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Abstract

In this paper, we exploit the advantages of tensorial representations and propose several Tensor Learning models

for regression. The model is based on the Canonical (CANDECOMP)/Parallel Factors (PARAFAC) decomposition

of tensors of multiple modes and allows the simultaneous projections of an input tensor to more than one directions

along each mode. Two empirical risk functions are studied, namely the square loss and the ϵ-insensitive loss functions.

The former leads to higher rank Tensor Ridge Regression (hrTRR) and the latter to higher rank Support Tensor

Regression (hrSTR), both formulated using the Frobenius norm for regularization. We also use the group sparsity

norm for regularization, favoring in that way the low rank decomposition of the tensorial weight. In that way we

achieve the automatic selection of the rank during the learning process and obtain the optimal rank TRR (orTRR)

and optimal rank STR (orSTR). Experiments conducted for the problems of head pose, human age and 3D body

pose estimation using real data from publicly available databases, verified not only the superiority of tensors over

their vector-counterparts but also the efficiency of the proposed algorithms.
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I. INTRODUCTION

TEnsors can be regarded as natural representations of visual data (some examples are given in Fig. 1).

However, most approaches in literature work on vector spaces that are derived by stacking the original

tensor elements in a more or less arbitrary order. This vectorization of data creates many issues. First, the underlying

structural information is disregarded. Second, the vectorization of a tensor results in the creation of a vector of

potentially very high dimensionality. This may lead to overtraining, high computational complexity and large

memory requirements. Therefore, several algorithms that used tensor representations were recently proposed for a

number of problems [1]–[3]. In most cases it has been shown that they outperform their vector-based counterparts.

The advantages of tensor-based methods seem to stem from the way tensors are decomposed. More specifically,

the unknown parameter (weight) tensor is usually constrained to be a linear combination of rank-one components,

that is a linear combination of simple tensors that can be expressed as the outer product of low dimensional vectors.

This leads to fewer parameters to be estimated and acts as a feature selection or dimensionality reduction scheme

that takes the structure of the feature space into consideration. Factorizing the parameter space into a product of

different factors, reduces the number of unknowns to be estimated. Usually, the parameters that are associated with

each mode are estimated in an iterative manner, where at each iteration, only the parameters associated with a

single mode are updated. Thus, at each iteration, a problem of reduced dimensionality needs to be solved.

Recently, several classic vector-based unsupervised and supervised learning approaches have been extended to

deal with tensorial data. In the setting of unsupervised tensor dimension reduction, [4] represented a collection

of images as a 3rd order tensor consisting of slices of 2D images and used a rank-one tensor decomposition

principle to derive new image bases that capture both spatial and temporal redundancies. The two dimensional

(2D) Principle Component Analysis (PCA) represented an image in its natural matrix form (i.e., as a 2nd order

tensor) and projected it to principal components along both horizontal and vertical directions. A 2D subspace

(manifold) learning that is based on graph embedding of data represented as tensors was presented in [5]. In [3],

the bilinear subspace analysis was generalized to a higher-order multilinear PCA that maximizes data variance
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(a) (b) (c) (d)

Fig. 1. Examples of visual data represented as tensors. (a) 3-mode tensor-based representations of visual objects. Examples include (b) a

gray image (2nd order tensor), (c) a color image (3rd order tensor) and (d) a HoG descriptor (3rd order tensor).

along each mode. Multilinear analysis was also successfully applied in multiple factor analysis by introducing the

so-called ”TensorFaces” in [6]. That work used the High-Order Singular Value Decomposition (HOSVD) in order

to decompose an ensemble of images into basis images that capture the different underlying factors of variations,

such as illumination, viewpoint and scene structures. Likewise, the Non-negative Tensor Factorization (NTF) [7],

[8] in comparison with its vector counterpart–Non-negative Matrix Factorization (NMF)–not only preserves the

local spatial relationship of images but is unique under certain mild conditions.

The unsupervised dimension reduction achieved when tensorial data are used, derives representations without

taking into consideration the subsequent classification or recognition tasks. In order to achieve discriminant subspace

learning from a set of labelled training examples, Linear Discriminant Analysis (LDA) was extended to Multilinear

Discriminant Analysis (MDA) for face and gait recognition in [9], [10]. Such methods learn projection matrices

along each mode of the tensor object in such a way that a discrimination criterion is maximized. The Discriminant

Non-negative Matrix Factorization (DNMF) was also extended to Discriminant Non-negative Tensor Factorization

(DNTF) in [11]. Similarly, in the general framework of Supervised Tensor Learning (STL) a method that learns

one projection vector along each mode of a tensor was proposed in [12]. However, the use of only one projection

vector for each mode may lead to loss of discriminative information. For this reason, the Support Vector Machines

(SVMs) methodology, again within the STL framework, was extended to handle more than one projection directions

in [1], [2], [13]. The work presented in [1], [13] regularizes the weights using matrix spectral norms (or matrix



Copyright (c) 2011 IEEE. Personal use is permitted. For any other purposes, permission must be obtained from the IEEE by emailing pubs-permissions@ieee.org.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication.

IEEE TRANSACTIONS ON IMAGE PROCESSING, VOL. ..., NO. .., ... 4

trace, nuclear norm), favoring in that way low ranks for the weight matrix. The low-rank SVMs formulation

proposed in [1] minimized the rank of the projection matrix instead of the classical maximum-margin criterion.

The authors proposed an SVD-based iterative algorithm that, at each iteration, updated the parameters in the vector

space using classic SVMs and reshaped them so as to reweigh the original tensor data. Although it is argued that

rank one SVMs are better than their vector counterpart (SVMs), the proposed learning scheme does not reduce

the computation complexity. This is as the parameters are updated via a classic SVMs optimizer using the original

vector representation, without using a factorization of the weight tensor that would reduce the number of unknown

parameters. In [13], the optimization problem is reformatted into a semi-definite one and solved using an interior

point algorithm. However, these algorithms based on matrix rank regularization are not very direct when generalizing

a matrix spectral norm to a higher order tensor. A biconvex formation, the so called bilinear SVMs, was proposed

in [2], in the context of multi-task learning. The bilinear SVMs relax the orthogonality constraints on the columns

of the weight matrix and a group coordinate descent learning scheme solves a classic SVMs subproblem for each

tensor mode. Additionally, [1], [2], [13] mainly deal with matrices (2nd order tensors).

In this paper, we study the regression problem using tensorial data and propose a Tensor Learning Model. To

the best of our knowledge, this is the first work that addresses the regression problem using tensor representations.

We adopt a linear regression model that is based on the inner product of the data tensor X and a tensor W of

the (unknown) parameters. That is, f(X ) = ⟨X ,W⟩ + b. Two empirical risk functions are studied, namely the

square loss and the ϵ-insensitive loss functions. The former leads to what we refer to as higher rank Tensor Ridge

Regression (hrTRR) and the latter to higher rank Support Tensor Regression (hrSTR). In both cases, the unknown

tensor W is learned in an iterative manner, where at each iteration, using the Canonical (CANDECOMP)/Parallel

Factors (PARAFAC) decomposition [14], the data from the input tensors X are projected along a certain mode and

the parameters that are associated to that mode are learned by solving a linear problem of reduced dimensionality.

Contrary to previous tensor-based methods that deal either with low order tensors (i.e., matrices [1], [2], [13]) or

weight tensors of rank one [12], we derive the solutions for general tensors with multiple modes and in a way that

allows simultaneous projections along multiple directions for each mode, thus dealing with higher-order tensors of

higher rank.
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Additionally, we consider two regularization terms, namely the Frobenius and the group sparsity norm. The use

of Frobenius norm leads to the above mentioned hrTRR and hrSTR algorithms, requiring an a priori selection of

the tensor rank R, typically obtained by cross-validation. The use of group sparsity norm however, allows us to

enforce lower rank decomposition as a sparse constraint on rank one components and introduce in that way a novel

algorithm that automatically determines the optimal tensor rank. This leads to the optimal rank TRR (orTRR) and

optimal rank STR (orSTR) algorithms.

The contributions of this paper are the following:

1) We propose a framework for learning directly multilinear mappings from a tensorial input space to a continuous

output space. To the best of our knowledge this is the first work that considers the regression problem within

tensor-based supervised learning framework.

2) We propose to use Canonical (CANDECOMP)/Parallel Factors (PARAFAC) decomposition in order to learn

simultaneously multiple projection vectors for each tensor mode. Our methodology handles high rank tensors

and learns directly the parameters of the projections across each mode, contrary to other existing methods

that first obtain the vector-based solution and then project it on the tensor subspace.

3) We investigate two regularized loss functions, namely the square loss and the ϵ-insensitive loss functions,

leading to higher rank Tensor Ridge Regression (hrTRR) and higher rank Support Tensor Regression (hrSTR),

respectively.

4) We investigate two regularization terms, namely the Frobenius and the group sparsity norms. The former

requires the a priori selection of the tensor rank and leads to hrTRR and hrSTR, while the latter enables

us to automatically estimate the tensor rank and leads to optimal rank TRR (orTRR) and optimal rank STR

(orSTR), respectively.

The remainder of the paper is organized as follows. In Section II we present some useful notations regarding

tensorial algebra that will be used throughout the paper. In Section III we describe the proposed Supervised

Tensor Learning framework using two loss functions. More specifically, in Sections III-A and Section III-B we

derive the higher rank Tensor Ridge Regression (hrTRR) and the higher rank Support Tensor Regression (hrSTR)

algorithms using a regularized square loss and the ϵ-insensitive loss functions, respectively, as well as the Frobenius
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norm regularization. The group-sparsity norm regularization framework that automatically estimates the rank in the

learning process is presented in Section IV. In Section V, we report experimental results for head pose, human age

and 3D body pose estimation using publicly available datasets. Finally, in Section VI we draw some conclusions.

II. NOTATIONS AND PRELIMINARIES

In this Section we will briefly describe some useful notations and concepts of tensorial algebra that will be used

throughout the paper and are consistent with those presented in [14]. More specifically, matrices will be denoted

by boldface capital letters, e.g., A, vectors by boldface lowercase letters, e.g., a and scalars by lowercase letters,

e.g., a. Tensors are regarded as multi-dimensional arrays and will be denoted by Euler script calligraphic letters,

e.g., X ∈ IRI1×I2···×IM . The number of dimensions (also known as modes) M of a tensor denotes the order of the

tensor. The i-th element of a vector x ∈ IRI is denoted by xi, i = 1, 2, . . . , I . In a similar way, the elements of an

M -order tensor X will be denoted by xi1i2...in , iℓ = 1, 2, . . . , Iℓ, ℓ = 1, 2, . . . ,M .

The d-mode matricization, also known as unfolding or flattening, of an M -order tensor X ∈ IRI1×I2···×IM , denoted

by X(d) ∈ IRId×(I1···Id−1Id+1···IM ) or matd(X ), is the reordering of the tensor elements into a matrix, in such a way

that the d-mode fibres become the columns of the final matrix. In the same way we define the vectorization of a

tensor X , denoted as vec(X ), by stacking its elements into a vector.

The d-mode product of a tensor X ∈ IRI1×I2···×IM with a matrix U ∈ IRJ×Id , denoted as X ×d U , is a tensor

of size I1 × Id−1 × J × Id+1 × IM , elementwise defined as

(X ×d U)i1···id−1id+1···iM =

Id∑
id=1

xi1···iMujin . (1)

The equivalent unfolded expression is

Y = X ×d U ⇔ Y (d) = UX(d). (2)

The d-mode vector product of a M order tensor X ∈ IRI1×I2···×IM with a vector u is defined likewise, but resulting

in a (M − 1) order tensor of size I1 × Id−1 × Id+1 · · · × IM .

The multiplication in every mode is denoted by:

X ×1 U1 ×2 U2 · · · ×M UM , X
M∏
k=1

×kUk, (3)
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while the multiplication in every mode except d is defined as:

X ×1 U1 · · · ×d−1 Ud−1 ×d+1 Ud+1 · · · ×M UM

, X
M∏

k=1,k ̸=d

×kUk , X×̄dUd.

(4)

The inner product of two tensors of the same size X ,Y ∈ IRI1×I2···×IM is defined as

⟨X ,Y⟩ =
I1∑

i1=1

· · ·
IM∑

iM=1

xi1···iMyi1···iM . (5)

The Frobenius norm of a tensor is thus defined as ∥X∥Fro =
√
⟨X ,X⟩. It can be shown that ∥X∥FRO =

∥X(d)∥FRO =
√

X(d)X
T
(d) for any mode d.

The Canonical (CANDECOMP) / Parallel Factors (PARAFAC), referred as CP, decomposition factorizes an M

order tensor X ∈ IRI1×I2···×IM into a linear combination of a number R of rank-one tensors, written as:

X ≈
R∑

r=1

u(1)r ◦ u(2)r · · · ◦ u(M)
r , [[U (1),U (2), · · · ,U (M)]]. (6)

The operator ”◦” is the outer product of vectors and the factor matrices U (k) = [u
(k)
1 , · · · ,u(k)

R ], of the size

Ik ×R, k = 1, 2, · · · ,M . In terms of unfolded tensors, the CP decomposition can be expressed as

X(d) = U (d)
(
U (M) ⊙ · · · ⊙U (d+1) ⊙U (d−1) ⊙ · · · ⊙U (1)

)T
(7)

where ⊙ denotes the Khatri-Rao product. The rank of a tensor X , denoted as R = rank(X ), is the smallest number

of rank-one tensors whose sum is equal to X .

III. GENERALIZED TENSOR LEARNING MODEL

A classic linear predictor in the vector space is given by

y = f(x;w, b) = ⟨x,w⟩+ b, (8)

where x is the input data in a vector format, w is the parameter/weight vector, b is the bias and y the regression

output. Scalar output regression is considered here.

We extend the above mentioned classic linear predictor from the vector space to the tensor space as

y = f(X ;W, b) = ⟨X ,W⟩+ b, (9)
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where X ∈ IRI1×I2···×IM contains the input features, represented now as tensors with M modes, and W is the

weight tensor of equal number of modes and dimensions to the data tensor X . The scalar b is the bias.

In terms of the unfolded tensor, Eqn.(8) and Eqn.(9) are equivalent. But if the input space is of high dimensionality,

the over-fitting and high computational complexity problems appear. Unsupervised dimensionality reduction is

usually applied prior to learning the weights. In this paper, in order to perform feature selection or dimensionality

reduction and capture the underlying structure of the data, we constrain the weight tensor W ∈ IRI1×I2···×IM to be

a sum of R rank-one tensors, following the principle of CP composition. That is,

W =

R∑
r=1

u(1)
r ◦ u(2)

r ◦ · · · ◦ u(M)
r , [[U (1),U (2), · · · ,U (M)]], (10)

where U (j) = [u
(j)
1 , · · · ,u(j)

R ]. By substituting Eqn.(10) in Eqn.(9), we get

y = ⟨X ,W⟩+ b

= ⟨X ,
R∑

r=1

u(1)
r ◦ u(2)

r ◦ · · · ◦ u(M)
r ⟩+ b

=

R∑
r=1

⟨X ,u(1)
r ◦ u(2)

r ◦ · · · ◦ u(M)
r ⟩+ b

=

R∑
r=1

X
M∏
k=1

×ku
(k)
r + b.

(11)

As can be seen in Eqn.(11), the input features X are projected along R directions for each mode k. These

projections define the final subspace that is spanned by the learned R rank-one tensors. The fact that multiple

projections are used reduces the loss of information that occurs when the projection is performed along only one

direction [3]. Such projections can also be interpreted as a supervised dimension reduction or a feature selection

scheme. This decomposition reduces the number of parameters that need to be estimated from
∏M

k=1 Ik (i.e. the

number of elements of the tensor W) to R
∑M

k=1 Ik.

Given a set of labelled training set {Xi, yi}Ni=1, where Xi ∈ IRI1×I2···×IM is an M -mode tensor and yi are the

associated scalar targets, we aim at learning the parameters Θ = {U (1),U (2), · · · , (U)M , b} by minimizing the

following regularized empirical risk:

L (Θ) =
1

2

N∑
i=1

l(yi, f(Xi; Θ)) +
λ

2
ψ(Θ) (12)
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where l(·) is a loss function and ψ(·) is a regularization term, that is introduced to control the model complexity

so as to avoid over-fitting. Two types of empirical loss functions are considered in this paper for the problem

of regression: the square loss and the ϵ-insensitive loss function. The former leads to what we refer to as higher

rank Tensor Ridge Regression (hrTRR) and the latter to higher rank Support Tensor Regression (hrSTR). We also

consider two types of regularization terms: the Frobenius norm, that requires the a priori selection of the rank R

of the tensor weight (something that is achieved with exhaustive search) and the group sparsity norm, that allows

the automatic selection of the decomposition rank as a part of the learning process. The former leads to the above

mentioned hrTRR and hrSTR while the latter leads to the optimal rank Tensor Ridge Regression (orTRR) and

optimal rank Support Tensor Regression (orSTR). The main steps of the proposed Tensor Learning for regression

algorithm are summarized in Algorithm 1.

A. Higher Rank Tensor Ridge Regression

In order to proceed with the formulation of the higher rank Tensor Ridge Regression algorithm we consider the

square loss empirical loss function l = (y − f)2/2 and the Frobenius regularization term ψ(Θ) = ∥W∥2Fro. Then,

Eqn.(12) is reformulated as:

L({U (1),U (2), · · · ,U (M)}, b)

=
1

2

N∑
i=1

(
yi − ⟨Xi, [[U

(1),U (2), · · · ,U (M)]]⟩ − b
)2

+
λ

2

∥∥∥[[U (1),U (2), · · · ,U (M)]]
∥∥∥2
Fro

. (13)

We can see in the above equation that both the data and the regularization terms contain products of the parameters

U1,U2, · · · ,UM . Thus, a closed-form solution like the one obtained for the vector-based ridge regression cannot

be obtained. In order to tackle this problem, we follow a coordinate-descent approach, also known as alternative

projections [10], [12]. This is an iterative method, where at each iteration we solve a convex optimization problem

with respect to one subset of the parameter set {U1,U2, · · · ,UM} while all the other parameters are kept fixed.

The procedure is repeated until a convergence criterion is met.

At each iteration we solve for the parameters U (j) that are associated with the projection along mode j, while

keeping the parameters {U (k)}|Mk=1,k ̸=j for the projections along all other modes fixed. Keeping {U (k)}|Mk=1k ̸=j
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Algorithm 1 TENSOR LEARNING FOR REGRESSION

Input: The set of training tensors and their corresponding targets, that is {Xi, yi}|Ni=1.

Output: The weights {U1, · · · ,UM} and the bias term b ∈ IR that minimize the objective function.

1: Initialize randomly {U (1), · · · ,U (M)}(0).

2: repeat

3: t← t+ 1

4: for k = 1 to M do

5: Solve with respect to U (k)|(t):

For hrTRR solve Eqn.(14) or Eqn.(18);

For hrSTR solve Eqn.(21);

For orTRR, solve Eqn.(28);

For orSTR, solve Eqn.(29).

6: end for

7: if orTRR and orSTR then

8: Update the the parameter η given by Lemma 1

9: Prune the columns U
(m)
:r of factor matrices,

m ∈ {1, 2, . . . ,M}, r ∈ {j|ηj ≤ ϵ, j = 1, 2, . . . , R}

10: end if

11: until ∥W(t) −W(t−1)∥/∥W(t−1)∥ ≤ ε or t ≥ Tmax

fixed, the Û
(j)

that minimizes Eqn.(13) is the one that minimizes

Lj(U
(j), b) =

1

2

N∑
i=1

(
yi − Tr(U (j)U (−j)TXT

i(j))− b
)2

︸ ︷︷ ︸
lj(U (j),b)

+
λ

2
Tr(U (j)U (−j)TU (−j)U (j)T)︸ ︷︷ ︸

Ωj(U (j))

(14)

where U (−j) = U (M) ⊙ · · · ⊙U (j−1) ⊙U (j+1) · · ·U (1) and Tr refers to the trace operator.

The reduced regularized least square optimization problem defined above can be solved in a closed-form for the
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bias term b (i.e., b = 1
N

∑N
i=1

(
yi − Tr(U (j)X̃

T
i(j))

)
), but not for U (j). To solve for U (j) we need to resort to

gradient-descent-style methods, e.g., a BFGS quasi-Newton optimizer. The gradient of the objective Lj with respect

to U (j) is given by:

∂Lj

∂U (j)
= −

N∑
i=1

(
yi − Tr(U (j)X̃

T
i(j))− b

)
X̃i(j)

+ λU (j)U (−j)TU (−j)

(15)

where X̃i(j) = Xi(j)U
(−j). The proof can be found in Appendix A.

The partial derivative with respect to the bias is given here without proof:

∂Lj

∂b
= −

N∑
i=1

(
yi − Tr(U (j)X̃

T
i(j))− b

)
. (16)

Note that in Eqn.(15), the R × R matrix U (−j)TU (−j) by which the unknowns U (j) is multiplied introduces

cross terms that do not allow the vectorization of Eqn.(15) with respect to the unknowns U (j). Thus, we cannot

obtain closed-form solutions for the subproblem. Alternatively, we can use a separable regularization term

Ω(W) =

M∑
k=1

∥U (k)∥2Fro, (17)

which can provide a closed-form solution for U (j) and b when the unknowns are written in a vectorized form.

More specifically, since ∥U (j)∥2Fro = ∥vect(U (j))∥2, and Tr(U (j)X̃
T
(j)) = [vect(U (j))]T[vect(X̃(j))] it can be

easily shown that the closed form solution can be derived as

û(j) =
(
ΦTΦ+ λI

)−1
ΦTy, (18)

where û(j) =
[
vec(Û

(j)
)T b

]T
is the vector of the unknowns, y = [y1, · · · , yN ]T are the targets and the ith row

of the matrix Φ is [vec(X̃i(j))
T 1].

B. Higher Rank Support Tensor Regression

In this section we will derive the maximum-margin solution to the tensor-based regression problem. To this end,

we consider the ϵ-insensitive loss function l = max(0, |y − f | − ϵ) and the Frobenius regularization term ψ(Θ) =

∥W∥2Fro. Following the same reasoning behind the SVR methodology we formulate the following optimization



Copyright (c) 2011 IEEE. Personal use is permitted. For any other purposes, permission must be obtained from the IEEE by emailing pubs-permissions@ieee.org.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication.

IEEE TRANSACTIONS ON IMAGE PROCESSING, VOL. ..., NO. .., ... 12

problem:

min
W,b,ξ,ξ̂

1

2
∥W∥2Fro + C

N∑
i=1

(ξi + ξ̂i), (19a)

s.t.− yi + ⟨Xi,W⟩+ b ≥ ϵ+ ξ̂i,

yi − ⟨Xi,W⟩ − b ≤ ϵ+ ξi,

ϵ ≥ 0, ξi ≥ 0, ξ̂i ≥ 0, ∀i = 1, 2, · · · , N. (19b)

We should note here that the above defined optimization problem constitutes a reformulation of Eqn.(12). In order

to solve Eqn.(19), we optimize the cost function with respect to U (j) while keeping the other U (k), k ̸= j fixed.

That is,

min
U (j),b,ξ,ξ̂

1

2
Tr
(
U (j)U (−j)TU (−j)U (j)T

)
+ C

N∑
i=1

(ξi + ξ̂i), (20a)

s.t.− yi +Tr(U (j)U (−j)TXT
i(j)) + b ≥ ϵ+ ξ̂i,

yi − Tr(U (j)U (−j)TXT
i(j))− b ≤ ϵ+ ξi,

ϵ ≥ 0, ξi ≥ 0, ξ̂i ≥ 0, ∀i = 1, 2, · · · , N. (20b)

If we denote by B = U (−j)TU (−j), Ũ
(j)

= U (j)B
1

2 and X̃i(j) = Xi(j)U
(−j)B

1

2 , the optimization problem in

Eqn.(20) can then be rewritten as:

min
U (j),b,ξ,ξ̂

1

2
Tr(Ũ

(j)
Ũ

(j)T
) + C

N∑
i=1

(ξi + ξ̂i), (21a)

s.t.− yi +Tr(Ũ
(j)

X̃
T

i(j)) + b ≥ ϵ+ ξ̂i,

yi − Tr(Ũ
(j)

X̃
T

i(j))− b ≤ ϵ+ ξi,

ϵ ≥ 0, ξi ≥ 0, ξ̂i ≥ 0, ∀i = 1, 2, · · · , N. (21b)

If we vectorize Ũ
(j)
, X̃i(j), since

Tr(Ũ
(j)

Ũ
(j)T

) = ∥vec(Ũ
(j)

)∥2,

Tr(Ũ
(j)

X̃
T

i(j)) = [vec(Ũ
(j)

)]T[vec(X̃i(j))], (22)
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then the problem in Eqn.(21) can be easily solved using a typical SVMs/SVR optimizer. Once Ũ
(j)

is obtained,

we can solve for U (j) as

U (j) = Ũ
(j)

B− 1

2 . (23)

IV. OPTIMAL RANK TENSOR LEARNING MODEL

In hrTRR and hrSTR, the Frobenius norm regularization was used, requiring the a priori selection of the tensor

rank. This task is usually performed using cross-validation, something that is achieved with an exhaustive search

for the optimal rank R. A low model complexity is in general ensured by obtaining a lower generalization error

bound, implying that the weight tensor W should have a lower rank. However, the optimization of the tensor

decomposition rank is NP-hard [14]. To this end, we regularize the decomposed components of the weight tensor

with l1,2 norm [15], [16] favoring in that way the sparse-column characterization of the factor matrices of W , as

depicted in Fig 2.

This group sparsity norm regularization can be written as

ψ(W) =

R∑
r=1

(
M∑

m=1

∥U (m)
:,r ∥22

) 1

2

(24)

where U
(m)
:,r denotes the rth column of the matrix U (m). By applying this regularization we force the same rth

columns of the factor matrices U (m),m = 1, 2, . . . ,M to simultaneously become zero. In order to achieve that, we

further minimize the upper bound based on the following variational inequality over the regularization term [15]:

Lemma 1.

ψ(W) =

R∑
r=1

(

M∑
m=1

∥U (m)
:,r ∥22)

1

2

= min
η∈RR

1

2

R∑
r=1

∑M
m=1 ∥U

(m)
:,r ∥22

ηr
+

1

2
∥η∥1.

(25)

The minimum is then obtained for ηr = (
∑M

m=1 ∥U
(m)
:,r ∥22)

1

2 , ∀r = 1, 2, . . . , R. The proof is provided in Appendix C.

By substituting Eqn.(25) into Eqn.(12) we formulate the following optimization problem that corresponds to what
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Fig. 2. Schematic description of sparse rank decomposition

we will refer to as the Optimal Rank Tensor Learning model:

min
U (m)|Mm=1,b,η

L(U (m)|Mm=1, b,η)

=
1

2

N∑
i=1

l(yi,
⟨
Xi, [[U

(1),U (2), · · · ,U (M)]]
⟩
+ b)

+
λ

4

(
R∑

r=1

∑M
m=1 ∥U

(m)
:,r ∥22

ηr
+ ∥η∥1

)
.

(26)

If we adopt the block coordinate descent algorithm (its analytic form is provided in Appendix D) and keep

{U (m)}|Mm=1 m̸=j fixed, the subproblem for U (j) is given by

Lj(U
(j), b) =

1

2

N∑
i=1

l
(
yi,Tr(U

(j)U (−j)TXT
i(j)) + b

)
+
λ

4
Tr(U (j)ΛU (j)T)

(27)

where U (−j) = U (M) ⊙ · · · ⊙U (j−1) ⊙U (j+1) · · ·U (1), and Λ = diag( 1
η1
, . . . , 1

ηR
). This optimization scheme can

be seen as a variant of an iterative reweighted least square algorithm.

Regarding the Optimal Rank TRR (orTRR) case we consider the loss square empirical loss function. Then the

subproblem (27) is a weighted least square problem which can be solved by a closed-form solution as

û(j) =

(
ΦTΦ+

λ

2
Λ̃

)−1

ΦTy, (28)

where Λ̃ = Λ⊗ IIj×Ij .

Regarding the Optimal Rank STR (orSTR) case we consider the ϵ-insensitive loss function and rewrite the
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subproblem (27) into the following equivalent form

min
U (j),b,ξ

1

2
Tr
(
U (j)ΛU (j)T

)
+ C

N∑
i=1

(ξi + ξ̂i), (29a)

s.t.− yi +Tr(U (j)U (−j)TXT
i(j)) + b ≥ ϵ+ ξ̂i,

yi − Tr(U (j)U (−j)TXT
i(j))− b ≤ ϵ+ ξi,

ϵ ≥ 0, ξi ≥ 0, ξ̂i ≥ 0, ∀i = 1, 2, · · · , N, (29b)

that is similar to the Eqn.(21) if we replace B with Λ, and hence can be solved in a similar way.

V. EXPERIMENTAL RESULTS

In order to investigate the performance of the proposed tensor-based regression schemes we conducted experiments

using real, publicly available data for the problems of head pose, human age and body pose estimation.

More specifically, we investigated and compared the performance of the vector-based and tensor-based algorithms

with respect to the following:

1) The influence of the rank R of the weight tensor that controls the number of simultaneous projections along

each mode.

2) The influence of the values of the regularization parameters and more specifically of the parameter λ for

hrTRR and RR and of C for hrSTR and SVR.

3) The effectiveness of the automatic procedure for finding the optimal rank for orTRR and orSTR algorithms.

A. Head Pose Estimation

Regarding head pose estimation, we carried experiments using three publicly available datasets, the IDIAP [17],

the Boston University [18] and the Pointing’04 [19] datasets.

1) IDIAP dataset: The IDIAP database comprises of 23 video sequences involving people engaged in natural

activities. In total, 16 different subjects participate in the video database. We used a subset of the dataset, containing

only the videos from meeting scenarios 1, 3 and 4, splitted in training and testing sets following the protocol

described in [17]. The ground truth provided is in the form of pan, tilt and roll angles (i.e. Euler angles with

respect to the camera coordinate system) for each frame of the video sequences. A face detector was used to
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extract the bounding box of each face in every video frame. All the acquired image regions were resized to 40×30

pixels. Two types of features were extracted, the normalized pixel intensity and the log-Gabor features. Each of

the images formed a 40× 30 2nd order tensor that was used as input to the proposed tensor-based algorithms. The

head pose Euler angles {α, β, γ}, corresponding to pan, tilt and roll were calculated from the rotation matrix of the

head configuration with respect to the camera position. We report the mean absolute angular error of the pointing

vector defined by {α, β, γ} and the mean absolute error for each of {α, β, γ} [17].

2) Boston University dataset: The Boston University (BU) dataset consists of 45 video sequences, depicting 5

subjects performing 9 different motions under uniform illumination in a standard office setting. The training and

testing subsets are chosen in such a way so as to ensure that the subjects in the testing set do not appear in the

training set (Table I).

TABLE I

BOSTON UNIVERSITY HEAD POSE DATA

Subject Training Sequences Testing Sequences

jam 1, 2, 3 4, 5, 6, 7, 8, 9

jim 7, 8, 9 1, 2, 3, 4, 5

llm 1,2,3,4,5,6,7,8,9

ssm 2, 8 1, 3, 4, 5, 6, 7, 9

vam 4, 5, 6 1, 2, 3, 7, 8, 9

The features extracted were the same as with the IDIAP dataset. The head pose Euler angles {α, β, γ}, corre-

sponding to roll, yaw and pitch in the BU dataset, were also calculated and we report the mean absolute angular

and mean absolute errors of the pointing vector.

3) Pointing4: The Pointing’04 head pose database contains a variety of head poses ranging from -90 to 90

degrees in both horizontal and vertical directions. The data set comprises of 15 subjects of various skin colors,

with or without glasses, each one performing 13 pose variations in horizontal and 7 in vertical, as well as the two

extreme cases of the vertical 90 and -90 degrees, to a total of 2790 images.

The bounding box for each image was provided. All images were resized to be of size 32 × 32. Subsequently,
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a log-Gabor filter with 4 scales and 8 orientations was applied at each image and the Local Binary Patterns were

calculated. Each image was divided into non-overlapping rectangular sub-regions of size 8×8 and a set of histograms

were computed for each subregion (considering 59 bins). Finally each histogram was organized in a 3-D tensor of

dimension 944× 4× 8.

4) Head pose estimation results: We first studied the convergence in terms of the training errors with respect

to the number of outer iterations required for the below mentioned five training schemes: the closed-form solution

updates in hrTRR (Eq. 14), the BFGS quasi-Newton solver for the hrTRR (B-hrTRR) (Eq. 18), the Libsvm [20]

optimizer for the hrSTR (Eq. 21), the orTRR and the orSTR.

The unknown parameters are randomly initialized. The training error plotted against the number of outer iterations

is depicted in Fig. 3, where the convergence of all five training processes is shown. As we can see, the hrTRR,

B-TRR and hrSTR all converge quite fast, while the orTRR and orSTR require more iterations to reach convergence.

The difference in the reported values is due to different values for the λ parameter used, chosen by cross-validation.
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Fig. 3. The training error for the tilt angle on the IDIAP dataset.

Subsequently, we investigate the sensitivity with respect to the initialization of W in the hrTRR and hrSTR
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schemes. The results acquired for different initializations (either random or using the values obtained from the

corresponding vector-based problems) were almost identical.

In order to investigate on the significance of the rank R and the regularization parameters λ,C for hrTRR and

hrSTR, we report the testing errors of the pointing vector against the rank and the regularization parameters in

Fig. 4. It can be easily seen that the proposed tensor-based decomposition of parameters avoids over-fitting while

outperforming its vector-based counterparts, especially at low regularization levels (i.e., small values for λ for

hrTRR and high values for C for hrSTR). Tables II and III report the lowest testing errors that the different

regressors achieved (RR, SVR, hrTRR, hrSTR, orTRR and orSTR) in Fig. 4. From now onwards, the best results

will be highlighted in bold. The automatic rank selection procedure provided us with the same rank as the one

selected by cross validation (equal to 1 for the IDIAP and 3 for the BU datasets). We will therefore report the value

of the optimal rank from now onwards. Additionally, one can observe here that the hrTRR and hrSTR algorithms

provide different results than those of orTRR and orSTR. This is due to the different regularization term used for

the formulation of the orTRR and orSTR problems.
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Fig. 4. Testing error for different rank R and regularization parameters λ,C for (a) TRR, (b) STR on IDIAP, and (c) TRR , (d) STR on

BU

The rank one components {u(1)r ◦ u(2)r ◦ · · · ◦ u(M)
r }|Rr=1 of the weight tensor W that are obtained at convergence

of hrTRR and hrSTR are visualized as gray images in Fig. 5. We visualize the solutions that we obtain for each

of the three output angles {α, β, γ} for the BU dataset. For the tensor-based methods we set R = 3. It is clear

that the tensor weights for the cases of hrTRR and hrSTR form better and more clear spatial patterns that can be

interpreted as filters applied at the input image, when compared to the equivalent weights acquired for RR and

SVR.
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TABLE II

ANGULAR ERROR FOR THE IDIAP DATASET.

RR SVR hrTRR hrSTR orTRR orSTR

pan 25.2 21.9 22.7 20.7 21.51 20.9

tilt 8.5 9.0 9.4 9.0 8.7 8.7

roll 11.1 11.3 10.7 10.0 10.5 10.1

Pointing 28.1 25.0 26.0 23.6 24.5 23.7

TABLE III

ANGULAR ERROR FOR THE BU DATASET.

RR SVR hrTRR hrSTR orTRR orSTR

Roll 6.1 5.8 5.8 5.6 5.7 5.3

Yaw 5.4 5.3 5.0 4.9 5.0 5.3

Pitch 5.1 4.8 5.4 4.8 5.4 4.9

Pointing 9.0 8.7 8.5 8.2 8.5 8.5

RR SVR hrTRR hrSTR

Roll

Yaw

Pitch

(a) (b) (c) (d)

Fig. 5. The images of weights obtained by (a) RR, (b) SVR. Three rank one weight tensors for (c) hrTRR and (d) hrSTR for the BU

dataset.

As mentioned before, the projections along the tensor modes that are performed by the matrices U (d) can be

interpreted as a form of dimension reduction, or feature extraction. In the proposed method, this is performed

in a supervised manner for regression. Below we compare with the results obtained if we perform unsupervised

dimension reduction either in the vector (PCA) or in the tensor (MPCA [3]) representation before a classic vector-
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based regression algorithm (RR or SVR) is trained. The number of PCA (or MPCA) components are chosen so that

around 97% of the energy is preserved. The results are summarized in Table IV, where it is clear that the application

of the unsupervised dimension reduction methods does not lead to results comparable to the ones obtained by the

proposed direct tensor-based regression.

TABLE IV

COMPARISON OF TESTING ERRORS OF POINTING VECTOR OF OUR SUPERVISED MODEL AND UNSUPERVISED MODELS

Features Dataset RR SVR PCA PCA MPCA MPCA hrTRR hrSTR

+RR +SVR +RR +SVR

Intensity
IDIAP 28.1 25.0 28.0 25.6 28.1 25.6 26.0 23.7

BU 9.0 8.7 9.0 8.6 9.0 8.7 8.5 8.2

Log-Gabor
IDIAP 33.0 32.3 31.68 30.8 35.2 30.8 27.06 25.6

BU 10.3 10.0 10.0 10.1 9.8 9.8 9.2 8.4

The angular error for pan and tilt, as well as their average value obtained for the Pointing’04 dataset for RR,

SVR, hrTRR, hrSTR, orTRR and orSTR are given in Table V. The optimal rank selected was equal to 4. As we

can see the results acquired with hrSTR outperform the state of art results presented in [21] .

B. Human age estimation

We also conducted experiments for the estimation of age from facial images, namely the age estimation problem.

To this end, we used one publicly available dataset, the FG-NET dataset [22]. The FG-NET dataset comprises of

1002 facial images of 82 people being from 0 to 69 years old. A set of 68 labeled facial landmarks characterizing

TABLE V

POINTING DATABASE

Range [21] RR SVR hrTRR hrSTR orTRR orSTR

horizontal 9.37 11.63 15.01 7.74 8.45 9.05 8.08

vertical 7.84 12.13 13.97 8.51 7.17 8.78 8.02

Average 8.61 11.88 14.49 8.12 7.81 8.91 8.05
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TABLE VI

MAES ON THE FG-NET DATABASE FOR RR, SVR, HRTRR, HRSTR, ORTRR AND ORSTR.

Range images [23] [22] RR SVR hrTRR hrSTR orTRR orSTR

0-9 371 2.3 3.19 3.58 8.77 4.73 2.82 4.27 4.83

10-19 339 4.86 3.90 6.48 1.28 2.62 1.75 1.84 2.39

20-29 144 4.02 4.29 16.01 10.80 1.96 1.00 1.59 0.37

30-39 70 7.32 9.17 25.90 20.64 7.47 8.61 6.89 8.48

40-49 46 15.24 13.76 35.72 30.52 13.84 17.87 16.60 14.47

50-59 15 22.20 20.06 45.00 39.77 25.60 25.71 25.52 24.98

60-69 8 55.28 32.25 33.15 50.10 29.19 36.14 29.56 31.90

Average 1002 4.95 4.96 10.38 9.07 4.69 3.88 4.25 4.53

shape features are also provided for each facial image. The protocol followed for experiments was the leave-

one-person-out. In our experiments the images were aligned using the set of 68 points. More precisely, we

triangulated the landmarks using Delauney triangulations and then all images where normalized to a template

using piece-wise affine transform. The features extracted were the same as in the case of the Pointing’04 dataset.

The performance of our algorithms was measured using the mean absolute error (MAE) and the cumulative score

(CS). The MAE is defined as the average of the absolute errors between the estimated ages and the ground truth

MAE =
∑N

k=1 |Agek −Agek|/N , where with Agek we denote the estimated age for a test image k, with Agek its

ground truth age and with N the total number of test images. The estimation accuracy can be estimated by the

cumulative score (CS), defined as CS(j) = Ne≤j/N × 100%, where Ne≤j is the number of test images on which

the estimator makes an absolute error non-higher than j years. The optimal rank selected was equal to 7. The MAE

results obtained using RR, SVR, hrTRR, hrSTR, orTRR and orSTR are summarized in Table VI and the cumulative

score achieved is depicted in Fig. 6, where we also plot the state of the art results [23].

As can be seen from the results in Table VI, tensors significantly outperform vectors, providing at the same time

better than the state of the art results. Furthermore, one may notice here that when many examples are available (and



Copyright (c) 2011 IEEE. Personal use is permitted. For any other purposes, permission must be obtained from the IEEE by emailing pubs-permissions@ieee.org.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication.

IEEE TRANSACTIONS ON IMAGE PROCESSING, VOL. ..., NO. .., ... 22

0 2 4 6 8 10 12 14 16 18 20
0

10

20

30

40

50

60

70

80

90

100

Cumulative scores on the FG−NET dataset

C
u

m
u

la
tiv

e
 s

co
re

 (
%

)

 

 

[24]
hrSTR

(a)

Fig. 6. Cumulative scores on the FG-NET dataset.

higher rank tensor representations are used), such as in the age categories 0-9, 10-19 and 20-29, hrSTR significantly

outperforms not only the equivalent vector cases but also the hrTRR algorithm.

C. Human Pose Estimation

For the 3D human pose estimation experiments, we used the HumanEva-I training and validation sets [24]. More

specifically, we conducted experiments for 3 subjects and for the following four actions: walk, jog, gestures and

box [25], [26], following the protocol presented in [24].

Direct mappings between the image features and each of the target outputs (3D positions of 19 body joints)

are learned. The features were based on Histograms of Oriented Gradients (HoGs) that were extracted from the

silhouette obtained after background subtraction [25]. In order to extract HoGs, the bounding box containing the

silhouette was first divided into 6×5 blocks. The gradient orientations in each block were quantized in 9 orientation

bins. Thus, each image was represented as a 6× 5× 9 tensor of order 3. The 3D human body pose was encoded

in a 57-dimensional vector y, corresponding to the 3D positions of 19 joint centers. Each of the joint positions

was defined relatively to the torso “torsoDistal”. The estimation error was defined in millimeters and measured as
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the average Euclidean distance between the estimated joints positions y
(n)
i ∈ R3 and the ground truth over all M

joints and N frames [24]. That is, Err = 1
N

∑N
n=1

1
M

∑M
i=1 ∥y

(n)
i − ȳ

(n)
i ∥. The experiments were performed by

training an individual predictor for each output.

1) Globally trained model: Due to the non-linear relationship between an observation and its corresponding

pose, we first performed training and testing on the same subject for every action, by using the publicly available

splitting into two sets of roughly equal size.
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Fig. 7. Mean Angular Error vs rank for gestures and jogging of Subject 1.

We experimented with different values for rank R, namely the ones in the set {1, 2, 4, 6, 8, 10}, and report results

for the actions Gestures and Jogging in Fig. 7. For comparison, in each plot we show the baseline vector-based

regressors (i.e. SVR and RR). The detailed results of average testing errors over 3 subjects are reported in Table

VII.

In Fig. 8 we depict the estimated body model superimposed on two frames of the Gestures action sequence and

a diagram depicting the average error for four points on the right arm. For this sequence, the body remains roughly

still and the error is dominated by the estimation error of the joints of the moving arm. The average errors of the

RR, hrTRR, SVR and hrSTR for those joints are 29.4, 25.5, 27.2 and 24.3, respectively, a result that clearly shows

the superior performance of the tensor-based methods. Clearer improvements are observed for the body joints that

can be better predicted by our simple linear model. Similar conclusions can be drawn for the other actions. In
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particular we are able to recover with satisfactory accuracy the positions of the torso joints and the upper parts of

the limbs (e.g. elbows and knees). For the “jog” sequence, the errors for RR, hrTRR, SVR and hrSTR for those

joints are 107.0, 76.3, 78.3 and 68.6, respectively. However, our linear model shows its limitations in accurately

estimating the position of the lower parts of the limbs (i.e. angles and wrists) for which the errors are greater than

130mm.
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Fig. 8. “Gestures” action: (a)-(b) Estimated body model (c) Error for right arm joints.

2) Locally trained model: The global trained linear models are not very plausible to model the actual nonlinear

relationship between the observations and the poses. Hence, we adopt a cluster-classification scheme to train a

set of local linear models that piecewisely approximates the global nonlinear model. We cluster training samples

in the pose space so that the samples with similar poses are assigned to one cluster. The clusters define several

corresponding pose classes which can be discriminated by any multi-class classifier. In this work we use random

forests [27], [28] for this purpose. A linear tensor-based regression model is then trained for each cluster. At the test

stage, the clusters are chosen from the trained random forest and the estimation can be obtained by applying the

corresponding trained tensor model. In this experiment, the cluster-classification-regression models are trained on

the entire training subset. Table VIII shows the average testing errors over all three subjects of this local tensor-based

regression models.
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TABLE VII

MEAN TESTING ERRORS OF GLOBAL TRAINED MODELS

Action RR SVR hrTRR hrSTR orTRR orSTR

Walking 77.4 74.5 78.4 77.6 78.4 76.1

Jog 91.0 76.0 75.9 73.7 80.5 68.1

Gesture 98.2 63.6 79.4 63.0 70.0 66.8

Box 101.0 78.3 86.3 74.4 70.5 62.8

Average 91.9 73.1 80.0 72.2 74.9 68.5

TABLE VIII

TESTING ERRORS OF LOCAL MODELS.

Action RR SVR hrTRR hrSTR orTRR orSTR

Walking 82.9 64.6 68.5 64.7 66.0 61.9

Jog 68.8 62.2 66.1 60.8 68.5 59.2

Gesture 90.6 71.4 86.4 71.3 80.6 78.5

Box 104. 82.9 89.3 82.0 89.0 78.6

Average 86.6 70.3 77.6 69.7 76.1 69.6

D. Discussion

To sum up, from the experiments presented above someone can observe that:

• tensor-based methods consistently outperform their corresponding vector-based methods. When more complex

features were used, results better than the state of the art were acquired. More specifically, for the head pose

estimation problem in the Pointing’04 dataset and for the human age estimation problem, tensors improve the

state of the art results by 9.29% and 27.58%, respectively.

• tensor-based methods are more robust both with respect to different values of the regularization parameters

and with respect to different initializations of the weight parameters.

• the algorithms proposed for the automatic choice of the rank are successful in finding the optimal rank and in

some occasions outperform the results acquired from their equivalent higher rank versions.
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VI. CONCLUSIONS

In this paper we propose a novel generalized Supervised Multilinear Learning Model that deals with regression.

The proposed method allows the simultaneous projections of an input tensor to more than one directions along each

mode, exploiting the properties of the Canonical (CANDECOMP)/Parallel Factors (PARAFAC) decomposition. Two

empirical risk functions are studied, namely the square loss and the ϵ-insensitive loss functions. These lead to the

generalization of two well known regression schemes, namely Ridge Regression and Support Vector Regression, to

their corresponding tensor-based regression methods, namely, higher rank Tensor Ridge Regression (hrTRR) and

higher rank Support Tensor Regression (hrSTR). The above algorithms are formulated using as a regularization term

the Frobenius norm. We also study the group sparsity norm, in order to achieve automatic tensor rank selection,

thus formulating the equivalent optimal rank TRR (orTRR) and optimal rank STR (orSTR). Experiments performed

using publicly available real data for the problems of head pose, human age and body pose estimation verified the

superiority of the tensors-based algorithms when compared to the vector-based ones but also the efficiency of the

proposed algorithms.

APPENDIX A

PROOF OF (15)

Proof: From the unfolded tensor equivalents, ∥W∥2Fro = ∥W (j)∥2Fro = Tr(W (j)W
T
(j)), and ⟨X ,W⟩ =

⟨X(j),W (j)⟩ = Tr(X(j)W
T
(j)). Then, by substituting the rank-one tensor decomposition (Eqn.(7)) W (j) =

U (j)
(
U (M) ⊙ · · · ⊙U (j+1) ⊙U (j−1) ⊙ · · · ⊙U (1)

)T
into these equivalents and by denoting U (−j) = U (M)⊙· · ·⊙

U (j−1)⊙U (j+1) · · ·U (1) we obtain that ∥W∥2Fro = Tr(U (j)U (−j)TU (−j)U (j)T), and ⟨X ,W⟩ = Tr(X(j)U
(−j)U (j)T) =

Tr(U (j)X̃
T
(j)), where X̃(j) = X(j)U

(−j). Since

∂Tr(U (j)U (−j)TU (−j)U (j)T)

∂U (j)
= 2U (j)U (−j)TU (−j), (30)

and,

∂Tr(U (j)X̃
T
(j))

∂U (j)
= X̃(j), (31)
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the partial derivatives of Lj with respect to U (j) is given by

∂Lj

∂U (j)
= −

N∑
i=1

(
yi − Tr(U (j)X̃

T
i(j))− b

)
X̃i(j)

+ λU (j)U (−j)TU (−j).

(32)

APPENDIX B

PROOF OF THE CONVERGENCE OF ALGORITHM 1

Proof: Here, we provide a proof of convergence for the proposed algorithm based on the one presented in

[3], [10], [29], [30].

More precisely, the alternating projection method used never increases the value of the function L({U(1), . . . ,UM}, b)

between two successive iterations, as it can be regarded to be a monotonic function. We define a continuous function

of the form:

L : U1 × · · · × UM × R→ R (34)

where U (j) ∈ Uj ⊂ RIj×K and the bias b ∈ R and the functions

L : Uj × R→ R (35)

defined as L(Uj , b) = L(Uj , b;U
(l)(t)|j−1

l=1 ,U
(l)|Ml=j+1) (i.e, fixing all but U (j)). By definition the function L has

M mappings:

g(U
(j)
∗ , bj∗) , argmin

U (j),b
L(U (l)|Ml=1, b) = argmin

U (j),b
Lj(U

(j), b) (36)

and ∗ denotes optimallity.

For the case of Generalized Tensor Ridge Regression (GTRR) we have:

g(U
(j)
∗ , bj∗) = (ΦT

(j)Φ(j) + λI)−1Φ(j)y (37)

where Φ(j) is defined as in (18) and

L(U
(j)
∗ , b

(j)
∗ ) ≥ L(U (1), b(j)). (38)
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Given an initial estimate U (l)(0)|Ml=1, Algorithm 1 generates a sequence of solutions {U (l)
∗ (t)|Ml=1, b

(j)
∗ (t)} via

g(U (j)
∗(t), b

(j)
∗ (t)) , argmin

U (j),b
L(U (j), b) (39)

with j ∈ {1, 2 . . .M}. The sequence of produced solutions are characterized by the following relationships:

a1 = L(U
(1)
∗ (1), b

(1)
∗ 1)

≥ L(U (2)
∗ (1), b

(2)
∗ (1)) ≥ · · · ≥ L(U (M)

∗ (1), bM∗ (1))

≥ L(U (1)
∗ (2), b

(1)
∗ (2)) ≥ · · · ≥ L(U (1)

∗ (t), b
(1)
∗ (t))

≥ L(U (2)
∗ (t), b

(2)
∗ (t))

≥ L(U (1)
∗ (T ), b1∗(T )) ≥ · · · ≥ L(U

(M)
∗ (T ), bM∗ (T )) ≥ a2

(40)

where T →∞ and a1, a2 are limit values in R. Therefore we can regard the alternating optimization procedure to

be a composition of M subalgorithms defined as:

Ωj : (U (l)|Ml=1, b)→ RI1×K × . . .× RIj×K ×R (41)

producing U(j) and b. Then Ω = Ω1◦Ω2◦. . .ΩM = ◦Md=1Ωd is closed when all U are compact. We should emphasize

here that since all subalgorithms decrease the value of L, Ω is monotonic with respect to L. Consequently, we can

say that the alternating projection method converges.

The convergence proof of the Generalizer Support Tensor Regression (GSTR) can be similarly formulated using

instead of L the function f defined in (20a)

f : U1 × · · · × UM × RN × R→ R (42)

which has an extra set of parameters ξ ∈ ℜN and the mappings are given by:

g(U
(j)
∗ , ξ, bj∗) , argmin

U (j),b
f(U (l)|Ml=1, ξ, b) = argmin

U (j),b
f(U (j), b). (43)

APPENDIX C

PROOF OF THE LEMMA 1

Proof: Since (z − y)2 ≥ 0, ∀z, y ≥ 0, then

z ≤ z2

2y
+

1

2
y (44)



Copyright (c) 2011 IEEE. Personal use is permitted. For any other purposes, permission must be obtained from the IEEE by emailing pubs-permissions@ieee.org.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication.

IEEE TRANSACTIONS ON IMAGE PROCESSING, VOL. ..., NO. .., ... 29

where we assume that z2

y = 0 when z = 0, y = 0 otherwise +∞ for z ̸= 0, y = 0. The equality holds for y = z.

Thus,

∥z∥l1 =
∑
r

|zr| ≤
∑
r

(
z2r
2yr

+
1

2
yr)

=
∑
r

z2r
2yr

+
1

2
∥y∥l1 .

(45)

Since zr =
√∑M

m=1 ∥U
(m)
:,r ∥22, ηr = yr, we obtain Eqn.(25).

APPENDIX D

ANALYTIC FORM OF THE BLOCK COORDINATE DESCENT ALGORITHM

The block coordinate descent algorithm we adopt is given by the following iterative scheme:

(U (j)(k+1), bk+1) ← arg min
U (j),b

L(U (j),U (m)(k)|Mm=1,m̸=j ,η
(k)),

η(k+1) ← argmin
η
L(η,U (m)(k)|Mm=1, b

(k)).

(46)

Given that {U (m)}|Mm=1,m ̸=j , b}, the update of η is obtained in a straightforward way by the closed form solution

provided by Lemma 1, that is

ηr = (

M∑
m=1

∥U (m)
:,r ∥22)

1

2 + ε, r = 1, 2, . . . , R (47)

where pulsing 0 < ε≪ 1 in order to avoid numeric singular.
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