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ABSTRACT

In this paper, we formulate the Relative Margin Support deia-
chines (RMSTMs) problem as an extension of the Relative Marg

Machines (RMMs). While the typical Support Tensor Machines

(STMs) find a solution that is greatly influenced by the dataeag,

the proposed RMSTMs maximize the margin in a way relative to

the spread of the data. The difference in the obtained solsitan
be significant in the cases of badly scaled data, especialtiig
case of various spreads across different data dimensidms.eff
ficiency of the proposed method is illustrated on the proklef
gait and action recognition, where the results acquiredyvére
superiority of the method in terms of classification perfanoe.

Categories and Subject Descriptors
H.4 [Information Systems Applications: Miscellaneous

General Terms
Algorithms
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1. INTRODUCTION

The constantly increasing pace of production of multimexatid
high dimensional data calls for effiecient ways of represtn,
processing and analysis. In the last years, tensors havegethe
as an appealing choice for representing and analyzing dimakin-
sional objects such as images (2nd order tensors), imageisess
(3rd order tensors), color videos (4th order tensors) ebteirfap-
plications include 3D object recognition, 3D face recanstion,
medical image analysis, activity recognition, gait redtign etc.

During the past few years, various fundamental methods have

been extended to handle tensors. Among them the MultiliRear
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cipal Component Analysis (MPCA) [1] (extension of PCA), Sup
port Tensor Machines (STMs) [2] (extension of Support Vebta-
chines (SVMs)) and Canonical Analysis Correlation of tea$8].
While in some cases the extensions are straightforwarddems
able, improvement in classification performance has bgeoried.
One of the main reason seems to be the fact that tensor refaese
tions retain information about the structure of the highelisional
space, for example about the spatial arrangement of theIpised
features in a 2-D image. Such information is lost in the pseasf
vectorization of the high dimensional data that precedassital
Pattern Recognition algorithms.

Most of the methods developed for gait recognition during th
past few years rely on sequences of silhouettes [4], [5][T§lex-
tracted with background subtraction. Several studies shoan
that gait silhouettes are sufficient for object or persomgedion
when they are detailed enough, as humans can recognizéyreadi
the identity of the object or person under investigation [8jhile
most approaches rely on classical pattern recognition adetb-
gies that vectorize the feature space, [1] has regardeditjmitiette
sequences as 3rd order tensors and manipulated them usltig mu
linear techniques.

As far as action recognition is concerned, the researchumted
in the past years can be distinguished in three categoritisu-a
lated model-based approaches [9], feature-based appotd],
and template-based approaches [11], [12]. The first categer
cludes methods that estimate the parameters of articutatst
els of human bodies and apply pattern recognition methaiesgo
on the acquired parameters. Such methodologies have tla@-adv
tage that the extracted representations are invarianteswpdgint
and scale changes. However, fitting articulated modelsguain
data is a hard problem that requires good initializatiorgospu-
tationally complex and in case of occlusions and clutteikisly
to fail. The second category is based on the 2D tracking af-lan
mark points, such as body limbs, face etc on the image plane. T
acquired trajectories are subsequently modelled andifitasss-
ing traditional Pattern Recognition methodologies suchiiaslen
Markov Models. The use of trajectories may enable the etxtrac
of features that are invariant to the 3-D viewpoint. Whileehest-
ing, the main drawback of such methods is that long trajezt@re
difficult to be extracted, especially in the presence of usions,
clutter and loose clothing. The third category containshods
that rely on view-based representations. Early approactikze
holistic representations such as temporal images. Rgcarum-
ber of methodologies have been proposed relying on localrfes
extracted on spatiotemporally salient points, that isathat can
be reliably localized despite common imaging variationghsas
illumination and (relatively) small viewpoint variation§ he cor-
responding representations that are locally extractelddecspa-
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Figure 1: An example of a gait sequence.

tiotemporal Histograms of Oriented Gradients, optical flois-
tograms and B-spline approximations of local surfaces &attoy
the salient points. Recent holistic representations @ethe space-
time shapes that are extracted based on distance transfafnil
these works rely on vectorization of the feature spacestiegtpro-
pose. Only recently, the advantages of tensors have bedirdin
[3] in order to achieve action recognition using video teaso

Even though tensors are used in both [1] and [3], the finat clas
sification is performed using simple techniques on the vexd
form of the tensors containing the features. In the proposetthod
we perform classification using the tensors form of the fiesstu
More specifically, in this paper we propose the extensiona&R
tive Margin Support Vector Machines (RMVMs) to Relative Mar
gin Support Tensor Machines (RMSTMs). The typical STMs pro-
vide a solution that is based on finding the maximum margin tha
separates the data. By doing so, they ignore the data sphesdd,
may vary significantly across different dimensions. Here,pro-
pose a methodology that takes the data spread into contsintelns
both maximizing the margin between the classes and bouriding
data spread relatively to the margin. Thus, novel formatetithat
deal with the above mentioned case are introduced in the RHAST
problem.

The rest of this paper is organized as follows. Some usefalno
tions that will be used throughout the paper are present8ddtion
2. In Section 3, the Relative Margin Machines are preserikute
specifically, a short overview of the maximum magrin SVM< th
3-SVMs and the reasoning behind RMMs is provided (Subsec-
tions 3.1, 3.2 and 3.3, respectively). In Section 4 the esiters
of SVMs, 3-SVMs and RMMs, to the novel STM&.-STMs and
RMSTMs are described in detail (Subsections 4.1, 4.2 andd-3
spectively). The power of the proposed classifiers is detrates!
in the gait and action recognition problems in Section 5.afyn
conclusions are drawn in Section 6.

2. USEFUL NOTATIONS IN MULTILINEAR
ALGEBRA

An n-th order tensor is a collection of measurements indexed

by n indices, each index corresponding to a mode. Thus, vectors

are first-order and matrices are second-order tensors \{#&will
use lower case letters (e.g@), boldface lowercase letters (e.g)
and boldface capital letters (e.Z) to denote scalars, vectors and
matrices, respectively. Tensors of order 3 or higher wiltlbaoted
by boldface Euler script calligraphic letters (e2).

The i-th element of a vectox € R is denoted byz;, i =
1,2,...,I. In a similar way, the elements of anth order tensor
X will be denoted byri,iy...ip, 00 = 1,2,..., 15, £ =1,2,...,n.
To indicate the objects resulting by fixing one of the indites
specific value, we introduce the generic subscriptat is, the-th
row of a matrixX is denoted ax;.. Unless otherwise stated, the

j-th column of a matrixX will be denoted compactly as; = x.;.
The matricization (also unfolding or flattening of a tenderthe
reordering of the tensor elements into a matrix. Fhmode ma-
tricization of a tensord € R 2>/~ denoted as\,,), ar-
ranges the--mode fibers to become the columns of the final matrix.
Each tensor elemertty, iz, ...,in) maps to the matrix element

(in,j)) as
N k—1
j=1+ Y (x—1DJewith Jo= [] Im. (D
k=1,k#n k=1,k#n

In this paper, we will focus om-th order tensors, i.eX €
R I2xxIn 5 can represent a database consistind, afam-
ples. Every database sample is a tensor of ofder 1) denoted
asX.;, € RivxIzx-xIn—1 7y - — 9 9 L thatis indexed by
(n — 1) indices(i1, 2, . ..,in—1). FOr example, a database con-
sisting of gait samples is &th order tensofC € RY > /2x />4,
wherel; andI, refer to the image dimensions (height and width),
respectively,I; corresponds to the number of images in every ten-
sor sample and, is the number of gait samples in the database.

Leta € RY andb € R{ be two non-negative real valued vec-
tors. Their outer product yields a matix € R%*”

C=a®b withelements;; = a; b;.

(2
Consequently, the outer productoivectors

as € Rﬁf,éz L2,...,na1®@a®- - Qa, =Q,_, asyields
atensord € R f2xxIn,

An important operation between a ten§6re RI1xI2XxIn
and a matrixU € R”*!¢ is the/-mode product denoted &x, U
which yields atensdy of sizel1 x -+ - X Ip—1 X J X Tp41 X -+ I,
having elements [13]

J
Yiv..ig_1jigyrin — § Tijig...in Ujipgy, J = 1,2,...,J (3)

ip=1

with i,, = 1,2,..., I, andm = 1,2,...,n. The product
X x1 U; X2 -+ x,, U, will be denoted in compact notation as
X XZ:1 Ug.

Let us also introduce the compact notation

DCYle é X X1 U1 e ><.7'+1 Uj+1 Xj_l Uj_l s Xp Un. (4)

In the remaining of the pape® and/ tensor, vector and matrix
operators will denote the elementwise multiplication andsgbn
between tensors, vectors and matrices.



3. RELATIVE MARGIN SUPPORT VECTOR
MACHINES

3.1 Support Vector Machines (SVMs)

Let a datasetx;, yi)i—1, Wherex; € R™ with y; € {£1}. The
maximum margin Support Vector Machines (SVMs) formulai®n
given as:

min

2
w,b,gzo % ||W|| + C€T1

5
stoyi(wix; +0) >1—¢,V1 <i<n. ®)

The above formulation aims at maximizing the margin of thp-Su
port Vectors while minimizing the upper bound on the missifas
cation errors.

3.2 =-Support Vector Machines (£-SVMs)

Below we will briefly present th&&—SV Ms, as proposed in
[14]. Lets consider the whitening of the data with the covace
(total scatter) matrix:

n
T
3= E XiX; —
i=1

Let us also considegr = L =" | x;, the mean value of the data.
The formulation ofS-SVMs is given by:

n n
SDS)PE
— XiX
n? J

i=1 j=1

(6)

min
w,b,E>0

2
2wl + 2|[ztw|| gt @

s.t.y; (WT(Xi — )+ b) >1-&

where0 < D < 1is the parameter that handles the two regulariza-
tion terms,||w]|> and|| 22 w]|2.

The dual problem of (7) is then given by:

o< <C1

o = QZazyu (1~
i=1

Zajyj(xj
j=1
s.t. yTa =1.

3.3 Relative Margin Machines (RMMs)

Relative Margin Machines (RMMs) were introduced to deahwit
a possible bad scaling of the data [14]. In order to achieag, th
the bounding of the projections of the training data was u3éx
trade off is now between the projections and the margin ltiagu
in finding a largerelative margin.

The Relative Margin Machines (RMMs) are given by the follow-
ing formulation:

DI+ Dx)!

max

®)

ming , eo wl)® +ce™1

s.t. yi(wai + b) >1- &'7
L(whx; +b)?

(©)

As can be seen, the above formulation has one extra parameter
addition to the SVMs parameterB, (whereB > 1). Let us denote
asw¢ andbe the solutions obtained by solving the SVM (5) for a
particular value of”. If B > max|w{x; + bc|, then the solution
obtained is the same with the SVM estimate.Blfis of a smaller
value, the solutions obtained are different than that of Shévi
estimate.

Let us assume that the value Bfis smaller than the threshold.
Then, the Lagrangian of (9) is the following:

LRMMS(W,ﬁ,a,B,/\,B):%||W||2+C£1—
-3 (yi(WTXi+b* 1+ &) -BT¢+
+ 30 X (3(whxi +b)? — 5 B%)

wherea, 3,\ > 0 are the Lagrangian multipliers that correspond
to the constraints.

Differentiating with respect to the primal variables andiating
them to zero, it can be shown that:

(10

(I —+ Z?:l )\Z'XiXZT)W — bz;;l \iX; = Z?:l YiX;
b= 3 (L, iy — 0, Aiw'xi)
Cl=a+p. 11)

Denoting by:

Zl\zi)\ixix?— ZZAX,)\X

lel

and byuy = ﬁ >, Ajx;j, the dual of (9) can be shown to
be:
max o — — Y I+
0<<C1, /\>OZ Z il ( )\)
5 o (xi— i) — BT (12)
j=1

s.t. yTa =1.

37 corresponds to a "shape matrix” (potentially row rank) dete
mined by thex;s that have nonzerd,. From the KKT conditions
of (9) we have:

2
M w452 = By —o. (13)
2 2
Consequently\; > 0 implies that:
1 B?
(5 (Wi +)* = =-) =0. (14)

Note that the constraift(x;w}, +b)> < BTZ can be equivalently
posed as two linear constraints;w} + b)* < B and
—(xiw# +b)? < B. Thus the problem to solve is a quadratic one.

4. RELATIVE MARGIN SUPPORT TENSOR
MACHINES

The proposed method involves the extension of the RMMs pro-
posed in [14] in order to deal with tensors. We will make atbrie
description of the typical Support Tensor Machines (STM§ahd
continue with a detailed description of the no¥&STMs and Rel-
ative Margin Support Tensor Machines (RMSTMs).

4.1 Support Tensor Machines (STMs)

Let a dataset be represented by the te¥ag Rt *f2XxIn
where[,, is the number of samples in the dataset. The dataset is
separated into two classes witf} andZZ denoting the number of
samples of each class. The lapel= 1 is assigned to the samples
belonging to the first class , while the lahgl= —1 is assigned to
the samples belonging to the second class.



For the maximum margin STMs we aim at finding a multilinear
decision function :

n—1
g(X) = sign [ X [ xiwi +b (15)
=1
The projection vectorss; € R for every dimensioj = 1,...,n

and the bias terrhare derived from solving the following soft STM
problem:

min

MobED H® Twil[F 0T &

S.tys [Ix [T x<ewe +b] > 1— &, 1<i<I,, &>0.

(16)
If we keep every term buw ; fixed, then the problem becomes con-
vex and quadratic. Otherwise, the above form of the optitiina
problem is not convex with respect to all projection vecters
withk =1,...,1,.
The j-th problem for solving with respect @ ; is given by:

. j In
ming, o0 I+ OTE €
sitoys [w] (X xj wi) +b] >1—¢,

WJ\

1<i<I,& >0
17)

wheren; = TI;_, pz; [[wi||?. The optimal vectow; can be

found by the saddle point of the Lagrangian:

In
” |
Slwill*+C Y el-

=1

72 (yz[wj (. xwk)+b]71+§])f

-
Sk
=1

L,(S]’l)“lws (wj,b, €j) =

(18)

as
Vw; L,(S]’l)“lws =0=

Wy = e i alyiX X W (19)
The whole procedure is repeated iteratively for every medeas

tofindwy, k=1...M [2].
4.2 »-STMs

In order to define th&-STMs formulation, we follow the ratio-
nale behind2-SVMs. More specifically, let us define themode
scatter matrices as:

m

By = > Kitm) = Xim) Kty = Xmy)"
k=1

(20)

whereX(,) is then-mode unfolding of the tensor samiig, and

X () is the mean value oKy (,.
Thus, the formulation of th&-STMs is the following:

2 I
1-D 1 -
min —_— éwk +CZ§i
WJ‘]Il’bﬁzo i=1
. n—1
S.t. Yi (DCZ — 1)C) H XLWg + b > 17&, 1<i<m fl > 0.
i=1

whereX. = IL Zf" 1 X.; is the mean tensor for the mogie) and

0 < D < 1is the parameter that handles the two regularization
terms||@7 =} w|[* andH@kz1 Z(n)zwkH .

For thej-th vectorw ;, the above optimization problem is refor-
mulated as:

I
D > T -
5 Wi Bywi+ CZI&
i

(1)

- T
min TT]]'WJ' w; +
w]‘j\{lv v§>0

sty [wf((x:i — X)X, W) + b] >1-¢,

1<i<m, & >0,

where

n—1

H Wzﬂz(i)wzu
i=1,ij

The Lagrangian is given by:

(22)

()
Y _sTMs

(Wj7 b, £J)

1-D T

In

B + 03
_ Z (i [w] (s
— i: ,‘ﬂ&

=1

—X)55wi) +b] —1+€]) -
(23)

By letting = ;) = ((1 — D)n;I; + DnF=(;)), we have:

Vi, L

X)W
W

(24)

The whole procedure is repeated iteratively for every medegs
tofindwyg, k=1... M.
The dual problem of (21) is thus defined as:

1 m m ; _ "
max — — alaly; X — X)X W,
o 2;; Jal gy (( )X W)
25 (X = X)X;wr) + Zai (25)
i=1
st o’ y=0. (26)

4.3 Relative Margin Support Tensor Machines

Following the same reasoning with the one used to define RMMs,
we also use the projections of the training data to definetiRela
Margin Support Tensor Machines (RMSTMs). Their formulatio
is as follows:

w]\ b£>02||® 1Wk|| +OYm, ¢
Styz[x Hzlkak+b}>1_§“
LG T xews + )2 < 22

27)



The partial optimization problem in terms af; is given by:

In

1
min 577]WJ w, + 0253

w],b€J>0 i—1

(28)

sty [w] (C5Gw,) +] > 1 &,

2

L (wl (. 5w,) + )7 < 2
2 2

As can be seen, an extra paramefe(where B > 1) is in-
troduced. Ifwc andbe the solutions acquired for the maximum
margin STMs problem for a specific valdéand
B > max|(w] «X.iX;w,) + bc|, then the solution is the same
for both STMs and RMSTMs. If howeves is of a smaller value,
then the solution is different.

Let us assume that the value Bfis smaller than the threshold.
Then, the Lagrangian of (28) is given by:

Lryvstis(wj,a NG )\]) QWJWJTWJJF

+CZ£’ > ad (yow] (X.Gw,) +b) -
i=1

—1+& -0 SJ

+Z)\ ( (W] (XX, wr) +b)° 7%32)

wherea, 3,A > 0 are the Lagrangian multipliers correspond-
ing to the constraints. Differentiating with respect to firémal
variables and equating them to zero, it can be shown that:

(29)

) — bXn: )\Z:X:ZX_JWT =

i=1

(T4 Y A w, ) (X wr)

i=1

= iaiyixix_jwr)

i=1

1 ul o
= g (O e = 30 haw] (X35 w)
i=1 =1

Cl=a+p (20)
Denoting by:
i=1

ZZ)\)\ X.i x5 W)X x5 wy)”

11]1

and by = ﬁ >ty A XX wr, the dual of (29) can be
shown to be:

max
0<<CA>07

Za,— —Za,yl XX Wy — ) (I—&—E)\)_l

Z%ya‘(x:ix_jwr — ) — EBQATL (31)
j=1
S.tyi [ (XX jwr) +b] >1-&,

B2

From the KKT conditions of (29) we have:

Ai(%(xlkaTer)Q—B;):o (32)
Consequently\; > 0 implies that

(506 i wi + 1)’ B;):o (33)

It can be seen that the constraftt; x wi + b)*> < £ can

be reformulated as two linear constrain&; x wi +b)*> < B
and—(X; xx wi 4+ b)? < B, thus making the problem to solve, a
quadratic one.

4.4 RMSTMs with Linear Constraints

In order to implement a fast algorithm, the quadratic caists
bounding the projections should be replaced with lineasoii&e
equivalent of (27) with linear constraints is given by:

2 @iz

rmn

b£20 WkH +sz 162

(34)

wy M,
sty [:)CZ H;le Xk Wk + b] >1-&,
(O [T7S) xwws +0) < B
— (% T1S xewy, +b) < B.
Then, the Lagrangian of (34) is given by:

In

Liwy,al €8N N) = Sopwiw + 03¢l
,Z (] (C3Gwe) +b—1+&) -
BT+ 30N (W] (X Tw) + ) -

i=1

B)+

+Z)\J ( (W (X5 wr) +b) — ) (35)

as:
Vw,L=0= ,
niw; = 30 (alyi = A7 + X (XX we).
The Wold dual problem of (35) is the following:

(36)

max (a’ Oy — N + A7)TGI(a
ai AT A\

+a’1-BNT1

— N A4

—Bav (37)

st al 1-A"1+A% 120

whereG? = [nij(x:ix_jwr)T(f)C;kx_jwr)].
The above problem can be solved in an iterative way, optirgizi
in each step a subset of the dual variables.

5. EXPERIMENTAL RESULTS

In this Section, we will present the acquired experimergalitts
in order to justify the superiority of RMSTMs over STMs. Thaity
and actions recognition problems will be studied. In ourezkp
ments, the leave-one-out cross-validation approach wetstogest
the generalization performance of the classifiers. Theraxpeats

were performed on an Intel Core 2 Quad PC (2,66 GHz) processor

with 4GB RAM memory.



Table 1: Acquired accuracies

for STMs and RMSTMs.

‘Algorithm\PrObe set‘ A ‘ B

[c[p[E[F]oc]

STMs 78| 75

83 | 78| 81 | 78 | 82

RMSTMs 81 [ 77

86 | 80 [ 83 | 80 | 85

5.1 Gait recognition experiments

The database used for the gait recognition experimentsveas t
USF HumanlD Gait Challenge data sets version 1.7 [1].

The database includes 452 sequences from 74 subjectsr{pgerso
walking in elliptical paths in front of the camera. Threeiations
are provided for each subject: viewpoint (left/right), shigpe (two
different types) and surface type (grass/concrete). Sexperi-
ments (referred to as probe sets) are available, contagsoly one
71 sequences from each subject. The probe sets are of iimgreas
complexity/ difficulty with probe set A being the easiest aral
probe set G being the most difficult. There are no common se-
guences between the gallery sets and any of the probe setaeimd
probe set is unique. The largest dimension of the gait samole-
tained in the database, i.e tensors of dimensiziix 88 x 40 were

the problem, the confusion matrices have been computedcdrie
fusion matrix is an x n matrix containing information about the
actual class label Action (in its columns) and the label obtained
through classification Actian (in its rows). The diagonal entries

of the confusion matrix are the percentages that corresfmtite
cases when actions are correctly classified, while theiaffahal
entries correspond to misclassifications. The confusiotrices
when STMs and the proposed RMSTMs were used are given in Ta-
ble 2. Due to space limitations, only the different accueacre
presented for the RMSTMs, highlighted in bold.

As can be seen from the confusion matrices, the use of RMSTMs
improves the recognition accuracy results in the cases \wist
misclassifications were observed. More specifically, thectassi-
fication of jump as bend and that one of pjump as wave2 are now

used for the experiments. An example of a gait sequence can beoMitted. Thus, even the use of even an image as a 2-mode can

seen in Figure 1.

The acquired results for all probe sets when STMs and RMSTMs
were used are shown in Table 1.

As can be seen from the experiments, when all the frames are
considered as a tensor from which features are to be exdrante
stead of extracting features seperately in a vector forméicam-
bining them afterwards, the spatial and temporal cor@tadf the
initial information is preserved. For example, the geomefrspa-
tial points is taken under consideration, something thasduot
happen when vectors are used. Even in the simplest case whe
an image is considered as a 2 mode tensor instead of a vestor (
we will show below in the action recognition experiments)5tie
results can be very promising.

a

5.2 Action recognition experiments

For the action recognition experiments, the Weizmann detb
was used [12]. It contains nine activities (bend, jack, jupjpmp,
run, side, skip, walk, wavel and wave2) performed by nine sub
jects. An example of 5 frames per action period, for eactoadt
be recognized, is shown in the first column of Figure 2.

In order to perform action recognition, spatio-tempordiesa
points were extracted using the method presented in [15]reMo
specifically, the points extracted are salient both in spaxcktime
and are detected by measuring the variations in the inféomat
context of pixel neighborhoods. They correspond to agtivériation
peaks and are used to achieve invariance against the tianst&
the subjects performing the actions. From the set of poiris e
tracted for every sequence, we create a single image bygtirge
them on a single frame (i.e. by ignoring their temporal langt
That single image contains all the spatiotemporal pointsaied in
the sequence, that appear in grayscale format. An exampileeof
image we create for every action can be seen in the middlencolu
of Figure 2. For visualization purposes, the grayscaletpoirere
all painted white so as to be visible to the reader. A set @itidihs
and erosions is then applied in order to create the binark onsed
for classification. An example of the binary mask for each ohe
the actions is provided in the last column of Figure 2.

The recognition accuracies achieved by STMs and RMSTMs,
were equal to 84.46% and 87.76%, respectively. Thus, thefuse
RMSTMs introduces an increase of 3.3%. In order to bettatystu

provide satisfactory results when tensors are used.

6. CONCLUSIONS

In this paper the novel Relative Margin Support Tensor Maes$i
are proposed as an extension of the Relative Margin Suppetb¥/
Machines. The proposed RMSTMs exploit the spread of the data
in order to find the final solution. The efficiency of the propds
method has been studied for the problems of gait and actomgre
nition, where the results achieved illustrated the supigyiof the

"hethod in terms of classification performance.
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Figure 2: An example of the action sequences (first column)pstiotemporal points detected (second column) and binary @msks
extracted for action classification (third column).
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