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Abstract. A central question in the empirical sciences is; given a body
of data how do we best attempt to make predictions? There are subtle
differences between current approaches which include Minimum Message
Length (MML) and Solomonoff’s theory of induction [24].

The nature of hypothesis spaces is explored and we observe a correlation
between the complexity of a function and the frequency with which it
is represented. There is not a single best hypothesis, as suggested by
Occam’s razor (which says prefer the simplest), but a set of functionally
equivalent hypotheses. One set of hypotheses is preferred over another
set because it is larger, thus giving the impression simpler functions
generalize better. The probabilistic weighting of one set of hypotheses
is given by the relative size of its equivalence class. We justify Occam’s
razor by a counting argument over the hypothesis space.

Occam’s razor contrasts with the No Free Lunch theorems which state
that it impossible for one machine learning algorithm to generalize better
than any other. No Free Lunch theorems assume a distribution over
functions, whereas Occam’s razor assumes a distribution over programs.
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1 Introduction

There are at least three approaches to the problem of induction; (1) compression
(Kolmogorov Complexity), (2) probability (Algorithmic Complexity), and (3)
minimum message length (Information Theory), each with similarities and subtle
differences (see sections 1 of [4,24]). Turing machines feature in the first two,
while a coding scheme features in the third. (1) and (3) look for an explanation
(i.e. a single theory), while (2) takes a weighted sum over all hypotheses in
order to make predictions (see section 8 of [24] and section 4 of [4]). While
Solomonoff [22, 23] laid the foundations for a predictive approach, and recently
emphasized genetic programming [21]. One of the reasons being that it can
embrace recursion, unlike some other methods. In addition, genetic programming
readily lends itself to both explanation and prediction motives, in that genetic



programming can either return a single program, or can make predictions based
on the current population (so called ensemble methods). This paper examines
induction from a genetic programming perspective.

A hypothesis is an effective procedure mapping input data to output data.
Induction is the process of being given a set of input—output pairs, finding a
hypothesis which makes accurate predictions [2,13,14,22,23]. The process of
generating hypotheses is largely done by scientists, but is now the focus of ma-
chine learning [14]. This is realized by defining a hypothesis space (program
space or search space). A hypothesis space is the set of all instances of some
representation (with some size limit imposed). It is then sampled, often using
nature inspired methods, to find a hypothesis. The subject of this article is about
the static nature of hypothesis spaces, rather than the dynamics of how they are
sampled. Investigations into the nature of computational hypothesis spaces [10,
12] leads to two key observations;

KEY OBSERVATION 1: Simple functions are represented more frequently in
a hypothesis space, and complex functions are represented less frequently.

KEY OBSERVATION 2: Above a certain size of program, the frequency dis-
tribution of functions represented in a hypothesis space does not alter.

Occam’s razor has been adopted by the machine learning community and has
been taken to mean; “The simplest explanation is best” [2], echoed BY Einstein;
“Make everything as simple as possible, but no simpler”. It has been argued that
simpler explanations are more likely to give better predictions on unobserved
data. Kearns et. al. [9] state that Occam’s razor has become a central doctrine
of scientific methodology. Occam’s razor is essentially a meta-hypothesis; it is a
hypothesis about hypotheses. Why is a simpler hypothesis more likely to gener-
alize to unseen data than a more complex hypothesis? Webb [25] states; “Several
attempts have been made to provide theoretical support for the principle of Oc-
cam’s razor in the machine learning context. However, these amount to no more
than proofs that there are few simple hypotheses and that the probability that
one of any such small selection of hypotheses will fit the data is low”. We also
criticize these attempts in Section 3. While Webb’s paper [25] suggests difficul-
ties with Occam’s Razor, Needham and Dowe [16] do cast doubt over this and
suggest further investigation in needed.

The NFL theorems [20, 26, 27] state that over all functions, no learning al-
gorithm has superior performance, negating Occam’s razor [3,8]. We should
therefore scrutinize the assumptions. NFL is argued in semantic terms (i.e. dis-
tributions over functions). We argue in syntactic terms (i.e. distributions over
programs) to support Occam’s Razor.

The remainder of this article is as follows; In Section 2, examples are given
where multiple explanations of the observations are plausible, illustrating that
hypotheses should only be falsified if they are shown to be incorrect. In Section
3, previous arguments for parsimony are examined. In Section 4, we examine the
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Fig. 1. What is the underlying trend which best explains the data? Two possibilities
are shown here, a straight line and a curved line. An Occam’s razor approach would
prefer a simple straight line, compared to a more complicated curvy line, assuming that
the straight line is simpler than the curved line. A NFL approach would say both lines
are equally good descriptions of the observation, as all functions have equal probability.
We will argue that the more complex wavy line is a possible explanation of the data,
but with a lower probability than the simpler straight line.

assumptions behind NFL theorems. In Section 5, formal definitions are given.
Section 6 explores the nature of hypothesis spaces. In Section 7, Occam’s razor
is proved based on assumptions which have empirical support. The final Section
summarizes this article.

2 Illustrative Examples

We give examples in which alternative hypotheses are equally consistent with
observation. While a simpler hypothesis may be consistent with the data, we
can never discard the possibility that a more complex hypothesis is isomorphic
to the process which is responsible for what we observe. Empirically we cannot
differentiate two hypotheses which are functionally equivalent on the observa-
tions. An experiment can never be constructed which distinguishes them. We
can only make statements about the validity of a hypothesis at a semantic level,
(i.e. regarding the predictions about input and output).

Imagine we have a computer program which generates the sequence (<
input, output > pairs) < 1,1 >,< 2,2 >,< 3,3 > and we are given the task of



finding a function which describes the data. Given the data the following three
hypothesis are all valid explanations;

Hl:y==z
H2:y=ux+ €™ + sin*(x) + cos?(x)
H3:y=0ifz=100¢else y =z

All three hypotheses are syntactically different. H1 is semantically equivalent
to H2, and therefore make identical predictions (like Newton and Lagrange, see
following paragraph). However H1 and H2 are semantically distinct from H3,
which is observationally identical to H1 and H2 except at the point z = 100.
The measurement at the point £ = 100, and only this measurement, will allow
us to distinguish between these hypotheses and discard either H3 or H1 and
H?2. No measurement will ever distinguish between H1 and H2. While H1 and
H?2 are trivially semantically equivalent, it maybe the case that a computer pro-
gram equivalent to H2 is responsible for generating the observed data. We are
not interested in inducing a program syntactically equivalent to the program
responsible producing the data. We are interested in inducing a program seman-
tically equivalent to the program producing the data. Note that in example, as
in this paper, we have ignored noise.

Let us now take an example from physics. Newton’s 2nd law of motion is a
perfectly good description of “everyday mechanics”, where the path of particles
is determined by forces. An alternative formulation is Lagrangian mechanics,
which determines the path a particle takes by minimizing a quantity based on
kinetic and potential energies (i.e. the action functional is stationary). These two
approaches are formally equivalent (while a Relativistic formulation of mechanics
is different). Based on experimental observation, we cannot differentiate between
these two theories. A similar situation exists in optics. Indeed (ignoring quantum
mechanics and relativity for a moment), assuming the universe is a physical
computer (i.e. hardware), we will never know if the software running on it is a
Newtonian or Lagrangian program, we can only make observations which will
never distinguish between them. Newton and Lagrange are analogous to H1 and
H?2 in the preceding paragraph.

3 Justifications and Criticisms of Occam’s Razor

[14, 19] provide similar arguments. They essentially reduce Occam’s razor to the
fact that there are fewer shorter hypotheses than longer ones. [19] states: “There
are far fewer simple hypotheses than complex ones, so that there is only a small
chance that any simple hypothesis that is wildly incorrect will be consistent with
all observations”. A simple hypothesis has fewer degrees of freedom, so if it is
consistent with the training data, it is more likely to be consistent with validation
data when compared to a more complex hypothesis.
[14] states; “There are fewer short hypotheses than long ones (based on straight-

forward combinatorial arguments), it is less likely that one will find a short



hypothesis that coincidentally fits the training data. In contrast there are often
many very complex hypotheses that fit the current training data but fail to gener-
alize correctly to subsequent data”. While this is true, it then raises the question
that, while there are also many complex hypotheses that fit the data but will
fail to generalize, there are also many complex hypotheses that do fit subse-
quent data. It still does not explain why we should choose a shorter hypothesis
in preference to another one. We should not arbitrarily discard more complex
hypotheses which are consistent with the data. For example, in Section 2, we
should not discard Lagrange over Newton on grounds of complexity.

There has also been empirical work for and against Occam’s Razor. [3, 15, 25].
However, further investigations has revealed flaws in the experimental approach.
For example, in the induction of decision tree, node cardinality was used as an
interpretation of Occam’s Razor [15]. However, the insightful work of Needham
and Dowe, suggests a more sophisticated Minimum Message Length approach
is needed (also see [4] section 4). And, as the title suggests from a paper, “very
simple classification rules perform well on most commonly used datasets” [6].

4 No Free Lunch Theorems and Generalization

The NFL theorems are a collection of theorems, which broadly state that, any
gain in performance regarding generalization on one problem, is reflected by a
loss in performance on another problem, and clearly contradict Occam’s Ra-
zor. These are referred to as NFL theorems [26, 27], the law of Conservation of
Generalization [20] and the Ugly Duckling theorems [5]. We will refer to these
collectively as NFL as this is the more established term. Over a set of all prob-
lems (functions), the positive performance over some learning situations must
be offset by an equal degree of negative performance in others, where the per-
formance of a learning algorithm is measured in terms of its prediction of cases
not included in the training set. For every problem a learner performs well on,
there exists a problem on which the learner performs poorly. An alternative but
equivalent statement is, generalization is a zero sum game. There are various
ways of stating these theorems, but they are all essentially equivalent as one can
be proved from another. All of these arguments for NFL are in purely semantic
terms. That is, they are trying to prove a proposition about the distribution
over function (semantics), by making assumptions about the probability distri-
bution over functions (semantics). In section 7 we will assume a distribution over
programs to prove Occam’s razor.

5 Definitions

Definition 1 (Function). A function is a mapping from one set to another.
Definition 2 (Program). A program is an implementation of a function.

The semantic concept of “increment” is expressed in many different ways by
a number of syntactically correct programs containing symbols from the set
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Fig. 2. The space of hypotheses (syntactic structures) maps to the space of concepts
(semantic entities). For example, a set of programs maps to a set of functions. Many
hypotheses can map to the same concept. The hypothesis space is partitioned into
equivalence classes defined by the concepts they map onto. Two equivalence classes are
shown by dotted ellipses. Programs representing the same function belong to the same
equivalence class.

{z,+,1,;}, see figure 2. One semantic entity (function) can be expressed by
many syntactic structures (programs). Functions correspond to semantic entities,
and programs correspond to syntactic structures. A hypothesis corresponds to a
program and a set of predictions corresponds to a function.

Definition 3 (Set of Base Functions). A set of base functions (or primi-
tives) is a finite set of functions {f1,..., fn} which can be used to generate new
functions (e.g. a function h is constructed from fi and fa; h(x) = f1(f2(z))).
We are not concerned with how the base functions are implemented, which can
be thought of as atomic black boxes. The set of base functions is the same as
functions included in the function set of Genetic Programming, where the goal
is to synthesize a target function from the base set [10].

Langdon [12]) uses different sets of base functions for example {NAND},
{AND, OR, NAND, NOR}, and {+, —, %, %}, see Section 6 of this paper. Note
that none of these sets are capable of expressing the computable functions.

Definition 4 (Size). The size of a program is the total number of bits needed to
express it. (However, we could use any reasonable definition of size. For example,
in [12], the size is the number of nodes in the parse tree.)



Definition 5 (Descriptive Complexity). The descriptive complezity of a
function, c(f), is the size of the smallest program which expresses it, with respect
to a set of base functions and data structure. This is the same definition as often
used in Genetic Programming [28, 29].

If the set of base functions is capable of expressing the computable functions,
and the definition of size is the number of bits, then this definition is equivalent
to Kolmogorov Complexity [13]. The descriptive complexity of a function will in
general depend on the set of base functions.

Definition 6 (Equivalence Class of Hypotheses). An equivalence class of
hypotheses contains all hypotheses mapping to the same function.

For example, a hypothesis space of Java programs maps to a concept space
of computable functions. This mapping is achieved by the Java Virtual Machine
(I(p) = f, where p is a Java program, f is a computable function and T is the
Java Virtual Machine). I(p;) = I(p;) implies the programs p; and p; compute
the same function and are semantically equivalent, while p; # p; implies the
programs are syntactically different. A hypothesis space is a set of programs and
a concept space is a set of functions.

The hypothesis space is partitioned into equivalence classes of semantically
equivalent hypotheses. For example the Java/C programs {y = z + 1;},{y =
14+ {y =2+ +;}, and {y = + + z; } all belong to the same class called
increment (figure 2). Newtonian and Lagrangian formulations of mechanics be-
long to the same equivalence class (called classical mechanics), while Special
relativity falls into different class as it makes different predictions. During the
process of induction, we are eliminating functions inconsistent with the data, and
therefore discarding whole equivalence classes (sets of programs) which compute
these functions. This leaves us with a set of equivalence classes, all of which are
consistent with the data. We are going to argue that the largest equivalence class
of this set is the most probable to contain the hypothesis which generalizes best.

Definition 7 (Bias). Bias is any preference for choosing one concept (func-
tion) over another. Bias is a probability distribution over the set of functions
expressed by the hypothesis space.

Learning is the induction of a function which is (approximately) functionally
equivalent to the underlying process. An unbiased learning system, by definition,
is one where each function is equally likely to be produced. We state the definition
given by [14]: “Any basis for choosing one generalization over another, other than
strict consistency with the observed training instances”.

6 Exploring the Nature of Hypothesis Spaces

6.1 Koza’s Lens Effect

Koza [10] considers the role of representation. He examines the probability of
generating a solution to the even-3-parity problem with three different types of



representation; lookup tables, parse trees and Automatically Defined Functions.
For lookup tables, there is the uniform chance of generating a correct lookup
table of 1 in 256. Such a representation has no bias as each function is as likely as
any other function to be generated. Given the function set {AND, OR, NAND,
NORJ}, he generates 107 trees at random but finds no solutions. However, if
two, two argument Automatically Defined Functions are used, 35 solutions are
generated. Koza calls this difference in the probability of generating a function
due to the representation “the lens effect” (we call it representational bias), and
talks about the problem environment being viewed through “the lens of a given
type of representation”. The difference between the parse tree results and the
Automatically Defined Functions results is due entirely to the representation.

6.2 Langdon’s Program Spaces

Langdon [12] generates the hypothesis spaces for 2, 3, and 4 input programs using
the function set {NAND} and plots the proportion of programs that represent
different functions. With the 2 input function plots, the functions are in lexical
order, and he points out that this is not the most convenient ordering, so in other
plots they are presented in order of decreasing frequency. From the plots for 3 and
4 inputs, it can be seen that more complex functions occur with less frequency
than simpler functions. All Boolean functions of 3 inputs are considered when
using base functions of {AND, OR, NAND, NOR} and {AND, OR, NAND,
NOR, XOR}. As a general rule, we can see from these two plots (figures 5 and
6 in [12]) that more complex functions are represented less frequently. As it is
impractical to analyze such large program spaces generated by 6 input programs,
Langdon concentrates on just two functions, namely the always-on-6 function
and the even-6-parity function. In this set of figures, [12] plots the error but
again a correlation between the error and frequency can be observed.

Langdon [12] uses a polynomial of degree 6 for function regression with a
function set {4, —, *, %} (where % is divide, protected against division by zero)
and a terminal set consisting of the input x and random constants. Plots of the
mean error against the proportion of times that error is observed are presented
for increasing program length. Again, similar to the situation with Boolean pro-
gram spaces, there is a correlation between error and the proportion of programs.

The artificial ant problem is a standard benchmark problem in the genetic
programming literature. In some ways this is more complex than the previous
two domains of logic and arithmetic functions as it includes side effects and
iteration, that is it is Turing Complete. A plot of fitness against program length
against proportion is presented. Again there is a correlation between the fitness
and the proportion of program corresponding to that fitness similar to that seen
with the logical functions and symbolic regression.

7 Justification of Occam’s Razor

A preference for one function over another is expressed as p(f1) > p(f2) where,
the p(f1) is the probability of function f;. We denote the complexity of a function



f as c(f), and ¢(f1) < ¢(f2) meaning, f is less complex than f;. We combine
these to provide a statement of Occam’s razor;

Theorem 1 (Occam’s razor). p(f1) > p(f2) < c(f1) < c(f2)

7.1 Occam’s Razor, uniform sampling of program space

We begin by defining our notation. P is the hypothesis space (i.e. a set of pro-
grams). |P| is the size of the space (i.e. the cardinality of the set of programs).
F is the concept space (i.e. a set of functions represented by the programs in
P). |F| is the size of the space (i.e. the cardinality of the set of functions). If two
programs p; and p; map to the same function (i.e. they are interpreted as the
same function, I(p;) = f = I(p;)), they belong to the same equivalence class
(i.e. p; € [pj] < I(p;) = I(p;)). The notation [p;] denotes the equivalence class
which contains the program p; (i.e. given I(p;) = I(p;),then [p;] = [p;]). The
size of an equivalence class [p;] is denoted by |[p;]|-

We make two assumptions. The first assumption is that we uniformly sample
the hypothesis space, and therefore, the probability of sampling a given program
is 1/|P|. This assumption can be relaxed somewhat and in discussed later in
this section. The second assumption is that there are fewer hypotheses that
represent complex functions: |[p1]| > |[p2]] < ¢(f1) < ¢(f2), where I(p1) = f1
and I(ps) = f>. Note that |[p1]l/|P| = p(I(p1)) = p(f1), that is |[p1]|/|P| = p(f1)
i.e. the probability of sampling a function is given by the ratio of the size of the
equivalence class containing all the programs which are interpreted that function,
divided by the size of the hypothesis space. Indeed, one can show that if there
are many equivalent programs of the same length, then there must be a shorter
equivalent program and a proof sketch of this assumption is given in [7].

Proof (Occam’s Razor). We begin the proof by starting from the assumption;

|lpa][ > [[p2]| < e(f1) < c(f2)
Dividing the left hand side by |P],

[p][/1P] > [[p2]l/IP] < e(f1) < c(f2)
As |[p1]l/IP] = p(I(p1)) = p(f1), we can rewrite this as

p(f1) > p(f2) < c(fi) <c(f2)

which is a statement of Occam’s razor (theorem 1).

We take the probability distribution p(f) to be the frequency with which the
functions are represented in the hypothesis space (i.e. the size of the equivalence
class). The assumption is |[p1]| > |[p2]] < ¢(f1) < ¢(f2), where p(I(p1)) = p(f1),
which we have not proved but is reasonable based on empirical work in [12]. We
have not explicitly assumed more complex functions are less likely, but rather,
the size of equivalence classes are larger if they contain programs which represent
simple functions. For further empirical work supporting this see [16].



7.2 Occam’s Razor, non-uniform sampling of program space

Above we assumed the hypothesis space was uniformly sampled. Now we make
a much milder assumption, and theorem 1 is still true for a large number of
distributions, not just a uniform distribution over the hypothesis space.

The probability of sampling some function is p(f). Let the probability of
sampling some function, given a certain hypothesis size be p(f, s), and we know
p(f, s) is independent of size above some threshold [12]. Let the limiting distribu-
tion be D(f). Thus, p(f,s) = D(f), when s > 0, where 6 is the size threshold. S
is the size of the largest hypotheses in the hypothesis space. Instead of uniformly
sampling the search space, we weight hypotheses of size s with w(s). The ques-
tion becomes, what is the distribution of functions if we sample the hypothesis
space with an arbitrary weighting over program size above the threshold.

Proof (Independence of Size). We begin the proof by stating the expression for
the distribution of functions, weighted by w(s)

S p(f.)w(s)
As p(f,s) = D(f), when s > 6,

P(f:9): £l (w(5))
As 325 (w(s)) = 1, this reduces to D(f). Therefore,

s>0
S5 p(f,8)aw(s) = D(f)

As the distribution over functions is independent of program size (above a certain
program size), if we take any distribution over any program size (above the
threshold), we obtain the same limiting probability distribution.

This second proof is vital to the full story. The first proof says, if we uniformly
sample a program space, we encounter more simple functions than complex func-
tions. The second proof says, if we sample a program space given programs of
the same size equal weight (but programs of different size may have different
weight), then we observe the same distribution of functions as if we had sam-
pled the program space uniformly. In addition, there are issues if we attempt to
sample over an infinite sized space; however we can take the limit as the size of
the space increases (and this limit appears to exist [12]).

8 Summary

Occam’s razor was a criticism of theories which became more complex without
a corresponding increase in predictive power. i.e. the added complexity was re-
dundant. As we are trying to prove a theorem which is about probabilities over
functions, we are not in a position to make assumptions about probabilities over
functions. such arguments can always be accused of circularity. This leaves us
with the approach of looking at probabilities over programs.



From the empirical work of [12] we make two key observations (see Section 1).
Firstly, simple functions can be expressed in more ways than complex function,
and that there are more programs that map to simple functions than programs
that map to complex functions. This suggests dividing the program space up into
equivalence classes, where members of each class represent the same function.
We make the assumption that the larger the equivalence class, the smaller the
smallest program is in that set. The larger the equivalence class, the smaller
the complexity of the function represented by programs in that class. As these
equivalence classes are different sizes, uniformly sampling the program space will
translate into a non-uniform sampling of the function space (i.e. a bias).

Secondly, as the limit of the of the programs in the hypothesis space in-
creases, the proportion of programs that correspond to different functions does
not change. The probability distribution tends towards some limiting distribu-
tion. What is more, this convergence is fast. Thus, in many machine learning
paradigms, while a hard limit on the size of the hypothesis space is imposed,
this does not affect the frequency with which functions are represented, as long
as the size of the hypothesis space is larger than a certain threshold.

Occam’s razor states a simpler function is more likely to generalize than a
more complex function. While we agree; we argue that the underlying reason
is that the simpler function is represented more frequently in the hypothesis
space than more complex functions and this is the reason it should be chosen.
We should prefer the function for reasons of probability rather than reasons
of complexity, as it is ultimately probabilities we are interested in. We restate
Occam’s razor: the most probable function is the one which belongs to the largest
class of functionally equivalent hypotheses, consistent with the observed data.

The most probable function to generalize the observed data is the one that is
most frequently represented in the hypothesis space. By making observations, we
can discard individual functions, but we cannot discard individual programs as
we can only discard a whole equivalence class of functionally identical programs.
There are two points to be made relating to this restatement of Occam’s razor.
Firstly, this is closer to the induction process. Secondly, if we take Occam’s
razor as “prefer the simpler”, this gives us no indication of statistical confidence.
Our approach, allows us to do this by considering the ratio of the sizes of the
equivalence classes to which functions belong.

Occam’s razor and NFL are mutually exclusive. In the former case there is a
bias toward simpler functions, and in the latter case there is no bias. The NFL
results should come as no surprise to the reader. Paraphrasing the theorems; if
we assume a uniform distribution over a set of all functions, and after making
some observations, then there is still a uniform distribution over the remaining
functions consistent with observation, and hence we cannot prefer one function
over another. Initially, if there is no bias, then finally there is no bias. With
Occam’s razor, we start with a monotonically decreasing distribution over a set of
functions ordered by increasing complexity, and the act of observation dismisses
some functions, then there is still a monotonically decreasing distribution over



the remaining consistent functions. There are situations where NFL is applicable,
and situations where Occam’s razor is applicable.

I suspect that many people who regard NFL as the holy grail (as Hutter [7)
so eloquently puts it), have not understood the assumptions, or the reasons for
an alternative i.e. Occam’s Razor. We would not attempt to predict next week’s
lottery numbers based only on the sequence of past lottery numbers as this is ef-
fectively white noise. We could, however, in principle, given the initial state of the
lottery number generating machine, predict precisely next week’s lottery num-
bers, as this initial information uniquely determines future states of the system.
While Solomonoft’s theory cannot be applied in practice, approximations can
and are applied through out the machine learning literature. NFL, on the other
hand, fails to have a single application (to the author’s best knowledge). Indeed,
nobody cares about the optimum of a white noise (incompressible) function [7].
Nor do we care about the optimum of very simple functions (e.g. constants). As
Langdon [11] states; “most functions are constants and the remainder are mostly
parsimonious”. There is however a Goldilock zone of interesting functions which
are sensible to apply machine learning algorithms to (i.e. not too simple, not too
complex). Physicists are largely interesting in continuous functions [18], rather
than incompressible functions. In addition NFL is not valid for continuous func-
tions [1] or in a number of machine learning contexts (genetic programming,
neural networks, hyper-heuristics) [17].
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