
Support Tucker Machines

Irene Kotsia and Ioannis Patras
School of Electronic Engineering and Computer Science

Queen Mary University of London, Mile end Campus, UK, E14NS
{irene.kotsia, i.patras} @eecs.qmul.ac.uk

Abstract

In this paper we address the two-class classification
problem within the tensor-based framework, by formulat-
ing the Support Tucker Machines (STuMs). More precisely,
in the proposed STuMs the weights parameters are regarded
to be a tensor, calculated according to the Tucker tensor de-
composition as the multiplication of a core tensor with a set
of matrices, one along each mode. We further extend the
proposed STuMs to theΣ/Σw STuMs, in order to fully ex-
ploit the information offered by the total or the within-class
covariance matrix and whiten the data, thus providing in-
variance to affine transformations in the feature space. We
formulate the two above mentioned problems in such a way
that they can be solved in an iterative manner, where at each
iteration the parameters corresponding to the projections
along a single tensor mode are estimated by solving a typ-
ical Support Vector Machine-type problem. The superiority
of the proposed methods in terms of classification accuracy
is illustrated on the problems of gait and action recognition.

1. Introduction

Images, videos and color videos are all multidimensional
objects that can be regarded as 2nd, 3rd and 4th order ten-
sors (a 3rd order tensor can be seen in Fig.1, where
the 3rd mode corresponds to the time dimension). Within
the last decade, the advantages of tensorial frameworks
have attracted significant interest from the research commu-
nity. Several fundamental algorithms have been extended
to deal with tensors, such as Multilinear Principal Compo-
nent Analysis (MPCA) [9], Multilinear Discriminant Anal-
ysis (MDA) [18], Support Tensor Machines (STMs) [16],
Non-negative Tensor Factorization (NTF) [19] and Canoni-
cal Analysis Correlation of tensors (CAC) [7].

The introduction of tensors in the above mentioned algo-
rithms resulted in considerable performance improvements,
due to the fact that tensors retain information regarding the
high dimensional space the data lie in an efficient way. This

is not the case with vector-based methods, that function by
stacking the rows or columns of the original tensorial input
in an arbitrary way, thus creating vectors of huge dimen-
sionality. This fact, in combination with the small number
of available samples per class can lead to small size prob-
lems, something that tensors can handle efficiently [16].

Figure 1. An example of a gait sequence as a 3rd order tensor.

In [16], the SVMs learning framework was extended to
handle tensorial input. More precisely, a two class STM
formulation was proposed, where the weights parameters
were defined as rank one tensors, one for every mode of the
input tensor. This is in contrast to the approach followed
in this work where the weights parameters are defined as
a tensor, that can be written as a multiplication of a core
tensor with a set of matrices, one along each mode.

Vector-based classifiers that utilize a scatter matrix (ei-
ther the total or the within-class) to achieve data whitening
and better class separability, have been widely studied in
the literature [2]. Lately, this concept has been used within
the SVMs framework. More specifically, the minimization
of the within-class variance has been reformulated taking
under consideration that the Fisher’s discriminant optimiza-
tion problem for two classes is a constraint least-squares
optimization problem [10]. In [15] ellipsoids were consid-
ered instead of hyperspheres in order to bound the available
data, thus providing a better linear decision boundary for
the classification. The SVMs methodology within the su-
pervised tensor learning framework, was extended to han-
dle more than one projection directions in [11, 17]. The
low-rank SVMs formulation proposed in [17] minimized
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the rank of the projection matrix instead of the classical
maximum-margincriterion. The bilinear SVMs that relaxed
the orthogonality constraints on the columns of the weight
matrix were proposed in [11].

In this paper we exploit the advantages of tensor-based
frameworks for the classification problem. To this extent we
formulate the Support Tucker Machines (STuMs), in which
the weights parameters form a tensor, obtained using the
Tucker tensor decomposition. This is in contrast to previous
works in Support Tensor Classification that consider only
rank-one tensor formulations, dealing with multiple weight
vectors, one for each mode of the input tensor.

The advantages of the proposed scheme are twofold.
First, the use of direct tensor representations for the param-
eter weights, in contrast to previous STMs that used one
vector per mode, is intuitively closer to the idea of prop-
erly processing tensorial input data as the data topology is
more efficiently retained. The second theoretical benefit lies
in the use of the Tucker decomposition, a general decom-
position that decomposes a tensor into a core tensor multi-
plied by a matrix along each mode (regarded as a principal
component). The choice of a smaller dimension core tensor
leads to dimensionality reduction taylored to the classifica-
tion problem. If the factor matrices are properly chosen, the
most significant ”principal components” will be retained.

We proceed with proposing one extension, namely the
Σ/Σw STuMs, in which the separating tensorplane takes
into consideration the spread of the training data along the
different tensor modes. The corresponding optimization
problems are solved in an iterative manner, where at each
iteration the parameters corresponding to the projections
along a single tensor mode are estimated by solving a typ-
ical SVM-type optimization problem. We show the supe-
riority of the proposed classifiers in terms of recognition
accuracy on the problems of gait and action recognition.

The rest of the paper is organized as follows. In Sec-
tion 2, we briefly present some useful notations that will be
used throughout the paper. In Section3, we introduce the
novel Support Tucker Machines that are able to handle ten-
sorial representations of the data. In detail, we present the
two-class STuMs in Section3.1 and introduce theΣ/Σw

STuMs in Section3.2. All of the algorithms presented in
Section3 assume that the weights are in a tensorial format,
obtained using the Tucker tensor decomposition. The power
of the proposed classifiers is demonstrated on the gait and
actions recognition problems in Section4. Finally, conclu-
sions are drawn in Section5.

2. Useful Notations in Multilinear Algebra

An n-th order tensor is a collection of measurements in-
dexed byn indices, each one corresponding to a mode. Vec-
tors and matrices are first and second order tensors, respec-
tively [8]. In this paper, we will use lower case letters (e.g.

x), boldface lowercase letters (e.g.x) and boldface capital
letters (e.g.X) to denote scalars, vectors and matrices, re-
spectively. Tensors of order 3 or higher will be denoted by
boldface Euler script calligraphic letters (e.g.X).

The i-th element of a vectorx ∈ R
I
+ is denoted byxi,

i = 1, 2, . . . , I. In a similar way, the elements of ann-th or-
der tensorX will be denoted byxi1i2...in , iℓ = 1, 2, . . . , Iℓ,
ℓ = 1, 2, . . . , n. To indicate the objects resulting by fix-
ing one of the indices to a specific value, we introduce the
generic subscript: and therefore denote byxi: the i-th row
of a matrixX. Unless otherwise stated, thej-th column of
a matrixX will be denoted compactly byxj = x:j .

The matricization (also unfolding/flattening) of a tensor
is the reordering of its elements into a matrix. Then-mode
matricization of a tensorX ∈ R

I1×I2×···×IM , denoted by
X(n) ∈ R

In×(
∏

k 6=n Ik), arranges then-mode fibers to be-
come the columns of the final matrix. Each tensor element
(i1, i2, . . . , iM ) maps to the matrix element(in, j):

j = 1 +

M∑

k=1,k 6=n

(ik − 1)Jk,with Jk =

k−1∏

l=1,l 6=n

Il. (1)

Leta ∈ R
I
+ andb ∈ R

J
+ be two non-negative real valued

vectors. Their outer product yields a matrixC ∈ R
I×J
+ :

C = a⊗ b with elementscij = aibj. (2)

Similarly, the outer product ofM vectorsaℓ ∈ R
Iℓ
+ , ℓ =

1, 2, . . . ,M , a1⊗a2⊗· · ·⊗aM =
⊗M

ℓ=1 aℓ yields a tensor
A ∈ R

I1×I2×···×IM
+ .

An important operation between a tensorX ∈
R

I1×I2×···×IM and a matrixU ∈ R
J×Iℓ is the ℓ-mode

product denoted byX×ℓ U which yields a tensorY of size
I1×· · ·× Iℓ−1×J× Iℓ+1×· · · IM having as elements [8]:

yi1...,iℓ−1jiℓ+1iM =

J∑

iℓ=1

xi1i2...iMujiℓ , j = 1, 2, . . . , J

(3)
with il = I1, I2, . . . , Il andl = 1, 2, . . . ,M . The product
X×1U1×2 · · ·×MUM will be denoted in compact notation
byX×M

k=1 Uk. Let us also introduce the compact notation
for the product of a tensorX with a matrixU in all modes
besides theℓ-mode as:

X×ℓUr , X×1U1 · · ·×ℓ+1Uℓ+1×ℓ−1Uℓ−1 · · ·×MUM .
(4)

Let us define the inner product of two tensorsX,Y ∈
R

I1×···×IM as:

〈X,Y〉 ,

I1∑

i1

· · ·

IM∑

iM=1

xi1...iM yi1...iM (5)

and the Frobenius norm of a tensor as||X,X|| =
√
〈X,X〉.



In all of the classifiers that will be presented in this pa-
per, the weights are regarded to form a tensorW, obtained
using the Tucker tensor decomposition. The weights ten-
sorW is regarded to be the generalization of the weights
vectorw defined by the SVMs formulation. According
to the Tucker tensor decomposition, anM order tensor
W ∈ R

I1×I2···×IM , can be written as:

W = G×1 A
(1) ×2 A

(2) · · · ×n A(M)

= [[G;A(1),A(2), . . . ,A(M)]] (6)

whereG is a core tensor andA(1) . . .A(M) are a set of ma-
trices that are multiplied to the core tensorG along each
mode. The above decomposition is written elementwise as

wi1 ,i2 ,...iM =

R1,R2,...,RM∑

r1,r2,...,rM

gr1 r2 ...rMα
(1 )
i1 r1

α
(2 )
i2 r2

. . . α
(M )
iM rM

for in = 1, . . . , In, n = 1, . . . ,M. (7)

The Kronecker product ofN matrices is defined as

A⊗ = AN ⊗ · · · ⊗A(1). (8)

Similarly, the Kronecker product ofN − 1 matrices (skip-
ping the then-th matrixA(n)) is given by

A
(n)
⊗ = AN ⊗ · · · ⊗A(n+1) ⊗A(n−1) ⊗ · · · ⊗A(1).

(9)

Therefore, the matricized version of (6) is

W(j) = A(j)G(j)(A
(M) ⊗ · · · ⊗A(j+1)

⊗A(j−1) ⊗ · · · ⊗A(1))T

= A(j)G(j)A
(j)
⊗ (10)

and the vectorized version of (10) is

vec(W(1)) = A⊗vec(G(1)) (11)

where vec(B) denotes the vectorized form of the matrixB.
The optimization problem to solve is the following

min
G,A(1),...,A(M)

=
∣∣∣
∣∣∣W− [[G;A(1),A(2), ...,A(M)]]

∣∣∣
∣∣∣

(12)

subject toG ∈ R
R1×R2×···×RM , A(n) ∈ R

In×Rn and
columnwise orthogonal forn = 1, . . . ,M .

Let us define the covariance matrices of the input tensor
X. The total scatter matrix of thej-th mode is given by:

Σ(j) =
1

M

M∑

i=1

(
X(j)i: −X(j)

)T (
X(j)i: −X(j)

)
(13)

whereX(j) is the matricization ofX for thej-th mode and
X(j)i: denotes itsi-th row. X(j) corresponds to the mean
tensor. The mean of tensor samples belonging to the class
Q1 is defined as

XQ1

(j) =
1

MQ1

∑

X(j)i:∈Q1

X(j)i:. (14)

The meanXQ2

(j) of the tensor samples belonging to the class
Q2 is similarly defined. Similarly, the within-class scatter
matrixΣw(j) along thej-th mode is calculated as:

Σw,(j) =
∑

X(j)i:∈Q1

(
X(j)i: −XQ1

(j)

)T (
X(j)i: −XQ1

(j)

)

+
∑

X(j)i:∈Q2

(
X(j)i: −XQ2

(j)

)T (
X(j)i: −XQ2

(j)

)
.

(15)

The equivalent version of the total scatter matrix when the
vectorized forms of the matrices are used is given as:

Σ =
1

M

M∑

i=1

(xi − x)
T
(xi − x) (16)

wherexi = vec(X(1)i:) andx is the mean of tensor sam-
ples. The within-class scatter matrix is similarly defined as:

Σw =
∑

xi∈Q1

(xi − x̃Q1)(xi − x̃Q1 )T

+
∑

xi∈Q2

(xi − x̃Q2)(xi − x̃Q2)T (17)

wherexi = vec(X(1)i:), x̃Q1 = 1
MQ1

∑
xi∈Q1

xi and

x̃Q2 = 1
MQ2

∑
xi∈Q2

xi.

3. Support Tucker Machines

Let us consider a dataset consisting ofL samples as
X ∈ R

I1×I2×···×IM+1 . Every sample is a tensor of order
M denoted byXin: ∈ R

I1×I2×···×IM , in = 1, 2, . . . , L, in-
dexed byM indices(i1, i2, . . . , iM ) and belonging to one
of the two classes,Q1 andQ2. This dataset can be built
of action image sequences, forming in that way a4-th or-
der tensorX ∈ R

I1×I2×I3×I4 , whereI1 andI2 refer to the
image dimensions (height and width), respectively,I3 cor-
responds to the number of images in every tensor sample
andI4 is the number of action samples in the database. In
the remainder of the paper, with a slight abuse of notation
we will useQ1 andQ2 to refer not only to the first and
second class, but also to the tensor samples they include.



3.1. Support Tucker Machines

In this Section we will present the novel Support Tucker
Machines (STuMs) in which the weights parameters form a
tensorW that is obtained using the Tucker tensor decompo-
sition. STuMs aim at finding a multilinear decision function
g : RI1×I2×···×IM → [−1, 1], that during testing, classifies
a test tensorYRI1×I2×···×IM and is of the following form:

g(Y) = sign(〈Y,W〉+ b) . (18)

The weights parameters form a tensorW that is estimated
by solving the following problem:

min
W,b,ξ≥0

1

2
〈W,W〉+ C

IM+1∑

i=1

ξi (19)

s.t. yi [〈W,Xi:〉+ b] ≥ 1− ξi,

1 ≤ i ≤ IM+1, ξi ≥ 0 (20)

whereb is the bias term,ξ = [ξi, . . . , ξw] is the slack vari-
able vector andC is the term that controls the relative im-
portance of penalizing the training errors. It should be noted
here that the above problem is not convex with respect to all
parameters inW. Therefore we adopt an iterative scheme
in which at each iteration we solve only for the parameters
that are associated with thej-th mode (i.eW(j)) of the pa-
rameters tensorW, while keeping all the other parameters
fixed. More specifically, the optimization problem at the
iteration for thej-th mode is given by:

min
W(j),b,ξ≥0

1

2
Tr

[
W(j)W

T
(j)

]
+ C

IM+1∑

i=1

ξi (21)

s.t. yi

[
Tr(W(j),X

T
(j)i:) + b

]
≥ 1− ξi,

1 ≤ i ≤ IM+1, ξi ≥ 0. (22)

Since the weights tensorW is obtained using the Tucker de-
composition (6), the minimization problem defined in (21)
is rewritten as:

min
A(j),b,ξ≥0

1

2
Tr

[
A(j)G(j)A

(j)
⊗

T

A
(j)
⊗ G(j)

T (A(j))T
]

+ C

IM+1∑

i=1

ξi (23)

s.t.
1

2
yi

[
Tr

(
A(j)G(j)A

(j)
⊗

T

XT
(j)i:

)
+ b

]
≥ 1− ξi,

(24)

1 ≤ i ≤ IM+1, ξi ≥ 0.

We will now proceed in reformulating the problem defined
in (23) such that it can be solved using a classic vector-
based SVM implementation. To this extend, we setP(j) =

A
(j)
⊗ G(j). Then (23) is rewritten as

min
A(j),b,ξ≥0

1

2
Tr

[
A(j)P(j)P(j)T (A(j))T

]
+ C

IM+1∑

i=1

ξi

(25)

s.t.
1

2
yi

[
Tr

(
A(j)P(j)XT

(j)i:

)
+ b

]
≥ 1− ξi, (26)

1 ≤ i ≤ IM+1, ξi ≥ 0.

Let us defineK = P(j)P(j)T . By definition,K is a positive
definite matrix. Also, let̃A(j) = A(j)K

1
2 . Then,

Tr
[
A(j)P(j)P(j)T (A(j))T

]
= Tr

[
Ã(j)(Ã(j))T

]

= vec(Ã(j))T vec(Ã(j)).
(27)

By letting X̃(j)i: = X(j)i:P
(j)K− 1

2 we have

Tr
[
A(j)P(j)XT

(j)i:

]
= Tr

[
Ã(j)X̃T

(j)i:

]

= vec(Ã(j))T vec(X̃(j)i:).
(28)

Then, (25) is written as

min
vec(Ã(j)),b,ξ≥0

1

2
vec(Ã(j))T vec(Ã(j)) + C

IM+1∑

i=1

ξi (29)

s.t. yi

[
vec(Ã(j))T vec(X̃(j)i:) + b

]
≥ 1− ξi,

1 ≤ i ≤ IM+1, ξi ≥ 0.

Thus, the optimization problem for thej-th mode in (23) is
formulated as a SVM problem (29) with respect tõA(j).

After solving for A(1), . . .A(N) we solve forG. G is
found by solving the minimization problem defined below:

min
G(1),b,ξ≥0

1

2

(
A⊗vec(G(1))

)T (
A⊗vec(G(1))

)
+ C

IM+1∑

i=1

ξi

(30)

s.t. yi

[(
A⊗vec(G(1))

)T
vec(X(1)i:) + b

]
≥ 1− ξi,

(31)

1 ≤ i ≤ IM+1, ξi ≥ 0,

where with vec(G(1)) we denote the vectorized form of the
matricization ofG for the first dimension. We can also use
another matricization of the tensorG taking under consid-
eration that we will then have to change the multiplication
order ofA⊗, accordingly. Then (30) is rewritten as

min
G(1),b,ξ≥0

vec(G(1))
T
A⊗

TA⊗vec(G(1)) + C

IM+1∑

i=1

ξi

(32)

s.t. yi

[
vec(G(1))

T
A⊗vec(X(j)i:) + b

]
≥ 1− ξi, (33)

1 ≤ i ≤ IM+1, ξi ≥ 0.



Let us define asQ = A⊗
TA⊗, Ṽ = Q

1
2 vec(G(1)) and

X̃(j)i: = Q− 1
2X(j)i:. Then (32) is rewritten as

min
G(j),b,ξ≥0

vec(Ṽ)T vec(Ṽ) + C

IM+1∑

i=1

ξi (34)

s.t. yi

[
vec(ṼT )vec(X̃(j)i:) + b

]
≥ 1− ξi, (35)

1 ≤ i ≤ IM+1, ξi ≥ 0.

For completeness, we present the derivations that opti-
mize (23) directly with respect toA(j). The optimalA(j)

can be found at the saddle point of the Lagrangian

L
(j)
STMs(A

(j), b, ξ) =
1

2
Tr

[
A(j)P(j)P(j)TA(j)T

]

+ C

IM+1∑

i=1

ξi

−

IM+1∑

i=1

αj
i (yi

[
Tr

(
A(j)P(j)XT

(j)i:

)
+ b

]
− 1 + ξi)

−

IM+1∑

i=1

κiξi (36)

that is by solving

∇A(j)L
(j)
STMs = 0 ⇒

A(j) =
∑IM+1

i=1 αj
i yiX(j)i:P

(j)
[
P(j)P(j)T

]−1

. (37)

The Lagrangian multipliersαj
i can be found by solving the

dual problem of (36), that is

max
0≤α

j
i
≤C

−
1

2

IM+1∑

i=1

IM+1∑

k=1

αj
iα

j
kyiyk

Tr
(
P(j)TP(j)P(j)TP(j)XT

(j)i:X(j)i:

)
+

IM+1∑

i=1

αj
i

s.t. αjTy = 0, (38)

whereαj = [αj
1, α

j
2, . . . , α

j
IM+1

]. It should be mentioned
here that the whole procedure is repeated iteratively for ev-
ery mode, so as to findA(j), j = 1 . . .M .

We also present the equivalent derivations (Lagrangian
and dual problems) that optimize (30) directly with respect
toG. The optimal tensorG can be found at the saddle point

of the Lagrangian

LSTMs(G, b, ξ) =

1

2

[
vec(G(1))

T
A⊗

TA⊗vec(G(1))
]
+ C

IM+1∑

i=1

ξi

−

IM+1∑

i=1

αi(yi
[
(vec(G(1))

TA⊗vec(X(1)i:) + b
]
− 1 + ξi)

−

IM+1∑

i=1

κiξi (39)

that is by solving

∇GLSTMs = 0 ⇒

vec(G(1)) =
1
2

∑IM+1

i=1 αiyi
[
AT

⊗A⊗

](−1)
X(j)i:. (40)

The Lagrangian multipliersαi for that problem can be
found by solving the dual problem of (39), that is

max
0≤αi≤C

−
1

2

IM+1∑

i=1

IM+1∑

k=1

αiαkyiyk

vec(G(1))
T
[
AT

⊗A⊗

](−1)
vec(G(1))

s.t. αTy = 0, (41)

whereα = [α1, α2, . . . , αIM+1 ].

3.2. Σ/Σw Support Tucker Machines

In this Section we will present the novelΣ/Σw STuMs,
that are an extension of the STuMs proposed in Section3.1.
More precisely, theΣ/Σw STuMs consider the data spread
and whiten the data using a covariance matrix. In that way, a
transformed space is created containing data that are closer
to the corresponding class mean and classes that are further
apart from each other, thus being more separable.

Let us useS(j) to refer either to the total scatter matrix
Σ(j) or to the within-class scatter matrixΣw(j)

for thej-th
mode, respectively. Then, the formulation ofS− STuMs
for thej-th mode is given by

min
G(j),b,ξ≥0

1−D

2
Tr

[
A(j)P(j)P(j)TA(j)T

]

+
D

2
Tr

[
A(j)P(j)S(j)P

(j)T (A(j))T
]
+ C

IM+1∑

i=1

ξi

(42)

s.t. yiTr
[
A(j)(P(j))(X(j)i: −X(j))

T + b
]
≥ 1− ξi

1 ≤ i ≤ IM+1, ξi ≥ 0 (43)

where 0 ≤ D ≤ 1 is the parameter that balances

the two regularization termsA(j)P(j)P(j)TA(j)T and

A(j)P(j)S(j)P
(j)T (A(j))T .



Following derivations that are similar to the ones pre-
sented in (27)-(29), we can arrive at the classic vector-
based SVM formulation in (29) with a slightly different
definition forK. More precisely, we now define asK =

P(j)
[
(1−D)I+DS(j)

] 1
2 P(j)T . The definition forÃ(j)

still remains as̃A(j) = A(j)K
1
2 . Then,

Tr
[
A(j)P(j)

[
(1−D)I+DS(j)

]
P(j)TA(j)T

]

= Tr
[
Ã(j)(Ã(j))T

]
= vec(Ã(j))T vec(Ã(j)). (44)

By letting X̃(j)i: = X(j)i:P
(j)K− 1

2 we have

Tr
[
A(j)P(j)XT

(j)i:

]
= Tr

[
Ã(j)X̃T

(j)i:

]

= vec(Ã(j))T vec(X̃(j)i:).
(45)

Then, (44) is written as (29). After finding Ã(j), we
solve forG. More precisely,G is found by solving the min-
imization problem defined below:

min
G(1),b,ξ≥0

1−D

2

(
A⊗vec(G(1))

)T (
A⊗vec(G(1))

)

+
D

2

(
A⊗vec(G(1))S

1
2

)T (
A⊗vec(G(1))S

1
2

)

+ C

IM+1∑

i=1

ξi (46)

s.t. yi

[(
A⊗vec(G(1))

)T
(

vec(X(1)i:)− vec(X(1)i:)
)
+ b

]
≥ 1− ξi,

(47)

1 ≤ i ≤ IM+1, ξi ≥ 0,

where with vec(G(1)) refers to the vectorized form of the
matricization ofG for the first dimension andS refers to the
vectorized versions of the total or the within-class scatter
matrices, defined as in (16) and (17), respectively. Then
(46) is rewritten as

min
G(1),b,ξ≥0

vec(G(1))
T
A⊗

TA⊗vec(G(1))

+ vec(G(1))
T
A⊗

TSA⊗vec(G(1)) + C

IM+1∑

i=1

ξi

(48)

s.t. yi

[
vec(G(1))

T
A⊗

(
vec(X(1)i:)− vec(X(1)i:)

)
+ b

]
≥ 1− ξi,

(49)

1 ≤ i ≤ IM+1, ξi ≥ 0.

Let us define asQ = A⊗
T [(1−D)I+DS]

1
2 A⊗,

Ṽ = Q
1
2 vec(G(1)) andX̃(j)i: = Q− 1

2X(j)i:. Then (48)
is rewritten as

min
G(j),b,ξ≥0

vec(Ṽ)T vec(Ṽ) + C

IM+1∑

i=1

ξi (50)

s.t. yi

[
vec(ṼT )vec(X̃(j)i:) + b

]
≥ 1− ξi, (51)

1 ≤ i ≤ IM+1, ξi ≥ 0.

We should note here that if we setD = 0 in (42) we
obtain the proposed STuMs. Similarly, if we setD = 1
and considerS(j) to be the within-class covariance matrix
Σw(j)

, we obtain the Minimum Class Variance STuMs. The
latter can be regarded as an extension of the Minimum Class
Variance SVMs that were proposed in [20].

4. Experimental Results

In this section, we will present the experiments con-
ducted in order to prove the superiority of the proposed
STuMs andΣ/Σw STMs over vector-based methods and
classical STMs, in terms of classification accuracy. To this
extend, we addressed the gait and human action recognition
using publicly available databases.

We should mention here, that both the gait and human
action recognition problems require multiclass classifica-
tion methods. The classical STMs, however, as well as
the proposed STuMs andΣ/Σw STMs, deal with two-class
classification problems. Therefore, in order to deal with
multiclass problems, we have to combine several two-class
classifiers, trained in a one-against-all manner. The final de-
cision regarding the class the test sample belongs to is taken
either using a voting scheme or by assigning each test sam-
ple to a classk, such that the distance of the test sample to
the separating tensorplane of the classk is minimum over
the distances to the tensorplanes of all other classes.

4.1. Gait recognition

The database used for the gait recognition experiments
is the USF HumanID Gait Challenge data set version 1.7,
as provided in [9], so as to allow easy comparison to pre-
vious works. The database consists of 452 sequences of 74
subjects walking in elliptical paths in front of the camera.
Three variations are available: viewpoint (left/right), shoe
type (two different types) and surface type (grass/concrete).
Seven Probe Sets are provided, each one consisting of 71
people, of increasing complexity/difficulty with probe setA
being the easiest and probe set G being the most difficult
one. There are no common sequences between the gallery
sets and any of the probe sets. Each probe set is unique.

The input features for our algorithms consist of the sil-
houettes extracted from the gait sequences, like the one de-
picted in Fig. 1. The classifiers were trained using the



Gal dataset and tested using each one of the A, B, C, D,
E, F and G datasets, following the protocol described in
[13]. In order to calculate the accuracy of gait recognition
for a probe sequenceprobe consisting ofNprobe samples
(gait periods) against a gallery sequencegallery consist-
ing of Ngallery samples, we calculate the distance of that
particular probe sample from each of the separating tensor-
planes of each class of the gallery samples. For the cal-
culation of a symmetric dissimilarity measure between a
gallery sequence and a probe sequence (class) we also cal-
culate the distance of each gallery sample to the separating
tensorplane of each class of each probe sample. The dis-
similarity measure between a probe sequenceprobe and a
gallery sequencegallery is chosen to be the minimum of
the calculated distances. Finally, the probe sequenceprobe
is assigned to the gallery sequence class to which is has the
smallest dissimilarity.

In Table1 we present the results acquired for the pro-
posed methods as well as for various methods presented in
the literature. We also present the equivalent results when
the vectorized version of the tensorial input was used as in-
put to SVMs, for comparison reasons. The results are eval-
uated using the Cumulative Scores 1 and 5 (CS-1 / CS-5,
respectively) similarly to [3][9]. The results reported are
for the core tensor being of dimension18 × 18 × 18. As
we can see in Table1 tensors largely outperform vectors,
something that was highly expected due to the high dimen-
sionality of the data and the presence of few available ex-
amples for every class. We can also see that the proposed
STuMs outperform the classical STMs in terms of recogni-
tion accuracy, while at the same time the proposedΣ/Σw

STMs achieve the best recognition results. The best accura-
cies achieved for each Probe Set are highlighted in bold.

4.2. Human action recognition

For the action recognition experiments conducted we
used the commonly used KTH dataset [14]. The KTH Ac-
tion Dataset depicts 25 subjects performing 6 different ac-
tivities namely: “boxing”, “handclapping”, “handwaving”,
“jogging”, “running” and “walking”. The data were col-
lected in four different settings corresponding to indoors
recordings, outdoor recordings with scale variations (cam-
era zoom in and out) and outdoor recordings with the sub-
jects wearing different clothes. Since the background re-
mains the same through the entire video, for each case
Scenario we have extracted features after performing back-
ground modelling and subtraction. On the resulting images
the magnitude of the gradient was calculated as shown in
Fig. 2. The leave-one-person-out cross-validation approach
was used to test the performance of the classifiers.

The results reported are for the core tensor being of di-
mension6 × 6 × 6. The recognition accuracies achieved
when the proposed STuMs andΣ/Σw STuMs were used are

Figure 2. An example of a person walking from the KTH dataset.

equal to 92.3% and 95.3%, respectively. The equivalent re-
sults when the vectorized version of the tensorial input was
used as input to SVMs and when classical STMs were used,
were significantly lower (88.5% and 89.3%, respectively).
In Table2, previous results as reported in the literature for
the KTH database are presented, for comparison reasons.

In order to give some further insight on where the mis-
classifications take place, we report the confusion matrices.
The confusion matrices calculated for for classical STMs,
the proposed STuMs and the proposedΣ/Σw STuMs are
shown in Table3. For brevity, when all methods achieve
the same performance we report a single number. As can
be seen, the use of STuMs andΣ/Σw STuMs improves the
results by 3.0% and 6.0%, respectively.

Table 3. Confusion matrices of STMs, STuMs /(Σ/Σw) STuMs
for the KTH action database.

Acac
\Accl Box Clap Wave JogRunWalk

Box 84/86/92 8/4/0 8/6/4 0 0 0
Clap 12/10//876/84/92 12/6/4 0 0 0
Wave 4/4/0 16/12/8 80/88/92 0 0 0
Jog 0 0 0 96 0 0
Run 0 0 0 0 100 0
Walk 0 0 0 4 0 100

5. Conclusions

In this work, we addressed the two-class classification
problem within the tensor-based framework by proposing
the Support Tucker Machines, in which the weights pa-
rameters are obtained using the Tucker tensor decomposi-
tion. We also proposed theΣ/Σw STuMs that use the total
of within-class scatter matrix in order to exploit class in-
formation and provide invariance to affine transformations.
For both of the proposed classifiers, the corresponding op-
timization problems were solved in an iterative way, such
that a typical SVM formulation could be employed. The
efficiency of the proposed methods was illustrated on the
problems of gait and action recognition.
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Table 1. Comparison of proposed methods with state of the art(CS-1 / CS-5).

Probe SetBaseline [13] HMM [ 6] LTN [3] GEI [5] ETG [9] ETGLDA [9] SVMs STMs STuMs Σ/Σw STuMs

A 79/96 99/100 94/99 100/100 92/96 99/100 80/97 92/100 99/100 100/100
B 66/81 89/90 83/85 85/85 85/90 88/93 79/93 81/90 85/93 87/95
C 56/76 78/90 78/83 80/88 76/81 83/88 68/85 73/88 79/90 81/91
D 29/61 35/65 33/65 30/55 39/55 36/71 30/54 47/67 53/71 55/74
E 24/55 29/65 24/67 33/55 29/52 29/60 23/46 48/79 63/86 65/90
F 30/46 18/60 17/58 21/41 21/58 21/59 24/49 29/49 42/63 44/66
G 10/33 24/50 21/48 29/48 21/50 21/60 12/37 31/71 52/87 54/90

Mean 42/64 53/74 50/72 54/67 52/69 54/76 45/62 57/68 68/84 69/87

Table 2. Accuracies achieved by various methods for the KTH action database.
Method [4] [12] [1] [7] SVMs STMs STuMs Σ/Σw STuMs

Accuracy 90.5% 91.7% 87.7% 95.3% 88.5 % 89.3% 92.3 % 95.3%

(EP/G033935/1).
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