
Computable and Incomputable Functions and
Search Algorithms

John R. Woodward
School of Computer Science

The University of Nottingham
Ningbo, 315100, People’s Republic of China

Webpage: www.cs.nott.ac.uk/˜jrw
Email: john.woodward@nottingham.edu.cn

Abstract—Previous results state that there is no single universal
search algorithm which out-performs other algorithms in terms
of search on functions over finite domains. We consider functions
with countably infinite domains, that is functions which are
mappings from the set of natural numbers to the set of natural
numbers. A search algorithm samples points of a given function,
producing a sequence of output values. The main result of
this paper is that, given two search algorithms, and a function
(computable or incomputable), then we can construct a function
on which the pair of search algorithms perform identically.
What is more, the Kolmogorov complexity of the functions and
algorithms is related.

We also show that search and bias have a deep connection.
With regards to search, the ease with which we find a function in
a search space consisting of programs, is the same as bias, (i.e.
the preference of the search space towards one function over
another). We show this for finite and countable infinite sized
search spaces.

The law of Conservation of Generalization states that for
every function a learning algorithm does well on, there exists a
function on which it does badly. This has previously been proved
for functions over finite sized domains. Here we show how this
result can be extended to functions over countably infinite sized
domains.

KEYWORDS; search, no free lunch theorem (NFL), bias,
induction, machine learning, optimization

I. INTRODUCTION

Much of machine learning can be described using the
concept of search [1], where a search algorithm samples the
domain of a function (often referred to as a search space)
in order to discover the optimal or near optimal value in the
co-domain. The domain may consist of numbers, in which
case we are dealing with function optimization, or programs,
in which case we are dealing with program induction. In the
process of program induction, we are interested in how well
an induced function performs on new data which has not
previously been experienced.

The No Free Lunch result [2,3] says that, over the set of
all functions which are a mapping between two finitely sized
sets, no search algorithm dominates any other in terms of
performance. We show that this result can be extended to the
case where the functions are defined over a countably infinite
sized set (i.e. the natural numbers).

We say that a search space is biased if it prefers one function
over another [1,11]. In other words, bias is a probability

distribution over the functions that the programs in the search
space express. We establish a connection between search and
bias, which says that one function is preferred over another
simply because there are more programs that represent that
function and a programs that represents that function are easier
to find (i.e. search for) because there are more programs that
represent that function. However, we should of course be clear
which context we are talking about (search or bias). One may
argue that the ultimate aim of machine learning is to alter
the bias of a learning system to approximate the probability
distribution of a class of real-world problems the algorithm is
designed for.

Finally, we examine the law of Conservation of Generaliza-
tion [4-6], which states that, over the set of all functions (which
are defined over a finite sized set), no single learning algorithm
out-performs any other in terms of generalization. In other
words, for whatever function we produce which is consistent
with the data, we can always produce a second function which
will contradict the predictions of the first function. Again, we
extend this situation to the case where we are dealing with
sets of countably infinite size instead of finite size.

The outline of the remainder of this article is set out as
follows. In section II we describe a framework for search
algorithms originally established by Schumacher [7,8]. In
section III we establish that NFL is valid for the infinite case.
In section IV we look at the connection between sampling
a search space and the bias of a search space. In section
V we consider the law of Conservation of Generalization
for functions over infinitely sized sets. In section VI we
summarize the paper.

II. A FRAMEWORK FOR SEARCH ALGORITHMS

We borrow the framework introduced by [7,8] which we
briefly summarize. Let X and Y be finite sets (the size of
X is |X| = n and the size of Y is |Y |). Let f : X →
Y be a function mapping X to Y , with yi = f(xi). A
search algorithm A is an algorithm which generates a non-
repeating sequence of points in X , A =< x1, x2, . . . , xn >,
and Ai = xi is the ith component. When each point
is evaluated on the function, it will give a corresponding
sequence of points in the co-domain, called a performance
vector V (A, f) =< f(x1), f(x2), . . . , f(xn) >, and Vi is



the ith component, Vi = f(Ai). Two search algorithms that
generate the same sequence of points are considered to be
indistinguishable. No points are revisited (if they are then
they can simply be ignored), and a search algorithm must
eventually visit all points in X . The length of each distinct
algorithm is n (n = |X|) and the number of distinct search
algorithms is n!. There are |Y ||X| possible functions mapping
X to Y . The term search algorithm and algorithm are taken
to mean the same. A trace is a sequence of ordered pairs
< (x1, f(x1)), (x2, f(x2)), . . . , (xn, f(xn)) >, and as the
search algorithm visits all points in X , a trace defines the
function completely. For a fuller description of this framework,
the reader is referred to [7,8]. There are many ways to state the
NFL theorems. We choose theorem NFL2 from [7,8] which
states; For any two algorithms A and B, and for any function
f , there exists a function g such that

V (A, f) = V (B, g)

We shall refer to this as NFL2 (as it is referred to NFL2
in [7,8]). In other words, given three of A,B, f, g, we can
compute the fourth. Note that the functions A and B are
isomorphic and therefore have the same structure, as one
is just a permutation of the other. A corollary of this is
V (σA, f) = V (A, σf), where σ is a permutation.

By way of an example, take A =< 1, 2, 3 >, f =< a, b, c >
and σ =< 3, 1, 2 >, then σA =< 3, 1, 2 > and σf =<
c, a, b >. The reader can confirm that V (σA, f) = V (A, σf).
Note that until this point we have considered functions which
have finite domains and co-domains. We now turn our atten-
tions to the infinite sized case.

III. SEARCHING FUNCTIONS ON INFINITE SETS

In this section, we consider functions which are mappings
from the set of natural numbers to the set of natural numbers
(f : N → N ). For simplicity we take the natural numbers
to be {1, 2, 3, . . .}. In outline, we borrow the NFL2 from
[7,8] and show how we can construct a function satisfying
the theorem for the case where the domain and co-domain
sets are infinite in size. In addition, as we are showing how
to construct a function, we can make statements about the
Kolmogorov complexity of the constructed function. Although
the terminology of Turing Machines is used in our arguments,
a detailed understanding of Turing Machines is not required.
All that is needed is an understanding of how a function can
be constructed from the representation of the functions and
search algorithm which we now give.

A. Multi-tape Turing Machine.

We use 0 and 1 for the machine symbols and # for the blank
symbol on the Turing Machine tape. We could use a single-
tape Turing Machine, however it is easier to consider a multi-
tape Turing Machine. Functions and search algorithms can be
encoded as strings and can be presented to the Turing Machine
on separate tapes. Thus, the search algorithms and functions
can be encoded on separate tapes, and can be considered as
input-tapes, or read-only tapes. There is also a working-tape,

and an output-tape on which the components of the constructed
function are generated. A description of the operation of the
Turing Machine will suffice without giving precise details of
state transitions.

B. Computable and Incomputable Functions.

A computable function is one which can be encoded with a
Turing Machine (of finite size). An incomputable function is
one which cannot be encoded with a Turing Machine. However
we can encode a function, computable or incomputable, on the
tape of a Turing Machine as follows. f(1) is the number of
ones between the first zero and second zero. In general f(i) is
the number of ones between the ith zero and the ith+1 zero.
For example, the tape configuration . . .###0111101110 . . .
is interpreted as f(1) = 4 and f(2) = 3, where # is the
blank tape symbol. The tape is essentially acting as a look
up table representation of the function, where a zero can be
considered as a field separator. We can assume the head of
the Turing Machine starts on the first zero right of the #s.
Given a tape which represents a function, we can always use
the algorithm described above to recover the value f(i) from
the tape (i.e. simply scan along the tape counting the number
of zeros until we arrive at the ith zero, then the value of
the function is the number of ones between the ith zero and
the ith + 1 zero). We assume that the tape always consists
of sections consisting of a finite number of ones, separated
by a single zero. A string which contains a section with an
infinite number of ones does not represent a function which
is a mapping between the natural numbers. This algorithm to
recover the value of f(i) from the tape will halt in finite time,
as we only have to scan along the tape until the ith zero
and read the number of ones between this zero and the next
zero. In summary, a Turing Machine with a read-only tape
representing the function can be used to calculate the function
for a particular value, and write the output to a separate tape
(i.e. copy the contiguous string of ones between the ith and
ith + 1 zero), even if the function is incomputable. In other
words, we can still talk about computation of functions over
infinite sets, where the actual function is incomputable, but
specific values of the function are recoverable from the read-
only tape.

C. Definition: Kolmogorov Complexity.

The Kolmogorov complexity C(s) of a string s is the size
of the shortest program which generates the string and halts
[9]. The size of a program is the number of states in the
Turing Machine. As we are encoding functions as strings, we
can freely talk about the complexity of a function f as C(f)
without confusion. Thus computable functions have finite Kol-
mogorov complexity and incomputable functions have infinite
Kolmogorov complexity as there is no computable regularity
to exploit and capture as a program of finite size.

D. Proof: Vi(A, f) = Vi(B, g).

We consider how we can construct the function g, given
search algorithms A and B and the function f , such that



Vi(A, f) = Vi(B, g), for any value of i (this is NFL2 from
above). We do this two different ways. Firstly we show how
values of g can be generated (which is sufficient in itself as we
only need to show that a function g satisfying NFL2 exists),
and secondly how a given value of g can be generated. In
order to construct these two algorithms, we require a Turing
Machine which has read-only (input) tapes on which A,B, f
are presented, a blank working tape, and an output tape on
which the value of g is output.

Here we describe how, given A,B, f , we can construct a
function g, such that Vi(A, f) = Vi(B, g). Given a value Ai,
the value Vi = f(Ai), which by theorem NFL2 equals g(Bi).
Therefore the value of g for its argument with value Bi is
f(Ai). In this way we can construct certain values of g. Note
that this is precisely the same process as for the finite case,
except that we are only generating values of g for specific
arguments.

Alternatively, we can also ask the question, what is the value
g(j) at a given value j? The answer is obtained by scanning
along tape B until we find the contiguous section containing
j ones. There is only one section of tape B that contains
j contiguous ones (as tape B represents a non-repeating
search algorithm). B(k) is j ones sandwiched between the
k and kth + 1 zeros. And g(j) = f(Ak), by the argument
above. In essence, we are tracing back and finding the inverse
permutation for a given element. Thus, we can construct a
function g on demand which satisfies NFL2.

E. Proof: Complexity Bounds

We show the Kolmogorov complexity bounds, linking the
search algorithms and function of the main theorem, NFL2.
Given V (A, f) = V (B, g), we now show that C(f) ≤ C(g)+
K, where C(f) is the Kolmogorov complexity of f and K
is some constant (the complexity of the algorithm described
above). The constant may be finite or infinite, depending on
if the function is computable or not. If the constant is infinite,
this implies it is incomputable. The algorithm above gives the
construction of g from f,A and B, thus as this algorithm can
be defined in constant space, the Kolmogorov complexity of
g is bounded by a constant.

IV. SEARCH AND BIAS

There is a connection between search and bias. Search con-
cerns the probability of finding a target point. Bias concerns
the preference for one function compared to another [1,11].
We show that these are in fact equal. We first consider the
finite case, where we can simply take ratios, and then extend
to the infinite case, where we have to look at the limits, as the
ratios are undefined.

A. Search and Bias in Finitely Sized Search Spaces.

Given a search space P of size |P | (i.e. P contains |P |
programs), where P is the set of all programs up to some
finite size. The set of programs is partitioned into disjoint sets
depending solely on the function each program computes. That
is, pi belongs to [pj ] if and only if it computes the same

function as pj . The size of an equivalence class [pi] is denoted
by |[pi]|. Let us ask two distinctly different questions. Firstly,
how easy is it to find a program computing a given function?
Secondly, what is the bias of the search space towards a given
function?

Firstly, given a search space, how easy is it to find a program
that represents a given function? Given the equivalence class
[pi], the chance that random search samples a program in [pi]
is |[pi]|/|P |. In other words, the easy with which a function is
found is proportional to the number of programs that represent
it.

Secondly, what is the bias of the search space towards
the function computed by programs in [pi]? This is the ratio
|[pi]|/|P |, i.e. the function represented by the equivalence class
[pi] is preferred to other functions in the ratio of the sizes of
the respective equivalence classes.

To reiterate the connection between bias and search, given
two functions fi and fj (fi 6= fj), programs representing fi

will be easier to find than programs representing fj in the ratio
|[pi]|/|[pj ]|. Also, the search space will be biased towards fi

compared to fj in the ratio |[pi]|/|[pj ]|. The chance or ease
with which we find a program which represents a function is
|[pi|/|P |, and the bias towards this function is |[pi|/|P | (i.e.
they are identical). Thus the bias of a search space and the
ease with which a program in found are intrinsically linked.

B. Search and Bias in Infinitely Sized Search Spaces.

We now extend the finite case above to search spaces of infi-
nite size. The conventional probabilistic approach used above
cannot be adopted as the ratio |[pi]|/|P | is undefined (both
the numerator, the number of programs in the equivalence
class, and the denominator, the total number of programs in
the search space, are infinite). In order to proceed, we can
monitor the ratio |[pi]|/|P | for a finitely sized search space
and examine the limit as the size of the space tends towards
infinity. Let us define the easy with which we find a function
in the equivalence class [pi] and the bias towards that function
by the following expression

lim|P |→+∞, |[pi]|/|P |

The question is, does this limit exist (i.e. does it converge to a
finite stationary value)? In work by Langdon [10], he samples
various types of search spaces of increasing size (search
spaces created by logical expressions, arithmetic expressions
and programs with side effects). He finds that the limiting
distribution of functionality tends toward a fixed distribution
in each case. This is proved in some cases and supported
empirically by random sampling in other cases. Thus the limit
exists for the cases investigated.

V. CONSERVATION OF GENERALIZATION

Over the set of all functions, no one search algorithm
generalizes any better than any other search algorithm. This
can be restated by saying that every function has an equal and
opposite behavior on previously unseen test cases, reminiscent
of Newton’s third law of motion. Or, to put it another way,



generalization is a zero sum game. This result is referred to as
Conservation of Generalization [4]. These were known in the
machine learning community before the NFL theorems, and
went by the names of the Ugly Ducking theorem [5,6] and the
law of Conservation of Generalization.

Typically, a supervised learning algorithm is presented
example cases in a training phase, where it can adapt to
improve its performance, and a testing phase, where it makes
predictions (i.e. does the learning algorithm generalize from
the training cases to the test cases). In this section, we first
examine the case where the set of functions is a finite set.
We then examine if this theorem can be extended to the case
of a countably infinite set of functions, first with a Boolean
co-domain and then functions mapping to the integers. The
trick here, like in section III, is to state that we can only ever
examine the function at a finite subset of points, therefore we
only ever need construct the values for these cases.

A. Boolean Functions on a Finite Domain.

By way of illustration consider the set of all Boolean
functions with n combinations of inputs (see [12]). There
are 2n possible Boolean functions. Assume that we select
one function (the target function) with uniform probability
(2−n). If we make m (m ≤ n) distinct observations, we can
discard 2m functions as inconsistent with observation (i.e. the
target function). Each time an observation is made, half of
the remaining functions can be discarded as inconsistent with
observation. This leaves 2(n−m) remaining candidate func-
tions. The probability that any one of the remaining candidate
functions is the target function is uniform (i.e. they all still
have equal probability = 2−(n−m)). In the penultimate case,
there are only two functions remaining (containing one yet
unobserved input case) and the output of this function on this
input case could equally be true or false. Though this example
concerns Boolean functions, this argument generalizes to the
case where the function’s co-domain is finite [4].

Given a function f , we can only ever make a finite num-
ber of observations in a training phase and a test phase.
It is very simple to construct a function g which is con-
sistent with f on the training phase and completely in-
consistent with f on the test phase. If during the training
phase the items in the domain i, j, k were evaluated, this
gives the corresponding values f(i), f(j), f(k) in the co-
domain. Note that this set of ordered pairs partially de-
fines a function ((i, f(i)), (j, f(j)), (k, f(k)), . . .). During
the test phase we evaluate f on l,m, n giving the val-
ues f(l), f(m), f(n). We construct the function g as fol-
lows; for g on the domain {i, j, k, l,m, n} it has the val-
ues f(i), f(j), f(k),¬f(l),¬f(m),¬f(n). In other words, g
agrees with f on the observed (training) data, and has opposite
values on the unobserved (test) data. Note that we only need
to construct g for a finite number of cases.

B. Infinite Boolean Domain.

We now address the question; is the law of Conservation of
Generalization still valid when we consider functions which

are mappings between the natural numbers and Boolean val-
ues. We consider a function mapping from the natural numbers
to the Boolean domain (i.e. f : N → B). We make use of the
following encoding. A single 1 represents true and a single
0 represents false, (there is no field separator). The ith bit
represents f(i). Thus the tape string . . .###010 . . . repre-
sents the function f(1) = false, f(2) = true, f(3) = false,
and so on. The value f(i) is computed by scanning along
the string until the ith position, and returning the character
(Boolean value) at that position.

In order to construct a function g, which is consistent with
f on the training samples and inconsistent on the test samples,
we perform the following procedure. The function g will have
the same values as f on the observed points, and will have
negated values on the yet unobserved points. That is, on the
observed values, g(x) = f(x) for x in observed values, while
on unobserved values, g(y) = ¬f(y) for y in unobserved
values. While the domain of f is infinite, we only ever need
do this for finitely many points as only finitely many points
are ever observed (i.e. if we know the sample points in the
test set). Alternatively, if we do not know the test points in
advance we can generate the values of g dynamically from f
as they are required. The point being, that the function g exists,
and we can construct it. Similarly we can make claims about
the Kolmogorov complexity of the function g (i.e. C(g) ≤
C(f) +K).

C. Infinite Integer Domain.

Given a function f , we can only ever make a finite num-
ber of observations in a training phase and a test phase.
Let f be a mapping between the natural numbers and the
integers (i.e. f : N → Z). It is very simple to construct
a function g which is consistent with f on the training
cases and inconsistent with f on the test cases. During the
training phase the items i, j, k are evaluated giving the values
f(i), f(j), f(k). Note that this set of ordered pairs partially
defines the function ((i, f(xi), (j, f(xj), (k, f(xk) . . .)). Dur-
ing the test phase we evaluate f on {l,m, n} giving the
values {f(l), f(m), f(n)}. We construct the function g as
follows; for g on the domain {i, j, k, l,m, n} it has the
values {f(i), f(j), f(k),−f(l),−f(m),−f(n)}. That is, on
the observed values, g = f for x in observed values, while on
unobserved values, g(y) = −f(y) for y in unobserved values.
Note that, as in the Boolean case, we only need to construct
g in a finite number of cases, or can construct g on demand.
Again similar claims about complexity can be made.

VI. SUMMARY

Given a function which is a mapping between two finite sets,
and two search algorithms, we can construct a new function
on which the performance of the search algorithms is equal. In
this paper, we have shown that even if the size of the domain of
the given function is countably infinite, we can still construct
a new function with this property (i.e. the performance of the
search algorithms is identical).



We showed that there is a duality between search and
bias. In other words, the bias of a learning system (i.e.
the preference on function over another) is the same as the
probability (or ease) of finding that function. We showed that
the Conservation of Generalization is also valid as we move
from the case of functions over finite sets to functions over
countably infinite sized sets, based on the work of Langdon
[10].

The No Free Lunch theorem states that no single search
algorithm has superior performance over the set of all func-
tions. An analogous set of theorems (the law of Conservation
of Generalization and Ugly Duckling Theorem), state that no
one learning algorithm has dominant generalization behavior
over the set of all functions. We have shown that no one
algorithm out-performs any other algorithm over functions
which have a countably infinite sized domain, in term of search
and generalization. There is a relationship between complexity
bounds of pairs of search algorithm and functions, where the
functions have finite and countable infinite domains and co-
domains.
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