
ative features. Through the studies of ML, Haskell (Haskell) and other functional program-
ming languages, researchers found that strong typing is effective for high-level program-
ming without compromising expressiveness or efficiency, while ensuring type safety. The
obtained insight has been carried into widely used higher-level programming languages
such as Java (Java) and C](Microsoft 2003); and into the low-level code as studied by
Morrisett and others (Morrisett 99; Grossman 2002).

In the present study, types play the role of a fundamental stratum in logical specifica-
tions, where operators and judgements used in the logic (other than standard logical con-
nectives) abstract algebra and dynamics of the target typed processes. Types in these pro-
cesses in turn decide a certain class of behaviours, such as sequential computation. While
types for processes in this setting differ from those for high-level programming languages
in granularity (for example, even untypedλ-calculi become typed processes), there is a
basic similarity, in that types are used as key organising principles of software behaviour.

The fine-grained types for processes on whose basis the present theory is developed
come from, on the one hand, the notion of types for theπ-calculus known assorting(Milner
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92) and its refinements (Pierce and Sangiorgi 96; Kobayashi et al. 99; Honda 96; Yoshida
96); and, on the other, decomposition of types for higher-order functions into interaction
originating in Linear Logic (Girard 87) (introduced in the context of studies of the cor-
respondence between typedλ-calculi and proof theories noted before), which later led to
type structures in game semantics (Abramsky et al. 00; Hyland and Ong 2000; Nichau 94).
Originally Linear Logic was conceived as both algebraic/semantic/operational decompo-
sition of theories of proofs in constructive logics. It is interesting to note that typed name
passing interaction was already present in the operational aspects of Linear Logic, albeit
implicitly: as Hyland and Ong suggested, the intensional structure of game semantics can
also be characterised as typed name passing. The type structures in game semantics can
be considered as a “polarised” version of those used in Linear Logic, and, in that sense, is
closely related with a polarised version of Linear Logic studied by Laurent (Laurent 02).
In the present logical framework, a notion of polarities which indicate directions of flow of
information, plays a fundamental role. As we already discussed, the type structures com-
ing from these works allow us to have a precise embedding of programming languages into
typed processes, which is a fundamental element of the present framework.

1.3 Further Topics

The present work is but a modest initial step towards language-independent compositional
logics for software behaviour. Its extensions to logics to various sequential behaviours
are studied in (Honda 2004a; Honda and Yoshida 2004; Honda et al. 2004). Some of the
remaining issues include: studies of models for the presented logics, both in theoretical
and practical aspects, which would shed light on the methods of calculation of validity in
the present logics; extensions of the framework to the realm of behaviours beyond those
treated so far, including exceptions, input/output, concurrency and distribution; Experi-
ment with mappings from a program logic to a process logic for non-trivial program-
ming languages; Development of practical methods to integrate/interface distinct program
logics using the underlyingπ-calculus logic; Search for natural specification methods for
language-independent correctness of software, including experiments with practically fea-
sible notations; incorporation of the present theory into a general specification framework
such as VDM (Jones 80) and Z (Woodcock and Davies 96); The notions of, and calculi
for, refinement in the present framework; The use of the present framework for software
testing; and a large scale experiment of engineering feasibility of the presented theory.

1.4 Structure of the paper

In the remainder, Section 2 reviews the syntax of theπ-calculus and informally discusses
key ideas of the present work using simple examples. Section 3 formally introduces the
typed process logic, including assertions, their semantics, and proof rules. Section 4 briefly
reviews the syntax of the call-by-value PCF and its process encoding. Section 5 derives a
compositional program logic for the call-by-value PCF from the process logic, shows it
is fully abstractly embeddable into the process logic, demonstrates how a fully abstract
logical embedding leads to a simple proof of soundness of the proof rules, and concludes
with simple inference examples.
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1.5 Notation

Logical connectives are used with their standard precedence and association: e.g.A∧B⊃
∀x.C∨D ⊃ E is parsed as(A∧B) ⊃ (((∀x.C)∨D) ⊃ E). ≡ on formulae denotes logi-
cal equivalence. As far as no confusion arises, we use these connectives both syntacti-
cally (i.e. as connectives in formulae in process/program logics) and semantically (i.e. for
discussing validity of various kinds). Our basic reference on the predicate calculus with
equality (on which all presented program/process logics are based) is Mendelson’s text-
book (Menselson 87).

2 Preview of Main Ideas

2.1 Processes with Affine Sequential Types

Theπ-calculus used in this paper is a typed variant of the standard asynchronousπ-calculus
(Honda and Tokoro 91; Boudol 92). The following gives its reduction rule.

x(~y).P|x〈~v〉 −→ P[~v/~y] (1)

Here~y denotes a potentially empty vectory1...yn of names,| denotes parallel composition,
x(~y).P is an input, andx〈~v〉 is an asynchronous output. Operationally, this reduction rep-
resents the consumption of an asynchronous message by a receptor. The idea extends to a
receptor with replication, !x(~y).P:

! x(~y).P|x〈~v〉 −→ ! x(~y).P|P[~v/~y]. (2)

where the replicated process remains in the configuration after reduction.
Types for processes prescribe usage of names. To be able to do this with precision, it is

important to control dynamic sharing of names. For this purpose, it is useful to restrict name
passing tobound (private) name passing, where only bound names are passed in communi-
cation (Sangiorgi 96). Using bound name passing leads to simple proof rules without sac-
rificing expressiveness. Syntactically we restrict outputs to the form(ν~y)(x〈~y〉|P) (where
(ν~y) indicate name hiding: names in~y should be pairwise distinct), which we henceforth
write x(~y)P (observe the lack of “.” in this prefix, indicating the lack of synchronisation).
The restriction of syntax to the bound output gives the following simpler form of dynamics.

x(~y).P|x(~y)Q −→ (ν~y)(P|Q)

!x(~y).P|x(~y)Q −→ !x(~y).P| (ν~y)(P|Q)

“x(~y)Q” indicates thatx(~y) is an asynchronous output exporting~y which are originally
local toQ. After communication,~y are shared betweenP andQ.

We also usebranching x[& i∈I (~yi).Pi ], whereI is a finite or countable indexing set, and
selectionxini〈~w〉, the latter writtenxini(~w)P in the bound output notation. These con-
structs are used for representing base values, conditionals and the case construct (Berger et
al. 2001; Yoshida et al. 2001; Girard 87). They play a basic role in the typed setting, just as
the case/injection constructs in the typedλ-calculus with sums. The associated reduction
involves selection of one branch, discarding remaining ones, combined with name passing.

x[& i∈I (~yi).Pi ] | xin j(~y j)P −→ (ν~y j)(Pj |P)
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We can now summarise the formal grammar of the calculus. Below and henceforth
x,y, . . . range over a countable set of names.

P ::= x[& i∈I (~yi).Pi ] | xini(~y)P | !x(~y).P | x(~y)P |
P|Q | (νx)P | 0.

Each~yi is a binder with scopePi in x[& i∈I (~yi).Pi ]; ~y is a binder with scopeP in !x(~y).P
and x(~y)P; x is a binder with scopeP in (νx)P. We assume the standard bound name
convention, and identify processes up to theα-equality. We often omitI in x[& i∈I (~yi).Pi ].
In the present paper we only consider{∗} (a distinguished singleton),B = {t, f}, andN =
{0,1, . . .} as the indexing sets for branching.1 When the indexing set is{∗}, the branching
is writtenx(~y).P, dually for output.P|Q is parallel composition ofP andQ, (νx)P is the
result of hidingx in P, and0 is the inaction. We usually omit the empty vector and0’s,
writing, for example,x for x()0, x.P for x().P, x[& i .Pi ] for x[& i ().Pi ], andxini for xini()0.
The structural congruence≡ (which includes theα-equality) is standard (Yoshida et al.
2001). The reduction relation−→ is generated starting from the rules already given, closing
it under contexts except input prefixes, taking processes modulo≡.

As untyped processes, the above syntax can represent a large class of sequential and
concurrent behaviours. We use thesequential affine type discipline(Berger et al. 2001) for
constraining their behaviour to purely functional ones. We use the followingaction modes
(Berger et al. 2001; Yoshida et al. 2001), which represent different modes of communica-
tion actions at channels.

↓ Affine input ↑ Affine output
! Replicated server ? Client request to !

We also usel which stands for uncomposability.↓ indicates a non-replicated input which
receives an output at most once.↑ indicates an output which is done at most once. Thus↓
and↑ are dual to each other. When we compose↓ and↑ at a shared channel, we obtainl,
indicating no further composition is possible at that channel. ! indicates a replicated input,
while ? indicates an output to ! (these symbols are from (Girard 87)). Thus ? and ! are
dual to each other. When they are composed, we obtain !, so that a replicated channel is
available to an arbitrary number of dual outputs.

Using the action modes, the grammar ofchannel types, ranged over byτ,τ′,ρ, . . ., is
given as follows (~τ denotes a vector).

τ,ρ, .. ::= (~τ)! | (~τ)? | [& i∈I~τi ]↓ | [⊕i∈I~τi ]↑ | l

(~τ)! and [& i∈I~τi ]↓ (resp.(~τ)? and [⊕i∈I~τi ]↑) are sometimes collectively calledinput types
(resp.output types). We assume an input type only carries output types (e.g. in(τ)! , τ is
an output type) and vice versa.(~τ)! indicates a replicated input which receives channels
of type~τ. (~τ)? is its dual.[& i∈I~τi ]↓ indicates a branching input which hasI -branches and
which, at eachi-th branch, receives channels of type~τi . [⊕i∈I~τi ]↑ is its dual. The symboll
is also used as a type, again denoting uncomposability.

1 The use of infinitary branching is not essential (since, for example, natural numbers can be represented using
the sum type and the recursive type), but is convenient for our technical development. To avoid anomalies, we
assume suitable restrictions on the summands of branching as well as on the use of indices of selections so that
processes are of finite size and represent only computable functions, both discussed in Appendix B
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Themodeof τ is its outermost mode (ifτ 6=l) or l (if τ =l). We often writeρp if the
mode ofρ is p. Givenτ 6=l, thedual of τ, written τ, is the result of exchanging, inτ, !
and ?,↓ and↑, as well as & and⊕. An action type(Γ,∆, . . .) is a finite map from names
to channel types.fn(Γ) is its domain. An action type issequentialif it contains at most
one↑-typed channel (operationally this condition guarantees the existence of at most one
thread in a typable process). In this paper we only use sequential action types.

A classification of channel types calledpolarities (Honda and Yoshida 2003; Laurent
02) plays a basic role in the process logic. A channel type, or a name given that type,
is positive(resp.negative) if its mode is one of !,↑ (resp. ?,↓). l is neutral. Intuitively,
a type or a typed channel which emits, or generates, information is positive, while one
which receives, or consumes, information is negative (a behavioural characterisation of
this idea is given in (Honda and Yoshida 2003); note polarities arenot directly related to
the distinction between input and output).

A typed term is writteǹ P . Γ (read:P has typeΓ, or P is typed underΓ). The typing
rules are presented in Section 3: the following discussion should be understood without
details of the typing rules. A few examples of typed processes follow.

Example 1 (typed processes)

1. win3 simply selects the third branch atw, for which we havè win3 . w: [⊕i∈N]↑.
2. Let [[3]]x

def=!x(w).win3. Then` [[3]]x . x : N◦ whereN◦ = ([⊕i∈N]↑)! . The process,
when invoked atx with a single name, immediately outputs 3 via that name.

3. Letdoublexy
def= !x(w).y(u)u[&n∈N.winn×2]. Then we havè doublexy . y:N◦,x:N◦.

When invoked atx, the process asks back aty, receivesn, and gives its double as the
answer to the original question.[[3]]y anddoublexy interact as:

[[3]]y |doublexy|x(w)w[& i fini ]−→+ [[3]]y |doublexy| fin6.

4. Let [x→ y]τ def=!x(w).y(u)u.w with τ def= (()↑)! . Then we havè [x→ y]τ . x: τ, y: τ.
This is acopycat of typeτ (Hyland and Ong 2000; Berger et al. 2001), which acts as
a transparent link between two locations, as the following reduction indicates (below
≈ is the standard weak bisimilarity (Milner 92)).

[x→ y]τ | x(w)P −→+≈ [x→ y]τ | y(w)P

Similarly we can define a copycat for a general !/↓-type τ as follows. Below, in

[& i~ρi ]↓, we let~ρi
def= ρi1..ρi j ..ρimi for somemi for eachi,

[x→ y]τ def=
{

!x(~a).y〈~a〉ρi (τ = (~ρ)! )
x[& i(~ai).yini〈~ai〉ρi j ] (τ = [& i~ρi ]↓)

x〈~a〉~τ def= x(~b)Πi [bi → ai ]τi

xini〈~a〉~τ
def= xini(~b)Πi [bi → ai ]τi .

Above,x〈~a〉~τ emits local names linked to free names~a by copycats. So, in effect,
it sends free names〈~a〉 (note whenever the receiving side interrogates at one of the
received names, s/he eventually reach the corresponding name in~ab). In other words,
it acts as a free outputx〈~a〉 using only bound outputs, similarly forxini〈~a〉~τ.
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5. Using a generalised copycat, we can represent recursion. Let` P . Γ, ~y :~τ, ~x :~τ! ,
write ΠiPi for then-fold parallel composition, and define:

µ~y~τ=~x.P
def= (ν~y)(P|Πi [yi → xi ]τi ).

Then we havè µ~y~τ=~x.P .~x:~τ! . In this agent, each output fromP at yi is mediated
to its ownxi , realising recursive behaviour via a circular link.

6. Basic data types have clean representation as sequential processes. For example, the
(call-by-value) pair of 2 and 3 located atu, becomes

u(xy)([[2]]x|[[3]]y),

which outputs throughu two names, one naming the process for 2 and the other
naming 3. The left-projection becomes its dual agent,

u(xy).w〈x〉

which receives two names and projects the first name tow.
7. As another example of a data type, a sum type is represented by branching/selection.

For example, the injectioninl(3) located atu becomes

uint(x)[[3]]x,

while its dual, the case construct, has the shapeu[& i∈B(yi).Pi ], which has two branches
and, when one is selected,Pi may interrogate atyi for the communicated value.

2.2 Transition and Duality

A starting point of our study is a logic for processes pioneered by Hennessy and Milner
(Hennessy and Milner 85): and how, in the typed setting, it allows a surprisingly simple
presentation. Let us take a small example, a process which asks the environment, viay, to
obtain a number, and computes the double of it and returns it via an output channelz.

P
def= y(c)c[&n∈Nzinn∗2]. (3)

The behaviour ofP can be understood in terms of the following transition sequence:
y(c) · cinn · zinn∗2. Since theπ-calculus decomposes complex behaviours including those
of higher-order procedures and objects into name passing, such transition sequences can
represent many things — thus if we use Hennessy-Milner Logic for theπ-calculus, we
may as well be able to represent many kinds of behaviours, all using atomic name passing
sequences. Next consider the following process.

P′
def= y(c)c[&n∈Ny(c′)c′[&m∈Nzinn+m]. (4)

This process asks for a natural number aty, receivingn: then it asks aty again, and, upon
receivingm, returns the sum ofn andm to z. Note that, even though their communication
sequences differ considerably,P andP′ would return precisely the same answer viaz, the
double of whaty carries,provided the agent waiting at y returns the same number each
time it is asked. This argument can be justified by noting, in the (purely functional) lin-
ear/affineπ-calculus,P andP′ are equated in the naturally defined contextual equivalence,
in spite of their apparently different interactive behaviours. The question is: how can we
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sayP andP′ have the same communication behaviour, even though they do have different
communication sequences?

One possible answer, which has become the basis of the typed process logics, is to rep-
resent how the environment behaves. Assume for example the environment is the process
representing the natural number 3 (which appeared in Example 1 (2)). Then we can write
the behaviour ofP in the presence of that agentas follows:

P |= rely y(c)cin3 guar zin6 (5)

This sequent says that, ifP asks aty and the agent in the environment returns 3, then the
process would in turn outputs 6 viaz. rely means it relies on the behaviour of the envi-
ronment as specified: whileguar means it guarantees to perform the specified behaviour
provided therely condition is satisfied (the idea to use rely-guarantee in logics has a long
history: among others the work by Cliff Jones uses this idea to extend Hoare Logic to
concurrency). From a logical viewpoint, the behaviour written inrely part isnegative be-
haviour, which receives information, whileguar part specifiespositive behaviour, which
sends information. NoteP′ has precisely the same behaviour, assumingy(c)cin3 in the
rely part means the environment is prepared to return 3 how many times it is asked. Since
we can argue the same holds for arbitraryn, we may concludeP andP′ have indeed the
same behaviour.

2.3 Replicated behaviour

Milner (Milner 90) introduced the replication !x(~y).P when he embeds the behaviour of
higher-order functions in name passing processes. How does it affect our specification of
communication behaviour? We take the following two agents, made fromP andP′ above:

Q
def=!x(yz).P, Q′

def=!x(yz).P′ (6)

We again expect they represent the same behaviour, and indeed they are again contextually
equivalent. How can we express this fact? Sincey andz are now bound, one possible idea
is this:

Q |= rely /0 guar x(yz)(y(c)cin3, zin6) (7)

It now relies on nothing (at least explicitly), but guarantees, when it is asked atx with two
new namesy andz, and if its question aty is answered with 3, returns 6. Note two specifi-
cationsy(c)cin3 andzin6 are not temporally related but simply juxtaposed, reflecting the
previous specification (5). This allowsQ andQ′ to again satisfy the same rely-guarantee
condition. Noting these processes are replicated, we may as well write the behaviour ofQ
(andQ′) by the following conjunctive formula:

Q |= rely /0 guar ∧n∈N x(yz)(y(c)cinn, zinn∗2) (8)

This is an infinite conjunction, saying:

If I am asked at x with two names, y and z, and the answer to my further question at y is n, then I
would return the double of n via z.
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2.4 Behaviours as Types

In the specifications (5) and (7), we can see all names except the top ones are bound: in
fact, it is easy to see we can abstract away these names one by one from the bottom, leaving
only the initial free names, as the following mapping shows.

y(c)cin3 7→ y : (in3()↓)?

zin6 7→ z : in6()↑

∧n∈Nx(yz)(y(c)cinn, zinn∗2) 7→ x : ∧n∈N((inn()↓)?(inn∗2()↑)!

Here we put symbols ! etc. to indicate the directions and modes of actions. The structure of
these simplified types precisely follow the corresponding type, but is more specific about
the representing behaviour.

Let us now see how we can write the specifications forP andQ (henceP′ andQ′) using
these types. Then we obtain, instead of (5) and (7):

P |= rely y : (in3()↓)? guar z : in6()↑ , (9)

Q |= rely /0 guar x : ∧n∈N((inn()↓)?inn∗2()↑)! . (10)

Note we have assignments of these behavioural types to names in both rely and guarantee
parts of the judgements.

2.5 Assertions for typed processes

Since behavioural types we have seen in the previous subsection are in general infinitary
entities, they are not suitable for logical reasoning and specifications (while a proof system
for deriving judgements as (9) above exists, it needs infinite conjunction). Furthermore,
since they directly represent behaviour rather than describe them, they cannot allow us to
be as vague as we like, for example to sayP above returns an even number whenever it is
invoked. This means we cannot specify properties we require, but always have to specify
the whole process behaviour in every detail, which is theoretically limited and practically
prohibitive: we need a way of asserting arbitrary properties of processes with arbitrary
precision. This is why the use of logical formulae is required.

One of the conceptual challenges to reach a suitable notion of assertions starting from be-
havioural types is how we can treat an infinitary entity such as∧n∈N((inn()↓)?(inn∗2()↑)! )
in a finitary, syntactic formula. For concreteness, let’s consider this very formula, with re-
spect to the behaviour ofQ. How can we specify that, atx, Q has this behaviour? To answer
this question, we go back to the origin of the behavioural types. A behavioural type as we
have seen so far represents communication, and the best way to unfold it is to interact — or
to test its content by interaction (Hennessy and Milner 85). For example, we may consider
a testing of the formx(yz).zin6, where we send two names tox, and we receive 6 as a
return. We can represent this as:

x•y = in6(). (11)

In the above formula,x•y andin6() are terms, which are equated as in the standard first-
order logic with equality. The termx• y, which consists of a namex, operator•, and the
singleton vector of namesx, is best understood as abstraction of an output of formx(yc)
(where we omit the compulsory linear namec); while in6() can be understood as a linear
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outputcin6()↑ (for somec). Thusx•y = in6() says that the invocationx(yc) is answered
by a linear outputcin6. The boundc is not mentioned since its concrete naming is in-
significant. Thus the above formula reads: “if we sendy anda fresh name (sayz) to x, the
resulting reaction would be an outputin6() via z”.

In the same way, the behaviour of the natural number agent[[3]]y can be characterised by
the formula “y•ε = in3()” (whereε is the empty string). Using this, we can refine (11) by
adding a constraint ony, obtaining:

∀y. (y• ε = in3() ⊃ x•y = in6()). (12)

We can further refine this into:

∀y, i. (y• ε = ini() ⊃ x•y = ini∗2()), (13)

reaching the full specification ofQ in finite syntax, as given in the following judgement:

Q |= rely Tguar∀y, i. (y• ε = ini() ⊃ x•y = ini∗2()). (14)

which says that, under any (typable) environment,Q has the behaviour such that, if it is
invoked with (a name at which it behaves as) a numerali as an argument, then it returns
the double ofi as its answer. NoteQ′ has precisely the same specification.

As we noted, one of the benefits of using logical formulae is to be able to be vague.
Thus, assumingEven(n) meansn is an even number, we can write:

Q |= rely T guar ∀y,n. (x•y = inn() ⊃ Even(n)) . (15)

Another instance of a vague specification, forP andP′ above:

P |= rely y• ε = inn() guar ∃m. z= inm() (16)

As a convention, the variablen is implicitly universally quantified. Thus the judgement
says that, whatever a typed agent outside would give toP, P returns an output of a certain
number — the judgement does not however say which it is. In Section 3, we shall formally
introduce the proof rules using which we can derive such judgements.

2.6 Partial and total correctness

So far we have blurred one aspect of our specifications for sequential processes, the distinc-
tion betweenpartial correctnessandtotal correctness, the idea originating in Hoare Logic.
In the former, specifications do not care about divergence: when a program diverges, the
logic assigns an arbitrary specification. In the latter, convergence is implied when we say,
for example, a program computes a double of a certain number. As a concrete illustration
of this distinction in the present context, in the logic for partial correctness, a divergent
replicated processΩu (which diverges whenever it is invoked, that is:Ωu|u(c)P⇑) satisfies
all specifications (13), (14) and (16); while it satisfies none of them in the logic for total
correctness. We may also consider the third variant, where we can discuss both conver-
gence and divergence of processes, from which other two logics arise as special instances
of this logic. The present paper focusses on total correctness, which has a simplest syntactic
presentation.
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2.7 A Program logics for PCFv

Equational logics for higher-order functions have been studied since Church’sλ-calculus.
The logic for sequential processes as we outlined above directly gives rise to a program
logic for sequential functions via the encoding of functions into processes, where asser-
tions describe behaviours of programs rather than directly equate them. To see how this
is possible, let us consider the call-by-value PCF, henceforth PCFv, as our target calculus.
We first show how the typing judgement in PCFv translates to that of theπ-calculus.

y1 :β1, ..,yn :βn `M : α 7→ ` 〈〈M〉〉u . y1 :β◦1, ..,yn :β◦n,u : (α◦)↑

whereα◦ is given:N◦ def= ([⊕i∈Nε]↑)! and(α⇒β)◦ def= (α◦(β◦)↑)! , whereα is the dual of
α (i.e. the result of simply turning each symbol inα to its dual one). Note we need an
additional nameu attached to the termM. The key idea to move from the process logic to
the corresponding to PCFv is to retain this nameu when asserting about the given term.
This nameu is calledanchor. Thus we obtain, for example:

{Even(x)} x+1 :u {Odd(u)} (17)

which says that:if what is denoted by the variable x is even, then the term x+1 (which is
named with the anchor u) should be odd.We contrast (17) with its “original”π-calculus
specification:

!u(c).x(c′)c′[&ncinn+1] |= rely ∃n.(x• ε = inn()∧Even(n))
guar ∃m.(u• ε = inm()∧Odd(m))

hereu andx are indeed interaction points, which are “folded” into simple variables in the
assertion (17) for PCFv.

One of the basic properties of such an embedding, which will be illustrated in later
sections in detail, is that it is “logically fully abstract” in the sense of Longley and Plotkin
(Longley 98): that is, a program satisfies a certain formula if and only if its encoding
satisfies the encoding of that formula. This property is fundamental when we prove the
soundness of the proof rules for the derived logic via that of the original process logic, as
we shall see in Section 6.

Let us present two more simple specifications for PCFv. The first one uses a higher-order
free variable, while the second one uses recursion.

{∀n. Even(y•n)} λx.yx+1 :u {Odd(u•3)} (18)

It says that ify is a function which always returns an even number thenλx.yx+1 will return
an odd number for an argument 3, which is indeed reasonable.

A final specification is for a familiar recursive program for a factorial function.

{T} µ f.λx.if x=0 then 1 else x∗ f (x−1) :u {∀n. u•n=n!}. (19)

The specification may need no illustration. In Section 6, we shall formally introduce the
logic for PCFv and demonstrate how we can derive these assertions using compositional
proof rules.
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3 Sequential Affine Typing

3.1 Preliminaries

We briefly present the sequential affine typing we shall use in the present inquiries. First, in
the subsequent development, we only use types of the following shape. Below~τp indicates
that each type in~τ has modep.

(~τ?ρ↑)! , (~τ! ρ↓)?, [& i∈I~τ?
i ]
↓, [⊕i∈I~τ!

i ]
↑.

Further we assume. in[& i∈I~τ?
i ]
↓ and[⊕i∈I~τ!

i ]
↑, that~τi =~τ j for eachi, j ∈ I wheneverI is

infinite. Intuitively, a replicated input type carries zero or more ?-types and a unique affine
output type which intuitively stand for arguments of an invocation and a return channel.
Dually for a ?-type. Types under these constraints, coming from game semantics (Hyland
and Ong 2000) and typedπ-calculi, (Milner 90; Berger et al. 2001), are sufficient for the
present inquiries, while making the typing rules simpler. We recall:

• Types of modes ! and↑ arepositive.
• Types of modes ? and↓ arenegative.

We letτ�ρ be the least partial operation which satisfies:

(a-1) τ?� τ? = τ?, (a-2) τ! � τ? = τ! , (b) τ↑� τ↓ =l .

(a-1) and (a-2) together say a replicated input is ready to absorb as many dual outputs. (b)
says a linear input and its dual compensate each other to become uncomposable. Note�
is notcommutative, unlike in (Berger et al. 2001): the rule is made so that, in (a-2) and (b)
which combine two types of different polarities, the first argument is always positive. This
is later used for preventing circularity.

Recall an action type issequentialif there is at most one name which is mapped to a
↑-type in that action type. We extend� to sequential action types, using the same symbol.
First, The partial operation� on sequential action types is given as:

Γ�∆ = Γ∪∆ (dom(Γ)∩dom(∆) = /0, Γ∪∆ sequential)
(Γ∪x:τ) � (∆ ·x:τ′) = Θ ·x:ρ (τ� τ′= ρ, Γ�∆ = Θ)

In other casesΓ�∆ is undefined. WhenΓ�∆ is defined, we writeΓ o ∆. o prevents
formation of new circular dependency by composition.

3.2 Typing Rules

The typing system is given in Figure 1. In each rule, we assume all action types are se-
quential. Unlike the original system in (Berger et al. 2001), the presented rules do not use
IO-modes for ensuring sequentiality, made possible by the use of sequential action types.
Below we briefly illustrate the typing rules.

• (Zero) assigns the empty type to0.
• (Par) composes two processes using�. By Γ1 o Γ2, it is ensured that the resulting

action type is sequential and that no new circular dependency is constructed.
• (Rec) is the rule for recursion, realised by well-typed substitution. As a simplest

example, a non-circular[x→ w]τ|[w→ y]τ, of typex : τ,w : τ,y : τ, which is typable
by (Par), becomes circular by (Rec), obtaining[x→ w]τ|[w→ x]τ of typex:τ,w:τ,
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(Zero)
−

` 0 .

(Par) (Γ1 o Γ2)
` Pi . Γi (i =1,2)

` P1|P2 . Γ1�Γ2

(Rec)
` P . Γ, ~y:~τ, ~x:~τ!

` P[~x/~y] . Γ, ~x:~τ

(Res)
` P . Γ, x:τ! ,l

`(νx)P . Γ

(Weak)
` P . Γ-x

`P . Γ , x:τ?,l

(Bra↓)
∀i. ` Pi . ?Γ-x,~yi :~τi , v:ρ↑

`x[& i(~yi).Pi ]. Γ,x: [& i~τi ]↓,v:ρ

(Sel↑)
` P . ?Γ,~y:~τi

`xini(~y)P . Γ, x: [⊕i∈I~τi ]↑

(In! )
` P . ?Γ-x,~y:~τ, z:ρ

`! x(~yz).P . Γ, x:(~τρ)!

(Out?) (Γ(x) = (~τρ′)?)
` P . ?Γ,~y:~τ, z:ρ′, v:ρ↑

` x(~yz)P . Γ, v:ρ

Fig. 1. Sequential Affine Typing

• (Res) hides a channel of mode ! andl (thus channels of mode ?,↓ and↑ need their
duals before hiding).
• (Weak) weakens ?- as well asl-channels.
• (Bra) says that if, for eachi, a process is typed as specified, then we can prefix it

with a branching input (note each type in~τi has mode ? by well-formedness).
• (Sel) says that, if there is a process with !-channels and ?-channels, then we can

construct a linear selection output which carries those !-channels.
• (In) says that if a process has a specified action type, then we can abstract~y (of type

~τ, which are ?-types) andz (of type ρ, which is a↑-type) to construct a replicated
input, which suppresses free outputsΓ. NoteΓ has mode ?, saying only ?-channels
are suppressed under replication.
• (Out) is similar to (Sel), except the ?-type atx should already appear in the an-

tecedent and there is no selection.

Processes typable with the typing rules in Figure 1 are a subset of affine processes in
(Berger et al. 2001) but are enough to allow fully abstract embeddings of both call-by-
value and call-by-name PCF with products and sums. For the proof of the following result,
see Appendix A.

Proposition 1 If ` P . Γ and P−→Q then for some Q′ we have Q′ ≡Q and`Q′ . A.

In the typing system in Figure 1, we used a substitution for representing recursion, which
gives the correspondence with affine processes in (Berger et al. 2001). An alternative pre-
sentation of recursionµ~y=~x.P given in Example 1 (5) can be typed as follows.

(Rec-µ)
` P . Γ, ~y:~τ, ~x:~τ!

` µ~y=~x.P . Γ, ~x:~τ
(20)

Syntactically, (Rec-µ) is derivable from (Rec), (Par) and the typing for copycats (cf. Exam-
ple 1 (3)). Semantically, however, the rule is equipotent to (Rec) sinceP[~y/~x] andµ~y=~x.P
in the rule are behaviourall equivalent (in e.g. the standard weak bisimilarity).
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4 Process Logic

4.1 Terms, Formulae and Judgement

We formally introduce the syntax of our logical language. Terms in the logic are given by
the following grammar. Below in the second line we letτ be of mode ! or↑, andρ be of
mode↑. n ranges over the set of numerals.

e ::= ∗ | t | f | n | xnat | xbool | op(~e) | ...

a ::= xτ | a•~b | inρ
e(~a) .

The first set of terms (e,e′, . . .) are calleddata expressions, while the second set (a,a′,b,b′, . . .)
behaviour expressions. Data expressions are typed with atomic data types, ranged over by
T,T ′, .., which we identify with sets of constants of that type. In the present inquiry, we
only consider the following three.

• A distinguished singleton{∗} (which may be considered as the unit type).
• The boolean typeB, inhabited byt andf.
• The natural number typeN, inhabited by non-negative integers.

The last construct in the first line,op(~e), is a first-order total computable operator which
take a vector of data expressions as arguments. We consider, among others, the standard
numeric operations (addition, multiplication, etc.) and the standard boolean operations.

Intuitively, data expressions denote elements of atomic types, while behaviour expres-
sions abstract process interactions. The well-typedness of data/behaviour expressions is
naturally given. For data expressions this is standard (for each operator we assume a fixed
signature). For behaviour expressions, we saya has typeτ by the following induction.

(1) xτ has typeτ;

(2) a•~b has typeτ↑ iff a has type(~ρτ)! and~b has type~ρ;

(3) in
ρ
e(~a) has typeρ = [⊕i∈T~τi ]↑ iff e has typeT and that, under each valuationξ, if

eξ = i ∈ T then~a has type~τi .

In (3), avaluationξ is a well-typed map from names to elements: whereas the expression
eξ gives the obvious evaluation ofe underξ.2 In (2) and (3), we saya1..an has typeτ1..τn

if eachai has typeτi .
Note each well-typed term has a unique type. Further it is linearly derivable whether a

term is typable or not and, if it is, what is its type. Some conventions:

• We often omit types from variables.
• Similarly we usually omitρ from in

ρ
e(~a), writing ine(~a).

• We write(~a)↑ for in∗(~a) for brevity.

Note the third convention corresponds to the notationx(~y)P for a linear selection with the
selection index∗.

2 Since summands in a branching/selection type are identical with each other when the indexing set isN
(cf. §3.1), the use of valuation in condition (3) does not jeopardise feasibility of type checking of terms.
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Formulae are those of the standard first-order logic with equality (Menselson 87). Below
? ranges over{∧,∨,⊃} andQ over{∀,∃}.

A ::= e1 = e2 | a1 = a2 | ¬A | A1 ?A2 | Qi.A | Qx.A

We also use the truthT (which is, say, 1= 1) and the falsityF (which is¬T). The quan-
tifications induce binding, for which we assume the standard bound name convention. A
substitutionA[e/x] is standard.fn(A) denotes free names inA. Formulae are often called
assertions. A formulaA is well-typedif whenever a variable/name occurs twice they own
the same type and each pair of equated terms have the same type. We writeΓ `A iff names
in A are given types as they are byΓ. We only consider well-typed formulae from now on.

A judgement in the process logic has the following shape (we give one for validity: for
provability we simply replace|= with `, similarly for the subsequent definitions).

PΓ |= rely A guar B (21)

In (21), the formulaA (resp.B) is the rely formula (resp. theguarantee formula) of the
judgement. Those names inA andB which are fromΓ are calledprimary names, others
auxiliary names. A judgement is sometimes writtenP |= rely AguarB, leaving the action
type implicit. In the subsequent development, well-typedness of judgements is important,
which is stipulated as follows.

Definition 1 (well-typedness of judgement) LetΓ = ∆1,∆2 such that types in∆1 (resp.∆2)
are negative (resp. positive/neutral). ThenPΓ |= rely A guar B is well-typedif the follow-
ing holds for an action typeΘ whose domain is disjoint from∆1,2.

• ` P . Γ.
• ∆1,Θ ` A.
• ∆1,∆2,Θ ` B.

where∆1 denotes the result of dualising each type in∆1.

Remark 1 NoteΘ in Definition 1 type auxiliary names. We may as well omit∆1 from the
typing for B, as is done in (Honda 2004c). This does not lead to a loss of generality, even
though having negative names in the conclusion is practically convenient.

Convention 1 Henceforth we only consider well-typed judgements.

Note free names in formulae in a well-typed judgement are always strictly typed by the un-
derlying action type. Also note neutral names, i.e. those typed byl, never occur in formulae
since a name in a formula is always typed with either a positive type or a negative type.
This indicates logical insignificance of neutral names (which reflects their behavioural in-
significance: no visible action is possible at neutral names).

For a judgement in an abbreviated form,P |= rely AguarB, we informally assume well-
typedness under an omitted action type forP.3

3 As a reference we note this convention in fact does not lose precision in the following sense: under the condi-
tions stipulated for channel types in Section 3, each typable processP can be given a unique minimum action
type, and because the validity of judgements is preserved by weakening, so that we can always consider the
minimum action type forP in P |= rely AguarB when considering typability.
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4.2 Models

In the following we present a semantics of assertions and judgements. To present key ideas
in a simplest setting, we use typed processes modulo the contextual congruence to construct
models (we can also use, for example, CPOs). We first define a contextual congruence for
sequential affine processes (Berger et al. 2001), denoted∼=π. First, atyped relationis a
relation over typed processes which only relate processes with the same action type. For
a typed relationR, we write` P1RP2 . Γ when` P1 . Γ and` P2 . Γ are related byR.
A typed congruenceis a typed equivalence relation which is closed under the sequential
affine typing rules (cf.§3.2). Then∼=π is the maximum typed congruence which satisfies
the following condition:

` P∼=π Q . x : ()↑ ⊃ (P⇓x ≡ Q⇓x).

whereP ⇓x indicatesP−→∗ (x(~y)P′|Q′) for some~y, P′ and Q′ (in the above case~y is
empty). We have shown in (Berger et al. 2001) that∼=π is maximally consistent, i.e. if we
try to non-trivially extend this equality then it leads to the universal typed relation.

Models are constructed using processes modulo∼=π.

Definition 2 (model) Letτ be positive. Anabstract process pof typeτ is a map from the
names to the∼=π-congruence classes such that:

(1) ` P . Γ ∈ p(x) impliesΓ = x:τ; and
(2) p is closed under injective renaming, i.e.p(x) = p(y)

(xy
yx

)
for eachx,y, where

(xy
yx

)
is

a name permutation acting on processes as an injective substitution.

A modelξ is a finite map from names to abstract processes. A modelξ is total if x: p∈ ξ
implies¬ p⇑, wherep⇑ if a process (hence every process) inp has infinite reductions. We
sayξ has typeΓ iff, for eachx∈ dom(ξ), we haveΓ(x) = τ iff ξ(x) has typeτ.

Remark 2 The renaming closure in Definition 2 (2) abstracts away concrete names from
behaviours (such abstraction is used/studied in (Milner 92; Honda 2000)). Using processes
with a single name suffices since, under the sequential affine typing, the meaning of each
process can be represented by “closing” its negatively typed names with dual processes.

There are operations over abstract processes which correspond to those on behaviour ex-
pressions. Assumep has type(τ1..τnρ↑)! andqi has typeτi for eachi. Then we definep•~q
as the abstract process of typeρ such that, for eachz and omitting types:

(p•~q)(z) = {(νx~y)(P | x(~yz′)(ΠQi | [z′→ z]ρ)) | P∈ p(x), Qi ∈ qi(yi)} (22)

wherex~yz′z are pairwise distinct (since we are identifying processes up to theα-equality,
concrete choice ofx~yz′ does not matter). Intuitively,p•~q(z) sends top(x) a message car-
rying names representing~q, and mediates the result, if any, toz. Similarly, with eachpi of
typeτi , we definein j(p1..pn) as the abstract process such that, for eachz:

(in j(p1..pn))(z) = {zin j(~y)ΠiPi | Pi ∈ pi(yi)} (23)

where~yzare pairwise distinct. Intuitively,in j(p1..pn)(z) is a linear selection with indexj
which outputs a vector of names which representp1..pn.
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4.3 Satisfaction and Semantics of Judgement

We can now interpret terms in the sequential process logic using abstract processes and
operations on them. LetI be a model which maps typed names occurring in a term to
constants and abstract processes, respecting types. For data expressions, the interpretation
[[e]]I is standard, starting from[[x]]I = I(x). For behaviour expressions, the interpretation
[[a]]I ·ξ is given by the following induction.

• [[x]]I ·ξ = (I ∪ξ)(x),
• [[x•y1..yn]]I ·ξ = p•q1..qn wherep = [[x]]I ·ξ andqi = [[yi ]]I ·ξ.
• [[ine(x1..xn)]]I ·ξ = in[[e]]I (p1..pn) wherepi = [[xi ]]I ·ξ.

The notion of satisfaction ofA by a modelξ under an interpretationI , written ξ |=I A, is
given by induction on the structure ofA. We start from:

ξ |=I e1 = e2 ≡ [[e1]]I = [[e2]]I .
ξ |=I a1 = a2 ≡ [[a1]]I ·ξ = [[a2]]I ·ξ

Logical connectives are interpreted classically:

ξ |=I A1∧A2 ≡ (ξ |=I A1) ∧ (ξ |=I A2)
ξ |=I ¬A ≡ ¬ (ξ |=I A)

ξ |=I ∀xT .A ≡ ∀c∈ T. ξ |=I ·x:cA,

ξ |=I ∀xτ.A ≡ ∀p∈ [[τ]]. ξ |=I ·x:pA,

where, in the last line,[[τ]] denotes the set of all abstract processes of typeτ. The rest is de
Morgan duality.

We also need the notion of satisfaction ofA by a processP under an interpretationI ,
writtenPΓ |=I A, given as follows. Below let̀ P . Γ.

PΓ |=I A
def≡ ∃ξ.(PΓ |= ξ ∧ ξ |=I A)

AbovePΓ |= ξ denotesΓ ` ξ. ξ = x1 : p1, ..,xn : pn and` P∼=π ΠiPiΓ such thatPi ∈ pi(xi)
for eachi. We can now formally define the semantics of judgements.

Definition 3 Let ` P . Γ, ∆ whereΓ is negative and∆ is positive/neutral. Then PΓ,∆ |=
rely AguarB when, for each I and̀ R. Γ, R|=I A implies P|R |=I B.

Remark 3 While we do not use in the present inquiry, we list a notable property of the
sequential process logic for reference, which says that the logic enjoys a precise corre-
spondence with observable behaviours of processes, in the sense that assertions valid for
each process precisely characterise its behaviour up to the contextual congruence. Below
` P =L Q . Γ stands for∀A,B.( PΓ |= rely AguarB ≡ QΓ |= rely AguarB ).

Proposition.` P =L Q . Γ iff ` P∼=π Q . Γ.

For the proof, the “if” direction is immediate, while the “only if” direction uses repre-
sentation of a finite process (context) by a formula. A full technical development on the
correspondence between observability, validity and provability will be presented in the
sequels to the present paper.
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(Zero)
−

0` rely A guar A

(Par)
P1 ` rely A guar C
P2 ` rely C guar B

P1|P2 ` rely A guar B

(Rec)

PΓ,~x:~τ!,~y:~τ ` rely A-~y∧∀ j � i.B( j)[~y/~x] guar B(i)-~y

P[~x/~y] ` rely A guar ∀i.B(i)

(Res)
P` rely AguarB-x

(νx)P` rely AguarB

(Weak)
PΓ ` rely AguarB

PΓ,x:τ ` rely AguarB

(Bra↓)
∀i.Pi ` rely A[ini(~yi)/x]guarB

x[& i(~yi).Pi ] ` rely Aguar B

(Sel↑)
P` rely A guar B[ini(~y)/x]

xini(~y)P` rely A guar B

(In! )
P` rely A-~y∧B~y

1guar B2

!x(~yz).P` rely A guar B1 ⊃ B2[x•~y/z]

(Out?)
P` rely A-z∧Cz guar B-~yz∧C[x•~y/z]∧x•~y⇓

x(~yz)P` rely A guar B

Fig. 2. Proof Rules for Sequential Processes (main rules)

4.4 Proof Rules for Process Logic

One of the significant consequences of the representation of environments in judgements in
the present logic is the existence of simple compositional proof rules for valid judgements.
We use the judgement of the formPΓ ` rely AguarB for provability, which should follow
the same typing constraint on primary/auxiliary names in formulae as given in the previous
subsection. As before, action types are often omitted. The proof rules are given in Figures
2 and 3. We assume the following conventions.

• In each rule, all occurring judgements, including the conclusion, are well-typed.
• A-~y indicates no name in~y occurs inA.
• A~y indicates allprimarynames inA are in{~y}.
• i, j, . . . exclusively range over auxiliary names (in a given judgement).
• In each rule, no auxiliary names in a judgement in its premise should overlap with

primary names in a judgement in its conclusion.

There are two kinds of proof rules. Themain rules, given in Figure 1, follow the typing
of processes in Figure 1: for these rules, we assume each rule is applied following a type
derivation of a given process. Thestructural rules, given in Figure 3, do not change the
shape of a typed process (including its action type) and only manipulate formulae.

Among the main rules, (Zero) should need no illustration. (Res) is reminiscent of Hoare’s
rule for local name (Hoare and Wirth 73). (Weak) only weakens the action type.

(Par) rule hinges on the non-circular parallel composition in Figure 1. As a result, we
obtain the simple proof rule given above, close to the cut rule in the sequent calculus. In
the premise, if a free name inE is primary in the first sequent, then it should also be so in
the second sequent, because of our convention on name usage noted above.
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(Rec) combines mathematical induction and recursive behaviour, ensuring total correct-
ness. In the rule,A(e) denotes the result of substitutinge for a fresh name occurring inA,
avoiding name capture. The rule is close to Harel’s rule for the while command (Harel 80),
which is known to be complete for strong models (Apt 81). For tractable reasoning, one
may extend the rule to well-founded induction (Floyd 67). Following the derived typing
rule (Rec-µ) in (20),§3.2, Page 18, we may also consider the following proof rule.

(Rec-µ)
PΓ,~x:~τ!,~y:~τ ` rely A∧∀ j � i.B( j)[~y/~x] guar B(i)

µ~y=~x.P` rely A guar ∀i.B(i)
(24)

As may be expected, (Rec-µ) is derivable from (Rec), combined with (Par) and the copycat
law [x→ y]τ

! ` rely A[x/y]guarA, which will be discussed later. Semantically, however, it
is equipotent to (Rec) because we have` µ~y=~x.P∼=π P[~x/~y] .~x :~τ! ,Γ. The rule (Rec-µ)
is useful since it directly corresponds to a natural encoding of recursion inλ-calculi and,
indeed, in programming languages in general (cf. (Hasegawa 99)).

(Bra↓) says that:if x[& i(~yi).Pi ] is to guarantee B relying on A, each branch Pi should
guarantee B relying on A in which x is specialised into its i-th branch by substitution.

(Sel↑) is the dual of (Bra↓), saying:for an outputxini(~y)P to guarantee B relying on A,
P itself should guarantee B relying on A, with x in B replaced by its carried value.

(In! ) and (Out?) are another pair of mutually dual proof rules. For (In! ), first note, by the
typing, there are at least the following primary names in the premise:

• z as the (unique) positive primary name;
• ~y as negative primary names;

Note also, by our convention,x, which is primary in the conclusion, cannot occur as auxil-
iary in the premise; nor can it occur as primary there, because of the typing constraint. Also
note~y in B1,2 (if any) become auxiliary in the conclusion, so that, by (Aux-∀) discussed
later, they can later be universally quantified. The rule reads:Suppose P guarantees B2 at
z relying on A for primary names other than~y and on B1 for~y. Then!x(~yz).P guarantees,
if ~y satisfies B1, the same B2 in which z is replaced by x•~y. Notez in the conclusion arises
as the result of invoking !x(~yz).P throughx.

In (Out?), we note, recallingCz indicatesz exhausts all primary names inC, that:

• x~y exhaust all primary names inC[x•~y/z] (if any).
• P must have a unique positive name, sayv, which should be a linear output by typing,

cf. Figure 1,§3.2, Page 18. SinceB does not mention~y, if ever it mentions a primary
name, it should bev.

• A does not mentionz but may as well mentionx.

Under this understanding, the rule says:Suppose that, under the assumption that the en-
vironment guarantees A for negative names except z, and C for z, P guarantees B and
C[x•~y/z] and, moreover, we know invoking the environment at x with arguments~y con-
verges. Then, assuming only A, the processx(~yz)P guarantees B.The rule relies on the
property that what the process may receive throughz has no causal connection with its
behaviours at~y nor with the environment behaviour atx.

Figure 3 lists structural rules (which are those rules which do not involve change of the
syntactic structure of a process). The first rule, (Consequence), is similar to the correspond-
ing rule in Hoare Logic, except that the entailment⊃ in the present logic is not only about
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(Consequence)
A⊃ A′ P` rely A′guarB′ B′⊃B

P` rely AguarB

(∧−⊃)
P!Γ ` rely A∧BguarC

P` rely AguarB⊃C

(⊃−∧)
PΓ,↓?∆ ` rely BguarA∆ ⊃C

PΓ,∆ ` rely A∧BguarC

(Conj)
PΓ ` rely AguarBi (i = 1,2)

PΓ ` rely AguarB1∧B2

(Disj)
PΓ ` rely Ai guarB (i = 1,2)

PΓ ` rely A1∨A2guarB

(Inv-∧)
PΓ ` rely AguarB

PΓ ` rely A∧CguarB∧C

(Inv-∨)
PΓ ` rely AguarB

PΓ ` rely A∨CguarB∨C

(Aux-∀)
P` rely A-i guarB

P` rely Aguar∀i.B

(Aux-∃)
P` rely AguarB-i

P` rely∃i.AguarB

Fig. 3. Structural Rules

number-theoretic facts but also about the universe of sequential behaviour. Apart from the
standard axioms and theorems from the first-order logic with equalities, as well as those
for the formal number theory, we may use the following axioms for behaviour expressions.

(extensionality) ∀~x. u•~x = v•~x ⊃ u = v.
(data) ine(~x) = ine′(~y) ⊃ e= e′ ∧ ~x =~y.

The next rule, (∧− ⊃), assumesP is typed with replicated action type. Without this con-
dition, the rule is not sound when, among others,B is falsity. (⊃ −∧) is its converse.
(Conj) (resp. (Disj)) combines the guarantee (resp. rely) conditions of two judgements for
the same process. (Inv-∧) and (Inv-∨) add assertions on negative names to both the rely
and guarantee formulae. The rules emphasise typing, which preventsC from mentioning
positive names.

Finally (Aux-∀) and (Aux-∃) are immediate consequences of the semantics of auxiliary
names, which are universally bound in the whole sequent (and, for (Aux-∃), observing that
the rely condition is interpreted contravariantly). By combining (Aux-∀) with (In! ) we can
derive the following more convenient version of(In! ).

(In! -∀)
P` rely A-~y∧B~y

1 guar B2 ,

!x(~yz).P` rely A guar ∀~y.(B1⊃ B2[x•~y/z])

A basic result on the semantics of these rules follows. The proof is by easy rule induction
(for the proof rule for recursion, we use the standard unfolding), see (Honda 2004b).

Theorem 1 (soundness)
For each` P . Γ, if PΓ ` rely A guar B then PΓ |= rely A guar B .
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4.5 A Simple Reasoning Example

As an example of reasoning, we show a derivation of the judgement presented in Section 2.
As a further example of reasoning, the next subsection will establish a non-trivial property

of copycats. LetR
def= u[&nwin2∗n] below.

1. 0` rely T guar T (Zero)

2. 0` rely inn() = inn() guar in2∗n() = in2∗n() (Conseq)

3. win2∗n ` rely inn() = inn() guar w = in2∗n() (Sel)

4. u[&nwin2∗n()] ` rely u = inn() guar w = in2∗n() (Bra)

5. R` rely u=inn() ∧ y• ε=inn()guar w = in2∗n() ∧ y• ε=inn() (Inv)

6. R` rely u=inn()∧y• ε=inn()guarw=in2∗n()∧y• ε=inn()∧y• ε ⇓ (Conseq)

7. y(u)R` rely y• ε = inn() guar w = in2∗n() (Out)

8. !x(yw).y(u)R` rely T guar ∀y.(y• ε = inn()⊃ x•y = in2∗n()) (In-∀)

9. !x(yw).y(u)R` rely T guar ∀y,n.(y• ε = inn()⊃ x•y = in2∗n()) (Aux-∀)

In Line 2, we used the reflexivity of equality. Lines 3–6 are direct from the rules. Line 6

usesy• ε=inn() ⊃ ∃n.(y• ε=inn()) ( def= y• ε ⇓).

4.6 Copycat Laws

The purpose of this section is to prove a basic property of copy-cats. Copycats forward a
behaviour from one place to another, thus linking two locations. Their origins can be traced
back to at least three traditions:forwarder in Hewitt’s actors,link agentin CCS/π-calculus
(Honda and Yoshida 95; Milner 80; Sangiorgi 96), andchit-for-chatin game-based models
of Intuitionistic Logic. This is a basic behaviour in many computing scenes, ranging from
routers in the network to variables in theλ-calculus and to dynamic linkage in operating
systems. From its behaviour, we may expect that, in the specification of a copy-cat, any
property of the environment is copied to that of the process, similarly for free outputs.
Thus we arrive at the following assertions (assuming well-typedness as always).

Lemma 1 (copycat laws)Assuming well-typedness, for eachτ, we have:

[x→ y]τ
! ` rely A[y/x] guar A (25)

A⇓x ⊃ [x→ y]τ
↓ ` rely A[x/y] guar A (26)

where we write A⇓x for A⊃ x⇓.

For the proof we simultaneously prove:

A⇓z ⊃ x〈~yz〉~ρτ ` rely A[x•~y/z] guar A (27)

xini〈~y〉~ρ ` rely A[ini(~y)/x] guar A (28)
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where we recall:

x′〈~yz〉~τρ def= x′(~y′z′)(Πi [y′i → yi ]τi | [z′→ z]ρ)

x′ini〈~y〉~τ
def= x′ini(~y′)Πi [y′i → yi ]τi .

Note [x→ x′](~τρ)! def=!x(~yz)x′〈~yz〉~τρ while [x→ x′][& i~τi ]↓ def= x[& i(~yi).x′ini〈~yi〉~τi ]. We use the
following, easily inferred from (25), writing[~x→~y] for Πi [xi → yi ].

[~x→~y]~τ
! ` rely A[~y/~x] guar A (29)

In the following we always assume typability. We first infer (27) from (29) and (26). As-

sumeA⇓z below and letC
def= A[x•~y′/z]∧A[x•~y/z]∧A[z′/z].

1. [~y′→~y] ` rely A[x•~y/z]∧A[z′/z] guar C ((29), Inv, Conseq)

2. [z′→ z] ` rely C guar A (26)

3. [~y′→~y] | [z′→ z] ` rely A[x•~y/z]∧A[z′/z]guarA (26)

4. x(~y′z′)([~y′→~y] | [z′→ z]) ` rely A[x•~y/z] guar A (1,2,Out)

To derive (28) from (29), we infer:

1. [~y′→~y] ` rely A[ini(~y)/x]guarA[ini(~y′)/x] (from 29)

2. xini(~y′)[~y′→~y] ` rely A[ini(~y)/x]guarA (Sel)

We next derive (26) from (27). LetA⇓x.

1. ∀i.x′ini〈~yi〉 ` rely A[x′/x][ini(~yi)/x′]guarA (29)

2. x[& i(~yi).x′ini〈~yi〉] ` rely A[x′/x]guarA (Bra)

Finely we infer (25) from (27) and (28), letA′
def= A[i/x]∧z= i •~j with i~j fresh.

1. x′〈~yz〉 ` rely x′= i∧A′[x′ •~y/z] guar A′ (29)

2. x′〈~yz〉 ` rely x′= i∧A[i/x]∧~y=~j guar A′ (Conseq)

3. !x(~yz).x′〈~yz〉 ` rely x′= i∧A[i/x] guar∀~y j.(~y=~j ⊃ A′[x•~y/z]) (In-∀)

4. !x(~yz).x′〈~yz〉 ` rely x′= i∧A[i/x] guarA[i/x]∧∀~j.x•~j = i •~j (Conseq)

5. !x(~yz).x′〈~yz〉 ` rely x′= i∧A[i/x] guar∃i.(A[i/x]∧x= i) (Conseq)

6. !x(~yz).x′〈~yz〉 ` rely ∃i.(x′= i∧A[i/x]) guar ∃i.(A[i/x]∧x= i) (Aux-∃)

7. !x(~yz).x′〈~yz〉 ` rely A[x′/x]guar A (Conseq)

Note we used extensionality in Line 5. This concludes the proof of Lemma 1.



28 K. Honda

5 PCFv and its Process Encoding

5.1 Review of PCFv

This section reviews PCFv and its encoding into processes. First we summarise the syntax
of PCFv-preterms.

M ::= c | x | λxα.M | MN | op(~M)

| µxα⇒β.λyα.M | if M then N1 else N2

For simplicity of presentation, we focus on the simplest form of this calculus, even though
such standard extensions as sums, products and letrec can be easily treated. Binding etc.
are standard, based on which we assume the standard bound name convention. Preterms
are considered up to the renaming of bound names.α,β, . . . are types, whose grammar is to
be given soon.c is a constant for which we consider booleanst,f and natural numbersn.
op(M0, ...,Mn−1) denotes ann-ary arithmetic or boolean operation (e.g.succ(M), M∧N).
Values(V,V ′, . . .) are variables, constants,λ-abstractions and recursions.

We use the standard weak call-by-value one-step reduction (Gunter 92), writtenM −→
M′. For reference we list the reduction rules. Below in the rule for recursion notex 6∈ fv(V)
by the bound name convention. In the rule for first-order operations,op is the function
underlyingop, similarly c is the value underlying a constant.

(λx.M)V −→ M[V/x]

(µx.λy.M)V −→ M[V/y][(µx.λy.M)/x]

if t then N1 else N2 −→ N1

if f then N1 else N2 −→ N2

op(c1..cn) −→ c′ (op : c1..cn 7→ c′)

We then close the rules under the weak call-by-value evaluation context, generated from:

C[ · ] := [ · ] | C[ · ]M | VC[ · ] | op(~VC[ · ]~M) | if C[ · ] then N1 else N2

Types, ranged over byα,β, . . ., are generated from:

α ::= B | N | α⇒β.

B andN areatomic types, while α⇒β is anarrow type. A typed term is writtenΓ `M : α,
whereΓ is a basis, which is a finite map from variables to types. The typing rules are
standard (Gunter 92) and are omitted.

We use the standard contextual congruence on PCFv-terms, which we write∼=λ. A typed
relation on PCFv-termsis a relation which only relate two terms of the same basis and
type. We writeΓ `M1RM2 : α whenΓ `M1,2 : α are well-typed terms and they are related
by a typed relationR. Then∼=λ is the maximum typed congruence satisfying the following
condition.

Γ `M1
∼=λ M2 : N ⊃ (M1 ⇓ ≡ M2 ⇓) (30)

whereM ⇓ denotes∃V.(M −→∗ V). We can show∼=λ is maximally consistent, i.e. adding
any extra equation and taking the congruent closure leads to the universal typed relation.
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5.2 Encoding and Definability

PCFv can be fully abstractly embedded into affine processes (Berger et al. 2001) using the
standard encoding by Milner (Milner 90) (cf. (Honda and Yoshida 99)). We first give the
encoding of types.

N◦ def= ([⊕i∈N]↑)! B◦ def= ([⊕i∈B]↑)! (α⇒β)◦ def= (α◦(β◦)↑)!

We may considerα◦ as the embedding of a type as a set of values. For each term which
may possibly diverge, its type is mapped into(α◦)↑. From this viewpoint,N◦ andB◦ had
better contain only those processes which, upon invocation, immediately emits an output,
such as !x(c).cin3: their interaction is better to be total (rather than partial). For this reason
we shall consider bothB◦ andN◦ are inhabited by these total behaviours: the typing rules
which precisely type total behaviours are given in Appendix C.4

The encoding of programs closely follows that of types, given below. There are two
kinds:[[V]]m (for values) and〈〈M〉〉u (for general terms). The encoding maps a typed term to
a process: for simplicity we assume variables are explicitly typed, and add type annotation
to terms as needed. In the sixth line,S(i) is the successor ofi.

[[b]]m
def= !m(c).cinb

[[n]]m
def= !m(c).cinn

[[xα]]m
def= [m→ x]α

◦

[[λxα.M]]m
def= !m(xc).〈〈M〉〉c

[[µxα⇒β.V]]m
def= (νx)([[V]]m|[x→m](α⇒β)◦)

〈〈V〉〉u
def= u(m)[[V]]m.

〈〈succ(M)〉〉u
def= (m1)(〈〈M〉〉m |m(c).c(e)e[& i .[[S(i)]]u

〈〈Mα⇒βNα〉〉u
def= (νm)(〈〈M〉〉m|m(c).(νn)(〈〈N〉〉n|n(e).c〈eu〉α◦(β◦)↑))

〈〈if M then Nt else Nf〉〉u
def= (νm)(〈〈M〉〉m|m(b).b(c)c[&b∈B〈〈Nb〉〉u])

The following properties are established in (Berger et al. 2001) (for (2), we augment the
arguments for definability in (Berger et al. 2001) with the constraint on computability of
processes, cf. Appendix B). The results extend to products, sums and other constructs. In
(1), Γ◦ is the result of pointwise mapping and dualising each channel type.

Proposition 2 (Berger, Honda, Yoshida (Berger et al. 2001))

1. (type preservation)If Γ `M : α then` 〈〈M〉〉u . Γ◦, u:(α◦)↑.
2. (definability)For each` P . u : (α◦)↑, there exists a PCFv-term̀ M : α such that
〈〈M〉〉u∼=λ P.

3. (full abstraction)For eachΓ ` M1,2 : α, we haveΓ ` M1
∼=λ M2 : α iff 〈〈M1〉〉u ∼=π

〈〈M2〉〉u.

4 Linear outputs of these agents aretruly linear in the sense of (Yoshida et al. 2001). We can also use a terser,
but less uniform, encoding in (Berger et al. 2001), in which case we can use affine processes as themselves.
The present encoding is more convenient for illustration of encodings. Apart from the definability result in this
section, this notion is never used.
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6 Program Logic from Process Logic

6.1 Assertions for PCFv

As we briefly outlined in Section 2.7, the significance of type preservation in Proposition 2
(1) is that it guides us how we can assert on PCFv-terms through translation. We start from
an assertion on the encoding of, say,Γ `M : α. By the type preservation, we know it has
the following form:

〈〈M〉〉u ` rely AguarB (31)

whereA is aboutΓ◦ andB is aboutu : (α◦)↑ as well asΓ◦. A key idea is to decode these
assertions back toM, to obtain:

{A′} M :u {B′} ←[ 〈〈M〉〉u ` rely AguarE (32)

whereA′ andB′ are suitably defined counterparts ofA andB. Inheriting from the process
encoding, the assertion uses a (fresh) name,u, which we callanchor. This anchor is always
total, in the same wayu in B of (31) is always total (except whenA is unsatisfiable). For
example,B may be∃m.(u = (m)↑∧∀x.m•x = (x)↑), in which case it can be decoded into
∀x.u•x= x. An anchor is used for representing the point of operation (hence specification)
of M. Usingu, the formulaB′ can now talk about what this program does, under the as-
sumptionA′ for the environment. The “rely” formula is now placed in the position of the
type environment, while the original “guarantee” formula is placed in the position of the
type ofM. We use the notation from Hoare triple for familiarity: but the meaning of asser-
tions is quite different from the standard Hoare triple. Among others there is no temporary
precedence betweenA′ andB′.

We formally introduce syntax of assertions. Below? ∈ {∧,∨,⊃} andQ∈ {∀,∃}.

e ::= xα | b | n | t | f | ⊥α | e1•e2 | e1 +e2 | e1×e2 | ...

A ::= T | F | e1 = e2 | ¬A | A1 ?A2 | Qx.A

⊥α denotes divergence, often written⊥. ⊥ is seldom used directly in specifications but is
needed for semantic completeness: even ife ande′ are totale•e′ can become partial, and
this partiality (divergence) is represented by this constant. In practice, it is used to represent
convergence by negation. For this purpose the following notation is useful.

e⇓ def≡ e 6=⊥. (33)

Notee⇓ corresponds toa⇓ in the process logic, cf.§4.2. The operator• can be understood
as the call-by-value (or strict) version of the application operation in combinatory logic
(Curry and Feys 58) (cf. (Fiore and Honda 1998)). Terms are typed in the following way.

• A constant is given the atomic type it belongs to.
• A namexα is typed withα. Similarly for⊥α.
• op(e1..en) has typeβ if ophas signatureα1×·· ·×αn⇒β and eachei has typeαi .
• e1•e2 is typed withβ if e1 (resp.e2) has typeα⇒β (resp.α) for someα.

Formulae, for which we always assume the standard bound name convention, are well-
typed if any pair of two occurrences of a variable have the same type, and that terms
equated by= are of the same type. We writeΓ ` A when all free names inA are typed
following Γ. We observe:
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Remark 4 The logical language distinguishes a term of a boolean type (e.g.t) from a
formula (e.g.T). This is necessary since a boolean term can take the value⊥. In practice,
however, we can often infer a boolean term in question is total, in which case it can be
soundly considered to be a formula, as is usually done in Hoare Logic and its extensions.

We have two forms of judgements:

• ` {A} MΓ;α :u {B} (for provability); and
• |= {A} MΓ;α :u {B} (for validity)

We write{A}MΓ;α :u {B}when it does not matter whether it is about provability or validity,
or when it is clear which from a given context. In{A}MΓ;α :u {B}, we always assume the
following well-typedness conditions:

• Γ `M : α.
• For someΘ such thatdom(Γ)∩dom(Θ) = /0, we haveΓ ·Θ ` A andΓ ·Θ ·u:α ` B.

Following the process logic in Section 4, we callA (resp.B) rely formula(resp.guarantee
formula) of the judgement. We stress there isno temporary precedence relation betweenA
andB, unlike in the standard Hoare logic. In the judgement, the primary names inA are
those fromdom(Γ), while the primary names inB are those fromdom(Γ)∪{u}. Those free
names in rely/guarantee formulae which are not primary areauxiliary. In Hoare logics,
auxiliary names are often used for denoting content of imperative variables before state
change (as in, for example,{x = i}x := x+1{x = i +1}). In the present setting, auxiliary
names are useful for (among others) reasoning about recursive behaviours, as we shall see
later. We often omit type annotation on PCFv-term, writing e.g.{A} M :u {B}.

Intuitively, a judgement{A} M :u {B} under the typing~x :~τ `M : β means that:

If closed values of type~τ satisfy A, then the result of substituting them for variables in M converges
to a value whose behaviour satisfies B, under an arbitrary interpretation of auxiliary names.

Note the judgement entails convergence of the resulting term as far asA is satisfiable. Also
note we consider all free variables of a term are substituted for values, rather than general
terms. This is because having divergent behaviours in the environment entails divergence
of the program itself in the standard call-by-value semantics. Thus all primary names in a
judgement denote total behaviours, either by assumption (for variables from the basis) or as
a property to be guaranteed by the judgement itself (for the anchor). In contrast, auxiliary
names may denote possibly divergent data (which is natural given terms are in general
partial). We shall later substantiate this informal reading through formal semantics.

Remark 5 (alternative formulation of PCFv-logic for total correctness) The distinction be-
tween totality for primary names and potential partiality for auxiliary names can be avoided
using an alternative formulation of the PCFv-logic for total correctness. In this alternative
formulation, the syntax of terms takes off⊥ ande•e′, and assume all terms, including both
primary and auxiliary names, denote total values. The application operation is now part of
a special formula, writtene1 • e2↘ e3, which says applyinge1 to e2 converges and be-
comese3. The proof rules only differ in the rules for abstraction and application. While we
do not treat this formulation in the present paper, it is worth noting that it offers a natural
basis for imperative extensions of the present logic.
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Let us look at a couple of examples. The first one is a simple judgement for the identity.

{T} λxα.x :u { ∀yα. u•y = y} (34)

The judgement says that the program, when applied to any well-typed argument of type
α, will return that argument itself as a result. This sequent has a precise analogue in the
process logic via encoding.

u(c)!c(xm).m〈x〉α◦ ` rely Tguar∃c.(u = (c)↑ ∧ ∀y. c•y = (y)↑) (35)

which is easily derivable in the proof rules in§2.3. Note(y)↑ in (35) becomes simplyy in
(34), similarly foru.

Another simple example uses a non-trivial assumption on a higher-order variable.

{∀xN.Even( f •x)} ( f 3)+1 :u {Odd(u)} (36)

whereEven(n) (resp.Odd(n)) says thatn is even (resp. odd). In the process logic, this
assertion becomes, writinga givese for a• ε = ine()) for brevity:

f (xc)([[3]]x |c(y).y(e)e[&n .u(c)[[n+1]]c]) `

rely ∀x.∃i.( f •x givesi ∧Even(i)) guar ∃c, j.(u = (c)↑ ∧ c gives j ∧Odd( j))

Indirection complicates the formulae: yet we can precisely read out a more abstract asser-
tion in (36) from its decomposed version.

Finally we show an example where an auxiliary variable is used non-trivially, The fol-
lowing is an assertion for a factorial program before it getsµ-binding.

{∀ j � i. f • j = j!} λx.if x = 0 then 1 else x× f (x−1) :u { f • i = i!} (37)

In the above judgement, we use the course-of-value induction. It says that, for any number
j underi, the result of feedingf with j is the factorial of j, then the result of feedingu
with i is the factorial ofi. Notei is auxiliary in this judgement: by usingi, we can connect
what we assumed forf and what we can guarantee foru inductively.

6.2 Semantics of Judgement

As we already noted, a judgement{A} M :u {B} under the typing~x :~τ `M : β intuitively
means that:

If a vector of closed values of type~τ satisfy A, then the result of substituting them for variables in
M converges to a value whose behaviour satisfies B, under an arbitrary interpretation of auxiliary
names.

Below we substantiate this informal reading in a simplest possible way, using a model
constructed from behaviour of terms. Alternatively we may use any (extensional) model of
PCFv. Such models can be constructed from bottomless CPOs; we can also construct such
models from the sequential affine processes. Indeed, the following model is fully abstractly
embeddable to the notion of models in Section 4. We use the contextual congruence for
PCFv,∼=λ, introduced in Section 5.1, (30). Below a PCFv-term isclosedif its basis is
empty. Note a closed term has a unique type.
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Definition 4 (model)Abstract behaviours, or simplybehaviours, ranged over byκ,κ′, . . .,
are the∼=λ-congruence classes of typed closed terms. We sayκ has typeα, writtenκ : α, if
its component term is of typeα. For each typeα, there is a unique congruent class of the
diverging terms of that type, which we write⊥α or simply⊥. If κ 6=⊥, we sayκ is atotal
behaviour. The behaviour containing a constantc is written c. A model, ranged over by
ξ,ξ′, . . ., is a finite map from names to total behaviours. Aninterpretation, ranged over by
I , I , . . . is a finite map from names to possibly non-total behaviours. We writeΓ ` ξ (resp.
Γ ` I ) when, for eachx∈ dom(ξ) (resp.x∈ dom(I)), ξ(x) : α (resp.I(x) : α) iff Γ(x) = α.

For interpretation of terms, we define operations on abstract behaviours through their coun-
terpart in PCFv in the natural way, which we summarise below for reference.

• Given κ1 : α⇒β andκ2 : α, the operationκ1 •κ2 is given as the congruence class
includingMN for M ∈ κ1 andN ∈ κ2.
• For each first-order operatorop with signatureα1× ..×αn⇒ β and eachκi : αi

(1≤ i ≤ n), the operationop(κ1..κn) is defined as the congruence class including
op(M1..Mn) for Mi ∈ κi (1≤ i ≤ n).

We shall later use a model for interpreting primary names and an interpretation for inter-
preting auxiliary names. Given a modelξ and an interpretationI , we define the map[[e]]I ·ξ
by induction one in the obvious way.

[[⊥α]]I ·ξ def= ⊥α

[[c]]I ·ξ def= c

[[x]]I ·ξ def= (I ∪ξ)(x).

[[op(e1..en)]]I ·ξ
def= op(κ1..κn) ([[ei ]]I ·ξ = κi)

[[e•e′]]I ·ξ def= ([[e]]I ·ξ)• ([[e′]]I ·ξ)

The satisfaction relationξ |=I A is standard, interpreting the equality as the identity relation.
For reference we again list the defining clauses. Below connectives/quantifiers on the right-
hand side are semantic ones. We let? ∈ {∧,∨,⊃} andQ ∈ {∀,∃}.

ξ |=I e1 = e2 ≡ [[e1]]I ·ξ = [[e2]]I ·ξ
ξ |=I A1 ?A2 ≡ (ξ |=I A1) ? (ξ |=I A2)

ξ |=I ¬A ≡ ¬ (ξ |=I A)
ξ |=I Qxα.A ≡ Qκ ∈ [[α]]. ξ |=I ·x:κ A

In the last line, quantified name are treated in the same way as auxiliary names. This is
because they may denote partial behaviours. The alternative formulation discussed in Re-
mark 5,§6.1, Page 31, uses only total terms, treating interpretation of primary, auxiliary
and quantified names on the same footing.

Let `Mi : αi (1≤ i ≤ n). We define:

x1 :M1, ..,xn :Mn |=I A
def≡ ∃κ1..n.(∧1≤i≤nMi ∈κi ∧ x1 :κ1, ..,xn :κn |=I A) (38)

Definition 5 (semantics of judgement)Assume~x :~β `M : α. Then|= {A}M :u {B} (which
we read:relying onA, M named asu satisfiesB), iff, for each well-typed I and each closed
~V of type~β such that~x:~V |=I A, we have ~x:~V ·u:M[~V/~x] |=I B.
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6.3 Embedding and Logical Full Abstraction

The validity in the PCFv-logic is precisely embeddable into that of the process logic. To
see how this can be done, we consider the now familar assertion for the identity and how it
can be translated into formulae in the process logic.

∀xα.u•x = x (39)

First assumeu is an anchor. In that case,u is always total. Howeverx is not primary hence
can be divergent. This means we can expand (39) without changing meaning as follows.

∀xα.( (x⇓ ⊃ u•x = x) ∧ (x =⊥ ⊃ u•x =⊥) ) (40)

We can then observe the partx=⊥ ⊃ u•x=⊥ is tautology (which is made into an axiom
later), so that the following is in fact logically equivalent to (39) and (40).

∀xα.(x⇓ ⊃ u•x = x) (41)

A natural translation of this assertion into the process logic follows (we usev instead ofu,
for the reason which becomes clear soon).

∀x(α◦)↑ .∀yα◦ .(x = (y)↑ ⊃ v•y = x) (42)

Using the substitutivity (replacingx with (y)↑) this can be simplified into:

∀yα◦ .v•y = (y)↑ (43)

Finally, rememberingu should have the type(β◦)↑ with β = α⇒α in the encoding, and
notingv above is of typeα◦, we arrive at:

∃v.(u = (v)↑ ∧ ∀yα◦ .v•y = (y)↑) (44)

which says the process surely outputs a name that denotes the behaviour acting as the
identity. We may compare (44) with the original assertion (39). While the partiality com-
plicates the latter’s direct translation (42), we arrive at a succinct logical description of the
program’s behaviour as interating processes through logical equivalences.

If, on the other hand,u in (39) is primary but isnot an anchor, thenu in the encoded
assertion should have the typeα◦, hence we can simply replacev in (43) withu, reaching:

∀yα◦ .u•y = (y)↑ (45)

Finally, if u is auxiliary, thenu should be treated just asx above: it can be partial, and, if
so, the result of application diverges. Elaborating (44), which only treats the case whenu
is total, we reach:

u⇓ ⊃ ∃v.(u = (v)↑ ∧ ∀yα◦ .v•y = (y)↑) (46)

Since (u = (x)↑ ∧ u = (y)↑) ⊃ x = y (cf. the axiomdata in Page 25), this is logically
equivalent to:

∀v.(u = (v)↑ ⊃ ∀yα◦ .v•y = (y)↑) (47)

which precisely captures the situation where, in (39),u can be partial in the process en-
coding of the corresponding behaviour. In this way, the same original assertion (39) in
PCFv-logic is translated into three assertions in the process logic, depending on the typing
on free names.
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We now introduce the encoding formally. The encoding is written〈〈A〉〉Γ, whereΓ denote
those names which we stipulate to be total and which are translated through the mapping
( ·)◦, i.e. into replicated types (the special case where a primary name is an anchor is treated
at the level of judgement, on the basis of this mapping). Names inA other thanΓ are typed
with (( ·)◦)↑, allowing the possibility to denote divergence. The encoding is by induction on
formulae, given by the following clauses. As always, we let? ∈ {∧,∨,⊃} andQ ∈ {∀,∃}.

〈〈e1 = e2〉〉Γ
def= ∃g.(〈〈e1〉〉Γg ∧ 〈〈e2〉〉Γg)

〈〈A1 ?A2〉〉Γ
def= 〈〈A1〉〉Γ ? 〈〈A2〉〉Γ

〈〈¬A〉〉Γ def= ¬〈〈A〉〉Γ

〈〈Qxα.A〉〉Γ def= Qx(α◦)↑ .〈〈A〉〉Γ

Note an equation of terms in the first line is not translated directly into an equation of terms.
This is because terms in the PCFv-logic include composite values, such asx•(y•3), which
has no counterpart in the sequential process logic: a term in the process logic can only rep-
resent the result of interaction at one time. Thus we use the translation〈〈e〉〉Γu , which trans-
latese into its decomposed form, naming it asu. The map is defined by structural induction
on e. Below we write, withe being a data expression of the process logic,x emitse for
∃y.(x = (y)↑∧y• ε = ine()).

〈〈x〉〉Γu
def=

{
u = x (x 6∈ dom(Γ))
u = (x)↑ (x∈ dom(Γ))

〈〈c〉〉Γu
def= u emitsc

〈〈op(~e)〉〉Γu
def= ∃~y.(∧i 〈〈ei〉〉Γyi

∧ ∀~z.( ∧i yi emitszi ⊃ u emitsop(~z) )

〈〈e1•e2〉〉Γu
def= ∃y1y2.(∧i 〈〈ei〉〉Γyi

∧ ∀z1z2.(∧iyi = (zi)↑ ⊃ g = z1•z2) )

〈〈⊥〉〉Γu
def=

{
¬u⇓ (u 6∈ dom(Γ))
F (u∈ dom(Γ))

In the last line, observeu is mapped to a name with the replicated type whenu∈ dom(Γ),
in which case the statementu ⇓ does not make sense. This precisely corresponds to the
situation where, at the level of PCFv-logic, it does not make sense to say a primary name
diverges.

As an example, we consider the previous assertion for identity. LetΓ = u : α below.

〈〈∀xα.u•x = x〉〉Γ def= ∀x(α◦)↑ .∃g.(〈〈u•x〉〉Γg ∧ 〈〈x〉〉Γg)

≡ ∀x(α◦)↑ .∃g.(〈〈u•x〉〉Γg ∧ x = g)

≡ ∀x(α◦)↑ .〈〈u•x〉〉Γx
≡ ∀x(α◦)↑.(∃y.(y=(u)↑∧ (∀z1z2.(y=(z1)↑∧x=(z2)↑⊃ z1•z2=x)))

≡ ∀x(α◦)↑ .(∀zα◦ .(x = (z)↑ ⊃ u•z= x)))

≡ ∀zα◦ .( x = (z)↑ ⊃ u•z= (z)↑ ).

The translation shows the process of decomposing coalesced PCFv-types into their affine
(partial) and replicated (total) parts, taking partiality into consideration along the way. This
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decomposition makes the mapping complex, which in turn suggests abstraction we obtain
when we move from the fine-grained process logic to a logic tailored for a specific pro-
gramming language.

A key result on the logical embedding follows. The property is calledlogical full ab-
stractionby Longley and Plotkin (Longley 98), though in a different setting. The proof
uses Proposition 2 (in particular definability). Below we use the entailment (notingu is
primary) u⇓ ⊃ (∃m.(u = (m)↑∧ 〈〈B〉〉Γ,u:α[m/u]) ⊃ 〈〈B〉〉Γ,u:α), which allows us to sim-
plify the guarantee formula.

Theorem 2 (logical full abstraction)Let Γ `M : α. Then|= {A} MΓ;α :m {B} if and only

if 〈〈M〉〉Γ
◦,u:(α◦)↑

u |= rely 〈〈A〉〉Γ◦ guar 〈〈B〉〉Γ◦ .

Proof
Given a total abstract behaviourκ, let [[κ]] denote the result of translating a term inκ into
a process, sayP, and then taking the abstract process represented by the concrete process
P. Further, given a modelξ in the PCFv-logic, write[[ξ]] for the point-wise extension of
[[κ]] (resulting in a model in the process logic), similarly for[[I ]]. We first observe, for each
well-typed, closedM, that:

M |=I
u A ≡ M ⇓V ∧ [[V]]u |=[[I ]] A◦. (48)

For this we show:

(a) M |= κ iff 〈〈M〉〉 |= u:〈〈κ〉〉, and;

(b) ξ |=I A iff [[ξ]] |=[[I ]]A (henceκ |=[[I ]]
u A iff [[κ]]u |=I A◦).

(a) is easy by induction on types, while (b) is by induction on formulae in the PCFv-logic,
using Proposition 2 (3) (full abstraction) whenA is e1 = e2. We can now infer as follows.

For the “if” direction, let〈〈M〉〉u |= rely A◦guarB′ with B′
def= ∃m.(u = (m)↑ ∧B◦). Below

we write[[~V]]~x for then-fold parallel composition of[[Vi ]]xi .

~x:~V |=I A ⊃ [[~V]]~x |=[[I ]]A◦ ((48) above)
⊃ (ν~x)(〈〈M〉〉u|[[~V]]~x) |=[[I ]] B′ (Assumption)
⊃ 〈〈M[~V/~x]〉〉u |=[[I ]]B′ (Replication Theorem)
⊃ M[~V/~x] ⇓W∧ [[W]]u |=[[I ]]B◦ (Proposition 2 (1))
⊃ M[~V/~x] |=I

m B ((48) above).

For the “only if” direction, assume{A}MΓ;α :m {B} with Γ =~x:~τ. If A≡ F, the statement
is vacuous. Assume not. By Proposition 2 (3) (definability), we can setRi

∼=π [[Vi ]]xi for
someVi .

ΠiR
xi
i |=[[I ]]A◦ ⊃ [[~V]]~x |=[[I ]]A◦ (Ri

∼= [[Vi ]]xi )
⊃ ~x:~V |=I A ((48) above)
⊃ M[~V/~x] ⇓W∧ [[W]]u |=[[I ]]B′ (assumption)
⊃ (ν~x)(〈〈M〉〉u|[[~V]]~x) |=[[I ]] B′ (Replication)
⊃ (ν~x)(〈〈M〉〉u|ΠiRi) |=[[I ]] B′. (Ri

∼= [[Vi ]]xi ).

Note the definability is essential for the second direction.
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[Var] −
{A[x/u]} x :u {A}

[Op] A
def= C0 {Ci} Mi :mi {Ci+1} Cn

def= B[op(m1, ..,mn)/u]
{A} op(M1, ..,Mn) :u {B}

[If ] {A} M :b {C} {C[t/b]} N1 :u {B} {C[f/b]} N2 :u {B}
{A} ifMthenN1elseN2 :u {B}

[Abs] {A
-x∧Bx

1}M :m {B2} B1 ⊃ x⇓
{A}λx.M :u {B1 ⊃ B[u•x/m]} [App] {A}M :m {C} {C}N :x {B[m•x/u]∧m•x⇓}

{A}MN :u {B}

[Rec] {A-x∧∀ j � i.B( j)[x/u]} λy.M :u { B(i)-x}
{A} µx.λy.M :u {∀i ≥ 0.B(i)}

[Consequence] A⊃ A0 {A0} M :u {B0} B0 ⊃ B
{A} M :u {B}

[∧−⊃] {C∧A}V :u {B}
{A}V :u {C⊃ B} [⊃−∧] {A}V :u {C-u ⊃ B}

{C∧A}V :u {B}

[Aux-∀ ] {A
-i} M :u {B}

{A} M :u {∀i.B}
[Aux-∃ ] A M :u {B-i}

{∃i.A} M :u {B}

[Conj]
A M :u {B1,2}

A M :u {B1∧B2}
[Disj ]

A1,2 M :u {B}
A1∨A2 M :u {B}

Fig. 4. Proof Rules for PCFv

6.4 Proof Rules for PCFv

Below we show how the correspondence between the assertions in the PCFv-logic and
those in the process logic leads to simple and natural proof rules for PCFv. Following the
proof rules for PCFv, we stipulate:

• In each rule, all occurring judgements, including the conclusion, are well-typed.

• A-~y indicates no name in~y occurs inA.

• A~y indicates allprimarynames inA are in{~y}.
• i, j, . . . exclusively range over auxiliary names (in a given judgement).

• In each rule, no auxiliary names in a judgement in its premise should overlap with
primary names in a judgement in its conclusion.

Each rule can be read naturally from the viewpoint of PCFv-computation.[Var] says that,
if something can be said about whatx denotes in the environment, then the same thing can
be said aboutx as a term, named asu. Note the rule precisely corresponds to the copy-cat
laws studied in§4.6 through the process encoding of a variable given in§5.2.
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[Op] is the rule for first-order operations. To understand the rule, let us consider its
specific instances. We start from the case when the arity of operators is zero and one.

[Num]
−

{A}[n/u] n :u {A}
[Succ]

{A} M :m {B[m+1/u]}
{A} succ(M) :u {B}

which are both natural. We also give an example of a binary operator.

[Eq]
{A} MΓ;N :m1 {C} {C} NΓ;N :m2 {B[m1=m2/u]}

{A} (M=N)Γ;B :u {B}
In the premise, the assumptionA and the property onm1 (hence onM) can be together
represented inC. This is carried over to the second premise as an assumption, so that
B[m1=v2/b] stipulate on bothm1 andm2. By substitution, this property becomes that of
u. While the rule looks as if the order of evaluation — firstM, thenN — matters in the
inference, this is not the case because of the stateless nature of PCFv. Indeed, the following
rule gives an equivalent presentation (the equivalence is easily established through the
structural rules discussed later).

[Eq]
{A} M :m1 {B1} {A} N :m2 {B2} B1∧B2 ⊃ B[m1=m2/u]

{A} M=N :u {B}
Next we move to the proof rule for the conditional, which says that, underA, if a boolean
termM (named asb) satisfiesC, andB holds for:

(1) N1 under the assumption thatC holds withb denoting truth;
(2) N2 under the assumption thatC holds withb denoting falsity;

then, again underA, surelyB holds forifMthenN1elseN2. Note the rule keeps clean
symmetry, as in the corresponding rule in Hoare logic. Observe alsob 6∈ fn(A) by the well-
formedness of{A} M :b {A′}, and that{A} M :b {A′} indicates (as far asA is non-trivial)
M terminates. Thus, in a closed term, the conditional branch can surely terminate, reaching
one ofNi , which in turn is guaranteed to terminate and satisfiesB by the premise.

We now move to the three key rules for PCFv-logic, abstraction, application and recur-
sion. First,[Abs] says that, wheneverM named asm satisfiesC relying on A (which is
not aboutx) andB1 (which is aboutx), thenλx.M namedu has the behaviour such that,
wheneveru is fed with an argumentx satisfyingB1, returns the result (u•x) which satisfies
B2 for m. Note x becomes auxiliary in the conclusion. This is why the rule has the side
condition sayingB1 should mentionx is total.5 This condition is necessary since, in the
premise,x denotes automatically a total behaviour by being a primary name (which may
as well be used for deriving the judgement). Whenx becomes auxiliary in the conclusion,
we need to maintain this condition, hence the side condition. Without this condition, the
following unsound inference is possible.

1. {T∧T} 3 :m {m= 3} (Op, Conseq)

2. {T} λx.3 :u {u•x = 3} (Abs, Conseq)

3. {T} λx.3 :u {∀x.u•x = 3} (Aux-∀)

5 The abstraction rule in (Honda 2004c) regrettably fails to mention this side condition.
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The guarantee formula in Line 3 is in fact absurdity, since whenx = ⊥ we always have
u•x =⊥. The side condition in fact naturally arises if we carefully inspect its embedding
into the inference in the process logic given as follows, using the encoding we discussed
in §6.3. Below we setΓ ·x : α `M : β and, for brevity, let∆ = Γ ·x : α and( ·)• = (( ·)◦)↑.
We also setC

def= ∃c.(u = (c)↑ ∧ 〈〈Bx
1⊃ B2[c•x/m]〉〉∆◦) and remember we haveB1⇓x.

1. 〈〈M〉〉∆
◦,m:β•

m ` rely 〈〈A-x〉〉Γ◦∧〈〈Bx
1〉〉∆guar ∧〈〈B2〉〉∆) B1⇓x (premise)

2. (!c(xm).〈〈M〉〉m)Γ◦,c:(α⇒β)◦` rely 〈〈A-x〉〉Γ guar〈〈Bx
1〉〉∆⊃ 〈〈B2[c•x/m]〉〉∆) (In)

3. (u(c)!c(xm).〈〈M〉〉m)Γ◦,u:(α⇒β)•` rely 〈〈A-x〉〉Γ guar C (Sel)

4. (u(c)!c(xm).〈〈M〉〉)Γ◦,u:(α⇒β)•
m ` rely 〈〈A-x〉〉Γ guar ∀y.(x = (y)↑ ⊃C[y/x] )

5. (u(c)!c(xm).〈〈M〉〉)Γ◦,u:(α⇒β)•
m ` rely 〈〈A-x〉〉Γ guar 〈〈B1⊃ B2[u•x/m]〉〉Γ (Conseq)

Line 4 is by combination of (Consequence) and (Aux-∀) (note renaming by a fresh name
is always possible by applying universal quantification and instantiating it to another fresh
name). Line 5 is possible because ofB1⇓x: the conditionx = (y)↑ is absorbed into〈〈B1〉〉Γ

◦

since the formula already says, givenx is auxiliary, thatx = (z)↑ for somez.
The next rule is the one for application. The rule says that, ifM, named asm, satisfiesC,

andN, relying onC and named asx, satisfiesB[m•x/u] as well as it says thatmapplies to
x converges, thenMN named asu satisfiesB. As for other rules, the rule has a symmetric
version, given as follows.

[App]
{A}M :m {B1} {A}N :x {B2} B1 ⊃ B2 ⊃ B[m•x/u] ∧m•x⇓

{A}MN :u {B}

The rule is easily equivalent to the original rule through the structural rules. It is again
instructive to decompose[App] into inferences in the process logic via encoding. We use
the symmetric version above. For brevity, assumeM andN are values, so that the encoding
becomes:

〈〈MN〉〉u
def= (νm)([[M]]m|m(xu′).([[N]]x|[u′→ u])).

Notemof [[M]]m is typed as(α⇒β)◦, x of [[N]]x is typed asα◦, andu is typed as(β◦)↑. We
can now derive the proof rule for application as follows (we letΓ to be the basis forM).

1. [[M]]m ` rely 〈〈A〉〉Γ guar〈〈B1〉〉Γ,m:α⇒β (prem 1)

2. [[N]]x ` rely 〈〈A〉〉Γ guar〈〈B1〉〉Γ,m:α⇒β (prem 2)

3. [u′→ u] ` rely 〈〈B〉〉Γ[u′/u]guar〈〈B〉〉Γ (copycat law)

4. m(xu′)([[N]]x|[u′→ u])) ` rely 〈〈B1〉〉Γ∧〈〈A〉〉Γ guar〈〈B〉〉Γ (2, 3, prem 3, (Out))

5. [[M]]m|m(xu′).([[N]]x|[u′→u]) ` rely 〈〈A〉〉Γ guar〈〈B〉〉Γ (1, 4, (Par))

6. 〈〈MN〉〉u ` rely 〈〈A〉〉Γ guar〈〈B〉〉Γ (Res)
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[Let] {A} M :x {C} {C} N :u {B}
{A} let x = M in N :u {B}

[Letrec] {A∧∀m� n.E(m)[y/x]} N[y/x] :x {E(n)} {A∧∀n.E(n)} M :u {B}
{A} letrec x = N in M :u {B}

[Mletrec] {A∧∀m� n.E(m)[~y/~x]}Vi :xi {Ei(n)} {A∧∀n.E(n)} M :u {B}
{A} letrec~x =~V in M :u {B}

(E(n) def= ∧iEi(n))

Fig. 5. Let and Letrec

We now turn to the rule for recursion.[Rec] is the proof rule for the total correctness of
recursion.i in the premise should be auxiliary by our convention. Observei is implicitly
universally quantified. The rule says: suppose we have, whenever the environment satisfies
B( j)[x/u] holds for eachj strictly smaller thani, in addition toA which is not aboutx,
the program can guaranteeB(i) (note i is auxiliary, so thati is universally quantified).
Then we conclude, assumingA for the environment, the same program in whichx is mu-
abstracted satisfies∀i ≥ 0.B(i). The conditioni ≥ 0 (missing from (Honda 2004c)) avoids
i = ⊥. When i = 0, the rely condition becomesA (since:∀ j � 0.B( j)[x/u] ≡ ∀ j.( j �
0 ⊃ B( j)[x/u]) ≡ T), giving the base case. In fact, we can derive the following rule as
its special case, which is essentially equipotent.

[Rec]
{A-x} λy.M :u {B(0)} {A∧B(n)[x/u]} λy.M :u {B(n+1)}

{A} ` µx.λy.M :u {∀n≥0.B(n)}

The rule says: underA, the term satisfies, without assuming anything aboutx, alreadyB(0).
The term named asu also satisfiesB(n+1), if we assumeB(n)[x/u] for x in addition toA.
So we expect it satisfiesB(n) for eachn≥ 0. The[Rec] rule closely follows(Rec) in the
total process logic (the latter in fact suggests that the body of recursion in the former can
be any value of non-atomic types).

The recursion rule can be used, combined with the application/abstraction rules, to de-
rive the rules for recursive let constructs, as shown in Figure 5. Each rule may need no il-
lustration. We observe the(m)letrec construct has a natural representation using wires
(Hasegawa 99), which is in a direct correspondence with recursionµ~x=~y.P in the process.

〈〈mletrec {~x =~V}i∈I in M〉〉u
def= (ν~x)(〈〈M〉〉u | µ~y=~x.Πi [[Vi [yi/xi ]]]xi ) (49)

By applying (Par) and (Res), we arrive at the conclusion of[Mletrec].

Remark 6 From the viewpoint of the process encoding, the let-rules may as well be con-
sidered as more primitive than abstraction/application rules. For example,let x = V in N
can be directly translated into:

〈〈let x = V in N〉〉u
def= (νc)(〈〈V〉〉c|c(x).〈〈N〉〉u) ≈ (νx)([[V]]x|〈〈N〉〉u),

Thus the embedded derivation for[Let] only needs (Par)/(Res) to infer in the process logic.
We can then decomposeMN aslet x = M in xN, where the inference for〈〈xN〉〉u only
uses (Out) substantially.
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(ext) ∀y.e1 •y = e2 •y ⊃ e1 = e2

(⊥-left) ⊥•e = ⊥
(⊥-right) e•⊥ = ⊥

Fig. 6. Axioms for Strict•

Finally the consequence rule (which can be strengthened following (Klemann 83)) and
other structural rules all come from the process logic, so that they may not need illustra-
tion. To put the consequence rule to real use, we may as well use inference rules for the
underlying partial applicative structure, in addition to the standard rules for the predicate
calculus with equality and number theory. Three basic rules are listed in Figure 6, all easily
justifiable from the underlying model (similar rules exist for first-order operations).

As we have shown for[Abs] and[App], each proof rule in Figure 4 is decomposable into
a sequence of inferences in the process logic, reaching:

Proposition 3 Let Γ `M : α. Then{A} M :u {B} implies〈〈M〉〉u ` rely 〈〈A〉〉Γ guar〈〈B〉〉Γ.

We can now establish a key property of the proof rules.

Theorem 3 (soundness of PCFv-logic)̀ {A} M :u {B} implies|= {A} M :u {B}.

Proof
Assume{A} M~x:~τ ;α :u {B}.

~x:~V |=I A ⊃ [[~V]]~x |=[[I ]]〈〈A〉〉~x (Theorem 2)
⊃ (ν~x)(〈〈M〉〉u|[[~V]]~x) |=[[I ]]〈〈B〉〉u (Prop. 3, Thm. 1)
⊃ 〈〈M[~V/~x]〉〉u |=[[I ]]〈〈B〉〉u (by∼=π)
⊃ M[~V/~x] |=I B (Theorem 2)

Note the proof needs both directions of Theorem 2.

6.5 Reasoning Examples in PCFv-Logic

We conclude this section with a couple of simple inference examples. We show the deriva-
tion of the following three judgements. Below we write∀x⇓ .A for ∀x.(x⇓ ⊃ A).

{T} λx.x :u {∀x.(u•x = x)}. (50)

{T} Fact :u {∀n⇓ . u•n=n!}. (51)

{T} Gcd:u {∀x,y≥ 1.gcd(u• (x,y),x,y)} (52)

where we set:

Fact
def= µ f.λx.if x=0 then 1 else x∗ f (x−1).

Gcd
def= µ f.λ(x,y). if x � y then f (y−x,x) else

if x 
 y then f (x−y,y) else x .
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[Simple] −
{A[e/u]} e :u {A}

[If-Simple] {A∧e} M1 :u {B} {A∧¬e} M2 :u {B}
{A} if e then M1 else M2 :u {B}

[App-Simple] {A} M :m {B[m•e/u]∧m•e⇓}
{A} Me :u {B}

Fig. 7. Rules for Simple Expressions

Fact computes the factorial when fed with a non-negative integer, similarlyGcdcomputes
the greatest common divisor when fed with two arguments which should be positive in-
tegers. InGcd, we are using a function with multiple parameter for brevity, for which we
assume the standard operational semantics. Accordingly,• in its specification is used with
multiple parameters (we shall later present the proof rule for multiple abstraction).

The predicategcd(m,x,y) (read:m is the g.c.d. of x and y) is given as:

gcd(m,x,y) def= Div(m,x)∧Div(m,y)∧∀n. (Div(n,x)∧Div(n,y)⊃ n≤m).

whereDiv(n,x) (read:n divides x) stands for∃i. n = x∗ i.
We first derive the judgement (50). Below and henceforth we shall freely use trivial

logical equivalences.

1. {x = x} x :m {m= x} (Var)

2. {T∧x⇓} x :m {m= x} (Consequence)

3. {T} λx.x :u {x⇓⊃ u•x = x} (Abs)

4. {T} λx.x :u {(x⇓⊃ u•x = x) ∧ (x =⊥⊃ u•x =⊥)} (Conseq)

5. {T} λx.x :u {u•x = x} (Conseq)

6. {T} λx.x :u {∀x.u•x = x} (Aux-∀)

In Line 2, we observex being total is the tautology whenx is primary. In Line 4, we used
the axiom (⊥-right).

In the next examples, we shall use the following convention, which is often useful in
practice (cf. Remark 4).

Convention 2 In the following inferences, we often use a boolean-typed expression eB as
a formula, which is convenient and which does not lose precisionas far as we knowe is
total (since in that case e indeed denotes either the truth or the falsity). For example, if b
is a primary name in a derived judgement, we automatically know b is total. Under this
assumption, each occurrence of bB as a formula is equivalent to b= T (with an implicit
outermost conjunction with e⇓, which should be implied from the preceding derivation).
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The convention is useful but needs be used with care: ife is a boolean typed term which is
by itself not a primary name (especially if it is a composite term including• in it), e can
have one of the three values,t, f and⊥, so that we cannot use it as a formula (note however
e= t is a well-defined formula).

Under this convention, we shall also use the proof rules in Figure 7. In the rules, we
regard a term in the logicewhich doesnotcontain application and divergence as a program
(note they coincide syntactically). For clarity, we emphasiseease.

We now prove the judgement (51). Let

B( f )(n) def= n⇓ ⊃ f •n= n!

as well as

M
def= if x=0 then 1 else x∗ f (x−1).

We also set, for brevity:

C
def= ∀ j � i.B( f )(i) ∧ x = i

We now present the derivation.

1. {C∧1 = 1∧x = 0} 1 :y {C∧y = 1∧x = 0} (Op)

2. {C∧x = 0} 1 :y {C∧y = i!} (Conseq)

3. {C∧x 6= 0} f :m {C[m/ f ]∧ i 
 0} (Var)

4. {C∧x 6= 0} f (x−1) :m {m= (i−1)!} (App-Simple)

5. {C∧x 6= 0} x× f (x−1) :m {m= i!} (Mult)

6. {C} if x = 0 then 1 else x× f (x−1) :u {m= i!} (If-Simple)

7. {∀ j � i.B( f )(i)} λx.M :u {B(u)(i)} (Abs)

8. {T} µ f.λx.M :u {B(u)(i)} (Rec)

9. {T} µ f.λx.M :u {∀i.B(u)(i)} (Aux-∀)

Above we have freely used trivial logical equivalences. Note alsoj � i implies j ⇓.

We next move to (52), an assertion on GCD. We use the decomposed form of the recur-
sion rule mentioned in Page 40. We let:

G(m, i, j)(n) def= i, j ≥ 1∧ i + j ≤ n+1 ⊃ gcd(m, i, j)

M
def= if x�y then f (y−x,x) else if x
y then f (x−y,y) else x .
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The base case follows.

1. {x = y = i = 1∧F} f (y−x,x) :m {G(m, i, i)(0)} (falsity)

2. {x = y = i = 1∧F} f (x−y,y) :m {G(m, i, i)(0)} (falsity)

3. {x = y = i = 1∧T} x :m {G(m, i, i)(0)} (Var, Conseq)

4. {x = y = i = 1} M :m {G(m, i, i)(0)} (If, If, Conseq)

5. {T} λ(x,y).M :u {∀x,y, i. (x=y= i =1⊃G(u• (x,y), i, i)(0))} (Mabs)

6. {T} λ(x,y).M :u {∀x,y. G(u• (x,y),x,y)(0)} (Conseq) .

In Line 3, noteG(m, i, j)(1) is equivalent togcd(m,1,1)), which in turn is equivalent to
m= 1, In Line 5,[Mabs] is the following extension of[Abs] (the rule is easily justifiable
by combining[Abs] with [Proj]).

[Mabs]
{A-~x~i ∧A~x

1} M :m {A2} ∀~x~i.(A1⊃ A2[u• (~x)/m] ) ⊃ B
Aλ(~x).M :u {B}

Next we turn to the induction. Let:

G′( f )(n) def= ∀x,y. G( f • (x,y),x,y)(n),

which says, for each positivex andy such thatx+y≤ n+1, f • (x,y) is the g.c.d. ofx and

y. We also letC
def= (x = i ∧ y = j ∧ i + j ≤ n+2), E1

def= i � j, E2
def= i 
 j andE3

def= i = j.
In the following inferences, we often do not mention trivial applications of (Conseq).

1. {G′( f )(n) ∧ C ∧ E1} f :p {G′(p)(n)} (Var)

2. {G′( f )(n) ∧ C ∧ E1} y−x :q {q = j− i} (Var, Var, Subt)

3. {G′( f )(n) ∧ C ∧ E1} x :r {r = i} (Var)

4. {G′( f )(n) ∧ C ∧ E1} f (y−x,x) :m {G(m, i, j)(n+1) } (1,2,3,Mapp)

5. {G′( f )(n) ∧ C ∧ E2} f :p {G′(p)(n)} (Var)

6. {G′( f )(n) ∧ C ∧ E2} x−y :q {q = i− j} (Var, Var, Subt)

7. {G′( f )(n) ∧ C ∧ E2} y :r {r = j} (Var)

8. {G′( f )(n) ∧ C ∧ E2} f (x−y,y) :m {G(m, i, j)(n+1)} (5,6,7, Mapp)

9. {G′( f )(n) ∧ C ∧ E3} x :m {G(m, i, j)(n+1)} (Var, Conseq)

10. {G′( f )(n) ∧ C} M :m {G(m, i, j)(n+1)} (4,8,9, If, If)

11. {G′( f )(n)} λ(x,y).M :u {G′(u)(n+1)} (10, Mabs)
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where[Mapp] is the following extension of[App] with [Pair]:

[Mapp]
{A}M :m {C} {C}Ni :xi {Bi} (1≤ i≤n) ∧i Bi ⊃ B[m• (~x)/u]

{A}M(N1, ..,Nn) :u {B}
.

Further, in Lines 4, 8 and 9, the following implications are used.

• In Line 4,(E1∧G′( f )(n)∧q = j− i∧ r = i)⊃G( f • (q, r), i, j)(n+1), which holds
since, under the condition,gcd(m, i. j) = gcd(m, j − i, i), and becausei + j − i �
i + j ≤ n+1 (which allows the use ofG′( f )(n) in the assumption).

• In Line 8,(E2∧G′( f )(n)∧q= i− j ∧ r = j)⊃G( f • (q, r), i, j)(n+1), which holds
for the symmetric reason.

• In Line 9,(E3∧C[m/x])⊃G(m, i, j)(n+1), which holds since, ifE3∧C[m/x], then
m= i = j, hencegcd(m, i, j) from which we concludeG(m, i, j)(n+1).

By combining two conclusions by[Rec], we have now reached the required statement (52).

6.6 Extensions

The specification for the identity function in the previous subsection,∀x.(u•x= x), may at
first look no different from theβv-equality(λx.x)x= x. A basic difference is that the state-
ment∀x.(u• x = x) in the present logic does not mention concrete programs. This allows
us to discuss the universe of behaviour insulated from specific programs and programming
languages, offering a clean perspective on semantics of specifications.

But it does not end there. More importantly, this method of specifications — which is
based on the idea that behaviour is interactional, so that it is best specified by unfolding it
one by one via interaction — has significance when the complexity of behaviour increases,
either in type/data structures or in the nature of computation such as statefulness. The
proposed approach scales in both dimensions, backed up by the underlying process logics
(Honda 2004a). For example, to treat sums and products, one only has to add the following
terms to the PCFv-logic.

e ::= . . . | () | 〈e1,e2〉 | πi(e) | ini(e) (i = 1,2)

A pair 〈e1,e2〉 is redundant but is convenient in proofs. We can then write, for example,
∀z.(π1(u) • z = 2× z), which saysu is a pair whose left value is a doubling function.
There are (almost obvious) proof rules associated with them, all embeddable into the affine
process logic.

To have potentially circular data structure, which is omnipresent in real-world program-
ming, we can add recursive types, which can be simply treated in the process/PCFv-
logic if we use the iso-recursive approach (Pierce 2002): we extend types with recur-
sion µX.α (taken up to the standard isomorphism), with no need to add new proof rules.

Using recursive types, we can represent, for example, the type of lists asList(α) def=
µY.(Unit +(α× Y)). We can then reason about a list by unfolding it one by one (which
is the best way if a list is large: and would be the only way if it is infinite). For clarity, one
may add new terms to the logic, even though all are definable from the given constructs.

e ::= . . . | [ε] | [e :: e′]
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We can then write down, for example, a specification for a program which eliminates all
zero valued-cells from a given list (sayl ), using the following two predicates:

• A(u, l) def= l =[ε]⊃ u• l =[ε].

• B(u, l) def= l =[x :: y]⊃ (x 6= 0⊃ u• l =[x :: u•y])∧ (x = 0⊃ u• l =u•y).

As a first step, the required specification may be written as
∀lList(N).(A(u.l)∧B(u, l)) (see§10 for further detail). The proof rules for lists are also
easily derived.

In the same way, the approach smoothly extends to two forms of second-order poly-
morphism (for both universal and existential abstraction), call-by-name evaluation, higher-
order imperative procedures, computation with local state, aliasing and data structure with
destructive update (cf. (Reybolds 99)). All these extensions are based on the idea of naming
data and procedural objects, and defining suitable operations on typed names. For exam-
ple, we may describe the behaviour of the universal identity in the second-orderλ-calculus,
ΛX.λxX.x : ∀X.X⇒X, with anchoru, as follows.

∀X.∀xX .(u∀Y.Y⇒Y • [X]•x = x).

The assertion says that a type-abstracted behaviour named asu, when it is applied to any
type α and well-typed argumenty of type α, will return that argument itself as a result.
Similarly we name an existentially pack and open it; or name a stateful procedure and
assert how it changes a state and produces a value upon invocation. See (Honda 2004a;
Honda and Yoshida 2004) for the account of part of these experiments.
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A Omitted Proofs

A.1 Proposition 1

By observing any process typable in the present system is typable by the system in (Berger
et al. 2001) and, conversely, any process typable by the system in (Berger et al. 2001) with
a sequential action type is typable in the present system up to≡. For the latter we show,
by rule induction, that any typable process in (Berger et al. 2001) is a parallel composition
of processes typable by the above process, which is mechanical (the need to place≡ is
because the use of sequential action types makes≡ not closed under associativity of par-
allel composition, e.g.(νyz)(x.y | y.z | z.w) is typable byx : ()↓,w : ()↑ when regarded as
(x.y | y.z) | z.w but not so when regarded as(x.y | z.w) | y.z.).

B Restriction on Summands of Infinitary Branching

In the following we briefly discuss restriction we need for summands of infinitary branch-
ing. It suffices to consider only sequential affine processes, which makes the description of
restrictions more concise.

B.1 Finite Bounds

First, in each branchingx[& i∈I (~yi).Pi ], we assume there is a finite bound on the length of
~yi , a finite bound on the size ofPi , and a finite set of free names which is a superset of the
free names ofPi for eachi. This is to avoid an anomaly where, for example, the branching
itself has an unbounded size even if each summand is of a finite size.

B.2 Computability

Second, for the full definability result necessary for logical full abstraction (so that all
processes, not only finite ones, become the image of the encoding, cf.§5.2), we assume
that indices of selections underN-indexed branches are specified by a computable total
function. For example, inx[& i∈NyinF(i)], we demandF(i) to be computable. In essence,

In the following we formally stipulate this restriction, after a brief discussion of its back-
ground. We also refer to Part III where Hyland and Ong stipulated how interactions (tran-
sitions) can be restricted so that the class of behaviours only represent computable ones
(we conjecture the following construction generates precisely those processes whose typed
transitions coincide with strategies in (Hyland and Ong 2000)).

B.2.1 Simple Method.

In standard computational calculi, including both functional and process calculi, terms are
finite objects (for example they are essentially finite abstract syntax trees). The syntax of
processes we use in the present paper uses infinite branching, which may look strange
from the viewpoint of the tradition. While we can in fact use finite branching (which, in
combination with recursion and linear typing, can precisely represent infinite objects such
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as natural numbers precisely), we find it more convenient to use infinite branching, be-
cause of its ability to precisely and concisely represent decomposition of computational
behaviours into communication behaviours. A drawback is that, given infinite branches, it
becomes natural to have uncomputable behaviours (say uncomputable functions) as pro-
cesses. It should be noted that this point has no bearing in equational full abstraction re-
sults. However in logics, we may as well assert an existence of a program which computes,
for example, the halting problem. The validity of such arguments relies on what class of
functions we can realise in a given universe of behaviours, so that it becomes necessary to
delineate the class of processes which only represent computational (effectively realisable)
behaviours. In the following, we illustrate two ways to achieve this goal.

There is a simple way to restrict processes to computable ones, which is to mimic gen-
eration of all and only computable functions in standard programming languages. In this
method, we simply generate processes starting from a (process representing a) successor,
a predecessor, and a if-zero primitive (as in, for example, PCF). Combined with recursion,
this directly leads to the class of computable processes we want. This simple construction
is enough for the technical development in the present paper: the following construction
however has the merit in that processes that calculate addition, multiplication, etc. can be
directly represented. If we assume all processes we treat are generated in this way, and that
examples and such which do not conform to such syntax are simply for the convenience of
illustration, we do not have to go into any further complexity.

B.2.2 General Method.

As a more comprehensive method for defining computable processes, we use encodings of

processes into finite (effective) objects. LetP
def= x[& i∈NPi ] be a typable process in one of

the type disciplines treated in the present work. Then, by the constraint on types, it has one
free linear output port, which we callu. Given an occurrenceuin j , the indexof u is j. By
affine typing we know eachPi has the form:

either y(~zw)P′i or uin j(~w)P′i .

SinceP is finite in depth (in that, as an abstract syntax tree, its height is finite even though
it may contain a subtree of infinite branch), we can assume each occurrence ofu is in a
finite number of (nested) linear branches. For example, take the following process:

x[& i∈Ny(z)z[& j∈Nuini× j ]].

Then we can see each linear output atu is prefixed by two linear branchings. In general,
different occurrences ofu may have different branchings.

Now starting from the zero depth, we can encode each subprocess into a computable ob-
ject. Since a computable object can be represented by a finite construction, we can consider
a branching as a map from indices to a set of finite objects as far as each of its branches
is encoded thus. We now define the encoding[[P]] together with the notion of computable
processes inductively as follows.

1. x[& i∈Nuin f (i)] is computable iff is a computable total function. In this case, we set
its encoding asf .
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2. x[& i∈NPi ] is computable if the mapi 7→ [[Pi ]] is given by a computable total function,
where[[Pi ]] is given by induction. The resulting function is its encoding.

3. x(~yz)(~R~y|Pz) is computable if eachRi andP are. The encoding is a sequence of the
encodings of the components.

4. !x(~yz).P is computable ifP is. Its encoding is the same asP.
5. P|Q is computable if both are. Its encoding is a sequence of the encodings of its

components.
6. (νx)P is computable ifP is. Its encoding is the same asP.

Note the computability fromN to computable functions in Clause 2 can be determined by
any preferred uniform encoding. It is easy to see that, as far as processes are computable
in the above sense, affine processes of suitable shape and types represent precisely those
processes whose behaviours coincide with the image of the encoding of PCFv-terms.

C Restriction to Linearity for Atomic Types

We restrict inhabitants ofB◦ andN◦ to total behaviours. While this can be uniformly done
using the linear typing discpline extensively discussed in (Yoshida et al. 2001), it suffices
to use the following specific typing rules for these two atomic types. Their duals need no
restriction.

(Bool)
−

`!x(c).cinb . x : N◦

(Nat)
−

`!x(c).cinn . x : N◦

Note these rules prohibit suppressing a linear output by a linear input. This makes these
outputs truly linear.


