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The dynamics of an experimental electrodynamic loudspeaker is studied by using the tools of chaos
theory and time series analysis. Delay time, embedding dimension, fractal dimension, and other
empirical quantities are determined from experimental data. Particular attention is paid to issues of
stationarity in a system in order to identify sources of uncertainty. Lyapunov exponents and fractal
dimension are measured using several independent techniques. Results are compared in order to
establish independent confirmation of low dimensional dynamics and a positive dominant Lyapunov
exponent. We thus show that the loudspeaker may function as a chaotic system suitable for low
dimensional modeling and the application of chaos control techniques.
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I. INTRODUCTION

Loudspeakers are the most variable elements in any au-
dio system and are responsible for marked audible differ-
ences between otherwise identical sound systems. The per-
formance of loudspeakers �i.e., their accuracy in reproducing
a signal without adding distortion� is significantly poorer
than that of other audio equipments. For example, harmonic
distortion in a typical loudspeaker can be 100 to 1000 times
greater than that of amplifiers.1 The frequency response of a
loudspeaker is often referenced as being within �3 dB of
perfect linearity �and many speaker designs fall further out-
side this range�, whereas that of an amplifier may vary by
less than 0.1 dB. Thus an improved understanding of the
dynamics of a loudspeaker is of great importance since a
better loudspeaker design may yield a significantly better
performance in an audio playback system.

In a dynamic loudspeaker, sound is typically reproduced
by the movement of a current-carrying object in a magnetic
field due to the Lorentz force. An electrodynamic loud-
speaker, as depicted in Fig. 1, is a type of a dynamic loud-
speaker in which the magnetic field is produced by a perma-
nent magnet. The audio signal from the amplifier, which is a
time-varying voltage, causes a current to flow through a
tightly wound coil of wire called the voice coil. The voice
coil is attached to a stiff but light cone and connected to a
fixed chassis by means of a flexible membrane. The spider, a
weblike membrane, suspends the voice coil in the center of

a�Electronic mail: ivan.djurek@zg.t-com.hr
b�Electronic mail: antonio.petosic@fer.hr
c�
Electronic mail: danijel.djurek@zg.t-com.hr

J. Acoust. Soc. Am. 124 �4�, October 2008 0001-4966/2008/124�4
the magnet and provides part of its restoring force. The sur-
round connects the cone to the speaker chassis and keeps
nonaxial motion to a minimum so that the cone functions
approximately as a rigid piston. The interaction of the coil
and the driver’s magnetic system generates a mechanical
force that causes the coil, and thus the attached cone, to
move back and forth. This creates pressure waves in the air,
which reproduce the original audio signal coming from the
amplifier as sound.

A simplified model of an electrodynamic loudspeaker
operates as a driven damped harmonic oscillator.2 The dy-
namics of the displacement of the membrane, x, is given by
the second order time-dependent ordinary differential equa-
tion

M
d2x

dt2 + RM
dx

dt
+ kx = BlI0 cos��t� , �1�

where M is the combined mass of the membrane and voice
coil, k is the elastic stiffness, B is the magnetic field, l is the
length of the voice coil wire, and I0 represents the drive
current with frequency f0=�0 / �2��. The friction term RM

consists of internal membrane friction and friction coming
from vibration in air. Note that this model is not used in the
analysis of the experiment but is given in order to show the
need for higher order nonlinear terms to accurately represent
the dynamics.

Both an inhomogeneous magnetic field and the
excursion-dependent stiffness of the suspension account for
the nonlinear behavior of the transducer. Thus, all coeffi-
cients in Eq. �1� are dependent on displacement x. The mass
M was measured by weighing the detached vibrating parts

and was found to be 13.1 g. However, due to the elastic
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properties of the membrane, which spans between the voice
coil and the suspension on the perimeter, M should be re-
placed by an effective mass, Meff. Meff was evaluated from
the Q-factor of the loudspeaker3,4 and, as expected, was
found to be dependent on displacement. For higher driving
currents, the parameter Bl decreases with displacement
nearly symmetrically relative to a zero position.5 In these
experiments, Bl=3.9 T m and reduces to �3.6 T m for a
membrane displacement of �6 mm, and corresponding non-
linearities can be neglected. In most commercially available
loudspeakers, the elastic stiffness has a quadratic dependence
on displacement. A systematic approach to describing such a
vibrating system, using the Duffing equation, was provided
by Woafo,6 where it was shown that related models of elec-
tromechanical transducers may exhibit chaos. However,
Woafo also noted that a linear version is used to describe
loudspeakers and that nonlinear terms, which are known to
cause subharmonics, are often neglected.6,7

The stiffness was recorded in static measurements by the
use of calibrated loads and corresponding measurements of
the membrane deflections and may be given as approxi-
mately k=m+nx+ px2, where m=480 N m−1, n=31 N m−2,
and p=7.5 N m−3. Due to the viscoelastic contribution of the
membrane polymer material, this disagrees substantially with
the stiffness calculated in the dynamic regime from the
simple resonance formula �=k /M, even in the regime of
comparatively small drive currents �I0�100 mA�. Thus
higher order corrections coming from the dynamics of a vi-
brating viscoelastic body8,9 must be included.

When dealing with moderately low driving currents, a
significant agreement was found between a model based on
static measurements and the experimental data, especially for
an estimation of frequency dependence and electrical imped-
ance under a variety of different operating regimes.10 Al-

FIG. 1. Diagram of an electrodynamic loudspeaker.
though simple models can be used to identify loudspeaker
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parameters, at high drive currents �I0�1 A� they generally
do not account for the rich nonlinear dynamic behavior that
might be observed.11–13

Evidence of a possible chaotic behavior in a loudspeaker
was first observed by Wei et al. in 1986,14 where the appear-
ance of subharmonics and broadband spectra at various drive
frequencies and voltages was noted. Recent work strength-
ened this conjecture,15–17 with the observation of hysteresis
and period doubling when the loudspeaker was driven at low
frequencies. This, in general, is not observed in the models.
Thus it is important to verify chaos and adjust the models
accordingly.

In this work, we analyze time series from an experimen-
tal electrodynamic loudspeaker system. We use a variety of
techniques from the chaotic time series analysis18 to show
that the system is indeed chaotic and exhibits low dimen-
sional dynamics suitable for further analysis and the imple-
mentation of chaos control techniques. By quantifying the
nonlinear behavior, we also provide empirical observations,
which may be used to refine the modeling and design of
loudspeakers.

II. EXPERIMENTAL SETUP

In these experiments, a low frequency loudspeaker was
used with a resonant frequency, recorded in air, of f
=38 Hz, driving current of I0=10 mA, factor of Bl
=3.9 T m, membrane diameter of 2R=16 cm, rated rms
power of 60 W, and nominal impedance of 8 �. According
to the manufacturer’s data, the voice coil inductance is L
=0.9 mH, and the contribution of the inductive part �L to
the loudspeaker’s impedance can be neglected for driving
frequencies f �100 Hz.

The experimental setup is depicted in Fig. 2. The loud-
speaker was placed in a stainless steel chamber. Air pressure
within the chamber was measured by the use of an absolute
capacitive gauge with an ultimate resolution of 0.01 mbar. A
glass window on the top of the chamber ensured the trans-
parency to the light beam from the laser distance meter,
which measured the vibration amplitude with an accuracy of
2 �m and a sampling frequency of �1 kHz �a similar mea-
surement apparatus was used to analyze nonlinear vibrations
of a loudspeaker in Wei et al.14�. The analog/digital �A/D�
converter resolution of the laser distance meter was 8 bits.
This allowed the acquisition of 128 amplitude levels in both
up and down vibration directions. In order to check the pos-

FIG. 2. Experimental setup with a loudspeaker and a laser distance meter.
sible influence of the chamber wall friction on the course of
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measurements, the impedance and vibration amplitude data
were recorded at 1 bar air pressure in a closed chamber and
compared to those evaluated in free laboratory atmosphere.
In a frequency range near 50 Hz, recorded data, notably im-
pedance, showed no significant difference.

For impedance and amplitude measurements, the loud-
speaker was connected to an audio amplifier with a rated
power of 300 W via a series resistor 0.44 �. A rather small
resistor value was used because of the possibility of driving
higher currents. However, small resistance gave rise to in-
creased influence of the back electromotive force. A satisfac-
tory compromise was found with the total voltage swing
across the loudspeaker, clipping not included, of �50 V,
which, in turn, provided driving currents I0=4–5 A. For
driving currents I0�100 mA, the back electromotive force is
comparable to the friction term in Eq. �1�, while for higher
currents intrinsic friction increased and became the dominant
contribution to the impedance.

The loudspeaker vibration amplitude dependent on fre-
quency was measured for various driving currents in an
evacuated space and in normal atmospheric pressure
�1 bar�.19 The data recorded in vacuo are shown in Fig. 3. By
an increase in the driving current, the resonance curve be-
came more and more distorted until an amplitude downturn
�cutoff� appeared near f =43.5 Hz for I0=200 mA. This cur-
rent indicated the starting value for an identification of the
chaotic regime. The inset in Fig. 3 depicts the hysteretic
property of the cutoff effect. That is, cutoff frequencies differ
for positive and negative frequency sweeps.

The onset of the amplitude cutoff was followed by a
subsequent frequency sweep, which gave rise to the erratic
vibration amplitude. This unstable range extended up to
54 Hz. This was chosen as the fixed frequency for an evalu-
ation of the appearance of subharmonics that precede the
chaotic state. An important feature of the unstable range was
the relatively small change in the impedance with increasing
driving current. In these experiments, loudspeaker imped-
ance stayed at �11 �, irrespective of whether the system
was operated in air or in an evacuated chamber. This, in turn,
meant that the driving system could be considered as a cur-
rent source, even in the case when the amplifier was used as

FIG. 3. Impedance measured in vacuo for various driving currents. The
inset shows the hysteresis of the cutoff frequency for positive and negative
frequency sweeps.
a voltage source.

J. Acoust. Soc. Am., Vol. 124, No. 4, October 2008
A bifurcation diagram, as shown in Fig. 4, was produced
by fixing the frequency at f =53 Hz, sweeping the driving
current at I0=1.5–2.5 A at a rate of 20 mA /s, and recording
the amplitude of the displacement of the loudspeaker. At I0

�1.81, a first bifurcation pitchfork appeared, which was fol-
lowed by multiple period doublings, until at I0=2.15 A the
characteristic period 3 window appeared20 and the system
vibrated with three amplitudes. The existence of period dou-
bling and a period 3 window was a strong indicator of chaos.

However, the period 3 window was observed only in an
evacuated space, and data from a loudspeaker operating in an
evacuated chamber are unsuitable for time series analysis
techniques. This is primarily because the voice coil bonding
agent evaporates when in a vacuum, which, in turn, changes
the resonant frequency during the course of the measure-
ments. In addition, for a long time and heavy duty loud-
speaker operation, it is important to remove heat from the
loaded voice coil, and this is more easily accomplished in an
air atmosphere.

Measurements in 1 bar air were performed in a closed
chamber since this minimized parameter drift due to free air
convection in the laboratory. The driving frequency was
fixed at 56 Hz, and the driving current was increased up to
values when higher harmonics appeared as a result of the
nonlinear restoring term in Eq. �1�. Excerpts of the time se-
ries waveforms representing various driving currents are
given in Fig. 5. Figure 5�a� shows the time-dependent vibra-
tion amplitude at the starting driving current I0=2.4 A when
the recorded signal shows a nearly sinusoidal behavior. Fig-
ures 5�b�–5�d� show new vibration amplitudes �marked with
triangles�, which appear with increasing driving current. The
corresponding averaged spectra over the whole time series
are given in Fig. 6. Figure 6�a� shows the expected behavior,
with a fundamental frequency corresponding to the drive fre-
quency. The first subharmonic appeared at 28 Hz, as de-
picted in Fig. 6�b�. A further increase in the driving current
resulted in a new subharmonic at 14 Hz �see Fig. 6�c�� and a
subsequent appearance of broadband behavior, �Fig. 6�d��.

The bifurcation diagram for measurements of vibration
amplitude in air is shown in Fig. 7 and was produced in the
same manner as Fig. 4. Vertical lines indicate values of driv-
ing currents for which the Feigenbaum ratio �1 /�2=4.669 is
fulfilled.21 A period 3 window cannot be seen, but this is not

FIG. 4. A bifurcation diagram of vibration amplitudes recorded in vacuo for
a fixed driving frequency of 53 Hz and a sweeping driving current of
20 mA /s.
a contra-indicator of chaos. Noise in the data acquisition sys-
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tem may obscure the window, and the existence of such a
window is not considered a necessary condition. Whereas
heating the voice coil makes long term measurements diffi-
cult for the evacuated loudspeaker experiment, reverberation
and air circulation added noise to the short term measure-
ments used in generating the bifurcation diagram of Fig. 7.

Leaving the loudspeaker to operate at a driving fre-
quency of 45 Hz, the driving current was selected at a value
slightly below 2.8 A, at which point the first subharmonic
became attenuated. This indicated the starting point for re-
cording the vibration amplitude included in a time series
analysis. A rather low frequency of 45 Hz was selected be-
cause the dynamics appeared less susceptible to parameter
drift and nonstationary behavior in this range.

The time series analysis presented in the following sec-
tions is derived from a 247 392 point experimental flow data
set. The data were recorded with a 16 bit resolution, although
this is further limited by the 8 bit resolution of the laser
distance meter. The sample rate was 1024 Hz, so that the

FIG. 5. Short time series plots of the vibration amplitude recorded in 1 bar
air for a fixed driving frequency of 56 Hz and various driving currents. The
triangles indicate the appearance of a broadband behavior.
data set is just over 4 min long and there are approximately
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22.76 samples per drive period. In the results that follow,
units are not typically given on the measurements since they
have been scaled and transformed by the data acquisition
system.

III. DATA ANALYSIS AND RESULTS

To analyze a one dimensional experimental data set us-
ing chaotic time series analysis techniques, it is necessary to

FIG. 6. Average spectrum of vibration amplitude recorded in 1 bar air for
various driving currents corresponding to those in Fig. 5.

FIG. 7. A bifurcation diagram of vibration amplitudes recorded in 1 bar air
for a driving current swept at 20 mA /s and a fixed driving frequency of

56 Hz.
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transform the data using phase space reconstruction tech-
niques. If only one variable from the system can be ob-
served, X= �X�1� ,X�2� , . . . ,X�N� , . . . �, then a D dimensional
time series of length N, Y= �Y�1� ,Y�2� , . . . ,Y�N�� is con-
structed from the original time series using a delay d as
follows:

Y�n� = �X�n�,X�n + d�, . . . ,X�n + �D − 1�d�� , �2�

where we have assumed that X contains at least N+ �D
−1�d data points. If the time between samples represents one
period of data, then X represents a time series generated
from a map, or a Poincaré section of the system, in which
case the delay d used to generate Y is usually set to 1.

Assuming that the time series is stationary, that is, the
parameters that govern the dynamics are not significantly
changing over time, then with sufficient data and the appro-
priate choice of the delay parameter d and the embedding
dimension D, Y will accurately represent the dynamical be-
havior of the system. Once Y has been constructed, then
further analysis of this multidimensional time series may be
used to estimate various quantities related to the structure of
the phase space, such as the dimensionality of the attractor,
characterization of the chaotic behavior or lack thereof, and
identification of chaotic orbits.

In the following subsections, we construct delay coordi-
nate embeddings from the scalar time series and then use this
technique to analyze the data and quantify the dynamical
system properties. We will use the notation introduced above
to describe the original scalar time series, X
= �X�1� ,X�2� , . . . ,X�N��, and a delay coordinate embedding
of the time series, Y= �Y�1� ,Y�2� , . . . ,Y�N��.

A. Nonstationarity and long term dynamics

A few simple tests that would identify strong drifts in
the data were first performed. Sliding windows of varying
lengths were applied to the data, and statistical quantities
such as mean, maximum, minimum, and standard deviations
were computed for each window. If the data were truly sta-
tionary, then these quantities would remain constant through-
out the data. The results of the drift in the maximum and
minimum values of a one second window �1024 data points�
are depicted in Fig. 8.

It can be seen that the dynamics of the system are not
entirely stationary. For instance, the maximum value under-
goes an upward trend, particularly near the beginning of the
time series. This nonstationarity was also confirmed by the
measurement of other statistical quantities such as the skew-
ness and kurtosis for windowed data.

When the dynamics change over time in an experimental
system, it is often difficult to determine the cause. The be-
havior may be caused by long term dynamics, which are
inherent to the system, or by a simple transient before set-
tling into some behavior. However, this fluctuation is quite
small in relation to the full extent of the data �for instance,
the variation in the maximum value is less than 2% of the
full scale of the data�. Thus, although it may affect the results
of chaotic time series analysis methods, it is still small

enough such that the data are acceptable for analysis.
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B. Poincaré sections

A common technique in a chaotic time series analysis is
to generate a Poincaré section, with one point per period,
from data sampled at a much higher frequency than the drive
frequency. Given that the system has a drive frequency of
45 Hz, a natural Poincaré section would be to sample the
system at the drive frequency. Since this was not possible
due to the limited sampling frequencies of the data acquisi-
tion system, we considered several techniques for extracting
a Poincaré section. These included the peak amplitude val-
ues, their second derivatives, times between peaks, and times
at which the amplitudes cross a fixed value. Figure 9 depicts
the Poincaré section plots using extracted peak amplitudes
and extracted times between zero crossings in the flow data.
Both techniques successfully capture the dynamics, although
the use of zero crossings appears slightly less noisy.

C. Embedding parameters

A reasonable value for the delay may be suggested either
by the first zero crossing of the autocorrelation function or
by the first minimum of the mutual information function22,23

as either value is plotted as a function of delay. For the time
series data, given a delay d, the autocorrelation is found sim-
ply from

R�d� =
1

�N − k�	2 �
n=1

N−k

�X�n� − ���X�n + d� − �� , �3�

where � is the mean and 	2 is the variance of the data.
The mutual information of two random variables, a

�A and b�B, is given by

I�A;B� = �
a�A

�
b�B

p�a,b�log
p�a,b�

p�a�p�b�
, �4�

where the convention 0 log 0=0 is used. In the case of the
mutual information between a time series and a delayed ver-
sion of itself, a represents a range of values for X�n� and b

FIG. 8. Nonstationary behavior of the time series. Plotted are estimates of
the maximum and minimum values for overlapping windows of 1024
samples �1 s� from the experimental data.
denotes a range of values for X�n+d�. These values must be
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chosen so as to provide a reasonable approximation to the
mutual information of the underlying dynamical systems
generating X�n� and X�n+k�. Here, the mutual information
was calculated efficiently using a method described in Reiss
et al.,24 which partitions the range of values for X�n� and
X�n+k� recursively until there is no more hidden structure.

The mutual information often gives a better value be-
cause it takes nonlinear correlations into account. However,

(a)

(b)

FIG. 9. Plot of the waveform for two methods of sectioning the data. The
top plot depicts peak amplitudes and the bottom plot depicts time intervals
between zero crossings.

FIG. 10. Two techniques for estimating an embedding delay from the ex-
perimental data. The first method uses the first minimum of the mutual
information function, and the second uses the first zero crossing of the

autocorrelation function. The methods suggest a delay between 6 and 7.
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for the loudspeaker data, the mutual information function
and the autocorrelation function were in strong agreement.
As shown in Fig. 10, the autocorrelation suggests a delay of
6 and the mutual information suggests a delay of 7. This was
in agreement with visual inspection since two and three di-
mensional plots revealed the most structure near these values
of delay �see Fig. 11�. Unfortunately, they also reveal a com-
plexity or noise dependence that makes the fine scale struc-
ture very difficult to detect.

A modified form of the false nearest neighbor �FNN�
algorithm25 was chosen as the primary technique for deter-
mining the embedding dimension. The modification is in-
tended to take into account stochastic phenomena, which re-
sult in FNNs occurring regardless of the embedding
dimension. An appropriate embedding dimension is found
when the percentage of FNNs drops to a constant value. As
shown in Fig. 12, the percentage of false neighbors ap-
proaches a constant value with an embedding dimension of 5
for the flow data and an embedding dimension of 4 for either
sectioned data set. This is in agreement with the observation
that a Poincaré section should have one less dimension than
the original data.

FIG. 11. A two dimensional plot of the experimental data with a delay of 7.

FIG. 12. Results of the FNN routine as applied to the flow data. An appro-
priate embedding dimension is found when the percentage of false near
neighbors drops to a constant value. This indicates that the embedding di-

mension should be at least 4.
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D. Fractal dimension

The dimensionality of a chaotic attractor is typically a
noninteger value. That is, the attracting region of the phase
space will not completely fill out a region of that space. In
this section we use several different methods to estimate the
dimensionality of the loudspeaker data, which further give an
idea of the complexity of the underlying dynamics.

The correlation dimension is found by constructing a
function C�
�, which is the probability that two arbitrary
points from the delay coordinate embedding are closer to-
gether than a distance 
,

C�
� =
2

N�N − 1��i=1

N

�
j=1

i−1

H�
 − 	Y�i� − Y�j�	� , �5�

where H is the Heaviside unit step function. The correlation
dimension of an experimental time series is then given by

D = d log�C�/d log�
� �6�

in the limit 
→0 and N→�. The correlation dimension may
be estimated by the slope of the curve log�C�
�� vs log�
�. A
noninteger result for the correlation dimension indicates that
the data are probably fractal. For too low or too high 
 val-
ues, the results are inaccurate, so the slope must be measured
in the midrange of the curve. A good value should be in the
region where measurements of the dimension are most
stable.

The Grassberger–Proccacia algorithm,26,27 was used to
estimate fractal dimensions. The results of log2�C�
�� vs
log�
� for the peak values from the original 45 Hz data are
depicted in Fig. 13. The correlation dimension cannot be
accurately estimated since there is not one significant region
where the slope remains constant. This is because estimates
of correlation dimension using the Grassberger–Proccacia al-
gorithm are highly susceptible to noise and data set size. A
limited data set size reduces the region of the plateau and
increases uncertainty, and the presence of noise implies that
an accurate measurement can only be obtained for large 
.
For higher dimensional data these problems are aggravated
since minimal noise and exponentially more data are re-

FIG. 13. Plot of the log correlation function vs log distance. With sufficient
low noise data, the slope of the plot may provide the correlation dimension.
quired to identify the plateau region. In addition, data with a
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high sample rate may exhibit strong correlations that skew
the estimates. The approximations due to noise, data set size,
nonstationarity, and so on are inherent in the data set. How-
ever, the Grassberger–Proccacia algorithm also uses an ap-
proximation to the definition of correlation dimension.
Therefore, we attempted an alternative technique that allows
an estimation of the multiple definitions of the fractal dimen-
sion.

The delay coordinate embedded data can be gridded into
n dimensional boxes of equal length 
, such that all vectors
lie within these N boxes. If a box is labeled i, then it has an
associated probability, Pi�
�, that a vector on the attractor
will reside within this box. The generalized entropies,
H0 ,H1 , . . ., are defined in terms of the probabilities of vectors
occupying the boxes. For q=0,1 ,2. . .,

Hq�
� =
1

1 − q
ln �

i=1

N�
�

Pi
q�
�, q � 1,

H1�
� = − �
i=1

N�
�

Pi�
�ln Pi�
� . �7�

In the following we keep the conventions common in dimen-
sion definitions and use the natural logarithm as opposed to
log base 2. The generalized dimension of order q is then
defined as

D�q� = − lim

→�

Hq�
�
ln 


. �8�

Under this definition, D�0�, D�1�, and D�2� are the box
counting dimension, the information dimension, and the cor-
relation dimension, respectively. We also have the property
that if p�q, then D�p��D�q�.

Once the generalized entropies have been determined,
there are two ways to approximate the generalized dimen-
sions for time series data. The first is if 
 is sufficiently small
such that the limit is approximately correct and we have
enough data to get an accurate measurement for Hq�
�. In
that case we may use

D�q� = Dq�
� = − Hq�
�/ln 
 . �9�

However, the preferred method is to simply look at the slope
of a plot of Hq�
� vs ln�
� since this has a quicker rate of
converge to the limit of 
→0. We should mention that fur-
ther information on theoretic properties can be determined
from the analysis of this sorting, such as the generalized
mutual information of high dimensional data,
In�X1 ,X2 , . . . ,Xn�, or the estimation of the metric entropy.28

For a large box size, the box counting dimension varies
widely from the others since the box counting dimension
D�0� is more susceptible to errors. It is also a poor quantity
to use since it says nothing about the density of the attractor,
only about its shape. However, the box counting dimension
and all the others converge in the midregion before diverging
slightly and then dropping to zero �due to data set size�. It is
this midregion that parallels the plateau region of the

26,27
Grassberger–Proccacia algorithm.
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Figures 14 and 15 present the results of our calculations
of the first four generalized dimensions performed on the
flow data embedded in five dimensions and the sectioned
data embedded in four dimensions, respectively. Displayed
are estimates of the first four generalized entropies for vary-
ing box sizes. Additional tests were also performed for the
embedding dimensions of 3–6 and for the next four general-
ized entropies. The results indicated that for p�q, D�p�
�D�q�, which agrees with the theory.

The estimates for fractal dimension were derived from
where the slope of of Hq�
� vs ln�
� showed the least devia-
tion for successive values of 
 �
=2−4 and 2−5�. Estimates
ranged from 1.8 to 2.2 for all fractal dimensions calculated
on the sectioned data and from 2.6 to 3.0 for all fractal di-
mensions calculated on the flow data when the embedding
dimension was greater than or equal to 4. In both cases the
estimate agrees with our choice of the embedding dimension
and is also in rough agreement with the result from the
Grassberger–Proccacia algorithm. However, in general, the
dimensionality of the sectioned data is less than 1 plus the
dimensionality of the flow data. This may be accounted for
primarily by the small data set size for the sectioned data
�approximately 10 000 points�, which is known to cause a
slight overestimation of fractal dimension, and the relatively
high sample rate of the flow data, which skewed estimates
downward.29

FIG. 14. Plot of the first four generalized dimensions from the original data.

FIG. 15. Plot of the first four generalized dimensions from the sectioned

data.
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E. Lyapunov exponents

The Lyapunov exponents characterize how chaotic a
system is. For a D dimensional dynamical system, consider
the infinitesimally small D-sphere centered around a point on
the attractor. As this evolves, the sphere will become a
D-ellipsoid due to the deforming nature of the attractor flow.
Then the ith Lyapunov exponent is defined in terms of the
exponential growth rate of the ith principal axis of the ellip-
soid,

i = lim
t→�

1

t
ln

pi�t�
pi�0�

. �10�

Thus the spectrum of Lyapunov exponents, �1 ,2 , . . . ,D�
describes the rate of growth of the distance between nearby
trajectories in phase space. Chaos is often defined by the
existence of a positive dominant Lyapunov exponent, which
indicates that nearby trajectories will, over time, diverge ex-
ponentially away from each other.

The determination of Lyapunov exponents from noisy
experimental data is a difficult task. Although many methods
have been presented, there are also numerous examples of
these methods breaking down when tested against real data,
as well as questions concerning the validity of the methods.
Thus the results of exponent determination were held to scru-
tiny. Criteria were established for the identification of
Lyapunov exponents.

There should be an agreement between exponents as
measured from different algorithms, and some measurement
of error should be provided. Embedding parameters used in
estimating exponents must be confirmed independently by
other methods. The results should remain consistent under
various parameter settings for exponent estimation. For flow
data, a zero exponent should be clearly found. The estima-
tion of exponents from both flow and sectioned data should
be in agreement. The sum of all the exponents must be nega-
tive, and the sum of the positive exponents should be less
than or equal to the metric entropy. In fact, for many cases
they should be equal.30 Under the proper conditions, the
Lyapunov exponents should all, approximately, switch sign
when measured from a time reversal of the data.31

The Lyapunov dimension may be defined as

D = L +
1

	L+1	�j=1

L

 j , �11�

where L is the maximum integer such that the sum of the L
largest exponents is still non-negative. That is, � j=1

L  j �0
and � j=1

L+1 j �0. The Kaplan–Yorke conjecture32 proposes
that this is equal to the information dimension. Within error
bounds, this seems to be true. Therefore, a final criterion is
that the Lyapunov dimension estimates should agree with the
information dimension estimates.

It is doubtful that all criteria can be satisfied unless one
is dealing with a long noise-free time series of low dimen-
sional simulated data. Noise, high dimensionality, and short
time series length �few orbits or a small number of points or
both� negatively affect all methods of analysis. Some criteria,
such as the confirmation of embedding parameter choices,

are a virtual necessity before any calculation is made. Others,
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such as the agreement between the Lyapunov and informa-
tion dimension, are very strong indicators that Lyapunov ex-
ponents have been reasonably determined. Still other criteria
require calculations of quantities that are particularly difficult
to compute from time series, such as metric entropy. Previ-
ous authors chose to reject the use of estimated Lyapunov
exponents as discriminating statistics.33

Three methods of determining Lyapunov exponents
were implemented: the method of Eckmann and Ruelle34 for
determining the Lyapunov spectra and the methods of
Rosenstein et al.35 and Wolf et al.36 for determining the larg-
est exponent. Since these methods are fundamentally differ-
ent, one would not expect an agreement between the esti-
mates to be simply due to them incorporating the same
mistakes. The sectioned data were used for all estimates
since these reduce dependence on the choice of delay time.
Abarbanel’s method was also applied,37 although this is
based on the same technique as Eckmann and Ruelle’s
method and the sectioned data provide very similar results.

Wolf et al.36 defined the exponents in terms of the rates
of divergence of volumes as they evolve around the attractor.
The method of Wolf et al. involves following a trajectory in
its path around the attractor. The rate of growth between
points on this trajectory and a nearby trajectory is used to
estimate the largest Lyapunov exponent. When the distance
between these trajectories becomes too large, then a new
nearby trajectory is found that is within a reasonable angular
distance from the previous nearby trajectory. In order to
minimize parameter dependence, we used a variation on the
method of Wolf et al.29 In previous work,36,38,39 both maxi-
mum allowable displacement and maximum angular dis-
placement were left as free parameters. We use one param-
eter: the number of near neighbors to consider after a given
number of iteration steps.

The method of Rosenstein et al. involves looking at av-
erage divergence rates of nearest neighbors. It also finds the
dominant exponent. The Eckmann and Ruelle method in-
volves using a small neighborhood of points and iterating
them forward to estimate the local Jacobian, and then deter-
mining the Lyapunov spectrum from the eigenvalues of the
Jacobians around the attractor.

In Table I, results of exponent calculations are provided.
All calculations were performed with a time delay of 1 and
an embedding dimension of 4, as suggested by the FNN
routine. The exponents are given in units of l/time, where the
time scale is defined so that the time between samples is 1.
Many more calculations were performed until a reasonable
and stable parameter regime was found for all methods. In

TABLE I. Results of the estimation of the Lyapunov exponent�s� using three
different techniques. All calculations were performed with a four dimen-
sional embedding of the peak value data.

Algorithm 1 2 3 4 Sum

Rosenstein et al. 0.403
Wolf et al. 0.391

Eckmann–Ruelle 0.380 0.054 −0.184 −0.484 −0.234
general, exponent calculations converged to within 5% of
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their final value when averaging local estimates of the domi-
nant Lyapunov exponent over only 1000 points �although the
entire sectioned data set was used to find near neighbors�.

Several of our criteria are determined immediately upon
inspection. The dominant exponent results from all three
methods provide a rough agreement. One check on the algo-
rithm of Wolf et al. was calculating the average angular dis-
placement. This was typically less than 20%, well within
reasonable bounds. For the Lyapunov spectrum, the second
exponent is very close to zero and the sum of the exponents
is negative.

The folding of the attractor brings diverging orbits back
together. So any effects of nonlinearities will most likely
serve to move all exponents closer to zero. Also increasing
the number of near neighbors used may underestimate the
value because this allows a larger distance between neigh-
bors. Hence a slight underestimate of the positive exponents
for the Eckmann–Ruelle algorithm �and for Abarbanel’s
technique37� was expected. For the algorithm of Wolf et al.,
the angular displacement errors are not likely to accumulate,
but each error may skew the largest positive exponent down-
ward. These assumptions are confirmed by the slightly lower
estimate of the dominant exponent for the Eckmann–Ruelle
and Wolf algorithms as compared to the technique of Rosen-
stein et al. which is less susceptible to these errors.

However, it was not possible to confirm all criteria. The
measurement of the metric entropy is still ongoing. Section-
ing the data introduced additional noise. More importantly,
the uncertainty in sample values tended to dominate over the
divergence on a small time scale, thus introducing errors into
the measurement of Lyapunov exponents from the original
flow data. Thus it was not possible to get an agreement be-
tween exponent estimates from the section and from the flow,
nor was it expected. For the measurement of the Lyapunov
spectrum, uncertainty in the values of other exponents meant
that it was not possible to get a reliable estimate of the
Lyapunov dimension. Time reversal results were also incon-
clusive at best. However, simulated data with the addition of
noise would not usually switch the signs of the exponents
under time reversal either. So the sign change of exponents
when the data are reversed may not be a suitable criterion for
noisy data.

F. Unstable periodic orbits

In addition to the occurrence of a positive Lyapunov
exponent, a chaotic system may also be characterized by
having an infinite number of unstable periodic orbits �UPOs�.
The identification of UPOs plays a critical role in many
chaos control algorithms.40 Most standard chaos control al-
gorithms attempt to control the system onto a UPO while
operating within the chaotic regime. Small time-dependent
perturbations applied to an accessible parameter may then be
used to force the system onto the stable manifold and hence
enforce stability and a periodic behavior. The drive fre-
quency is the most preferable candidate to use as the varied
parameter in a control scheme. This is because it is easily
adjustable, and a small change in drive frequency often

yields appropriate changes in the dynamics. It is useful in
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occasional proportional feedback control schemes in tracking
and targeting of trajectories, and in the identification of sym-
bolic dynamics.40,41 Thus we will also attempt to characterize
the UPOs exhibited during the chaotic state.

By looking for when the dynamics approach the same
region after a given number of iterates, periodic orbits can be
found. UPOs of period p are found simply by establishing a
threshold 
,


Y�n� − Y�n + p�
 � 
 , �12�

in which case a periodic orbit exists in the vicinity of Y�n�
and a least squares fit of all data in the region can be used to
estimate its exact location. The exact value of 
 may be
varied depending on the size of the data set, the period p, and
the number of UPOs that one wishes to find. False positive
UPOs may be identified using the mean squared error of the
least squares fit.

Figure 16 shows the delay coordinate embedding of the
Poincaré section using times between zero crossings. In this
figure, we identified period 1, period 2, and period 3 orbits.
From the least squares fit estimate of the local dynamics, the
eigenvalues and eigenvectors corresponding to the stable and
unstable manifolds can be found. For the period 1 orbit, we
have a fixed point located at 0.0222 s, corresponding to the
drive frequency of the system, 45 Hz. Its eigenvalues are
0.155 and −1.571, with corresponding eigenvectors �1,0.155�
and �−0.637,1�. Similar results can be obtained for other
identified periodic orbits, and these results can be used to
implement a chaos control technique.

IV. FURTHER ANALYSIS AND CONCLUSIONS

An analysis was attempted on time series data from an
experimental electrodynamic loudspeaker in order to charac-
terize the embedding dimension, the fractal dimension, the
Lyapunov exponents, and the UPOs. The obtained results
indicate that the system is governed by low dimensional cha-
otic dynamics and thus is highly amenable to control, track-
ing, synchronization, noise reduction, and so forth. Particular
care was made in verifying the presence of a positive

FIG. 16. �Color online� A delay coordinate embedding plot of the times
between zero crossings. Periods 1–3 points are identified, along with the
stable and unstable manifolds of the period 1 orbit.
Lyapunov exponent.
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Various estimates of fractal dimension were performed,
including the measurement of correlation dimension,26,27 in-
formation dimension, and box counting dimension for differ-
ent embedding dimensions. Although there was qualitative
confirmation of low dimensional behavior, consistent results
for quantitative values for the fractal dimension were not
achieved.

However, the estimation of the dominant Lyapunov ex-
ponent, which is less reliant on a large data set size, provided
consistent results regardless of the method of estimation.10

We used several different techniques that provided a rough
agreement in their estimates of the dominant exponent, and
the results further agreed with the theory concerning the
Lyapunov spectrum and its properties. They reliably showed
evidence of a positive Lyapunov exponent, a strong indicator
of chaos.

Finally, we attempted to estimate the eigenvalues and
eigenvectors associated with detected UPOs. These may be
easily identified. Control may be applied to allow the loud-
speaker to operate as desired within the chaotic regime.
Tracking and maintenance should also be possible since the
appropriate dynamics have been found for the application of
several well-known algorithms.

However, extraction of many empirical quantities, par-
ticularly fractal dimension, proved difficult due to a number
of issues. This may be accounted for partly by the nonsta-
tionarity and short data set size. Although the original data
set is over 200 000 points, it represents about 10 000 orbits.
This is insufficient for an effective calculation of fractal di-
mension in the presence of noise and long term dynamics.
Furthermore, although the dynamics are somewhat stable,
there is still a gradual change in various statistical quantities
when examined using a sliding window through the data.
This tends to distort various measurements. A longer data set
size could capture the long term dynamics.

However, we believe that the difficulty in estimating
some measures of nonlinear behavior and dimensionality is
primarily due to low sample rates and low resolution due to
limitations in the data acquisition system. First, the data were
sampled at 1024 samples /s, or approximately 23 samples per
period. A higher sampling rate would yield more accurate
Poincaré sections. Alternatively, if the sampling data could
be sampled at exactly the drive frequency, 45 Hz, then this
would produce a natural Poincaré section. The analyzed data
had a 16 bit precision, but this was further limited by the
8 bit resolution of the A/D converter of the laser distance
meter. This meant that there was a significant uncertainty in
the location of nearby points. Since most analyses of chaotic
time series rely on an analysis of near neighbors in a locally
linear region, these resulted in inaccuracies in the estimation
of fractal dimension and Lyapunov exponents.

Current work is focused on improvements to the data
acquisition system. This would allow a more accurate analy-
sis of the data, including measurements of how fractal and
Lyapunov dimensions change with parameter settings, and
use of chaotic time series prediction methods on the data.
This could also be used for further direct comparison with a
dynamical behavior from enhanced models of the loud-

speaker. An accurate model of an electrodynamic loud-
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speaker would represent a significant advance in the field,
particularly since model parameters could then be modified
to yield a loudspeaker design with optimal performance.
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