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1 Introduction

This paper examines the semantics of a group of logical
techniques, used by the Artificial Intelligence commu-
nity, and which are fundamental for circumscription-
based approaches to the situation calculus. At first
sight, this calculus appears to be an operationalised
version of David Lewis’ account of causal reasoning:
there are items — here called ‘situations’ — which are
analogous to Lewis’ possible worlds, and one finds the
situation which is the result of an action by minimising
difference: that is, if an action is performed in a situ-
ation s, then the situation resulting from the action is
that situation which, among all of those in which the
effects of the action hold, is minimally different from
s.

I will argue, however, that appearances deceive: that,
whereas Lewis’ theory is extensional (in the sense that
equal possible worlds can always be substituted for
each other without harm), the situation calculus is
strongly intensional. Consequently, the underlying on-
tologies of the two theories are strikingly different. The
culprit here is the way in which the situation calcu-
lus measures difference: whereas Lewis’ measure is re-
quired to be extensional (that is, to depend only on
the identities of the worlds involved), the measure used
in the situation calculus depends strongly on the way
in which the worlds are described: we can have two
languages which are logically equivalent, but which,
nevertheless, yield distinct difference measures, and
which, consequently, give different results for the same
problem when used in the situation calculus.

The situation calculus, then, is not logically innocu-
ous: if it can be given any principled semantics, then
that semantics must involve an extremely intensional
ontology.

2 The Situation Calculus and an
Example

2.1 The Situation Calculus

I shall describe the situation calculus rather generi-
cally; the phenomena that I am describing apply to a
great number of versions of the situation calculus, and
consequently a rather more abstract approach has the
benefit of clarity.

Situations are described by fluents: a fluent is a lin-
guistic item — typically a propositional atom — that can
be true or false in a given situation. So there are two
sides to fluents: on the one hand, since they can be
assigned truth values, they have a propositional role.
On the other hand, they are tied to a particular lan-
guage, and, specifically to a particular vocabulary, in
which they figure as atoms.

For brevity, I shall be making my arguments infor-
mally, in terms of finding situations which minimise
change, and, correspondingly, in terms of the partial
order on the sets of models given by inclusion of the
sets of changed fluents: the arguments are easy enough
to formulate in terms of circumscription, in the style
of (Shanahan, 1997, pp. 49ff) or of (Lifschitz, 1994,
p. 329).

2.2 The Example

Consider the following scenario:

Two balls are linked by a string of length 1.
Initially (at ¢ = 0) they are lying next to
one another on a table, with the string slack.
At t = 1, one ball is raised to height 2; this
tightens the string and raises the other ball
to height 1.



Now let us consider formulations of this scenario in sev-
eral different vocabularies. In all cases the balls will
be by and by, and the positions will simply be num-
bered 0, 1, 2, 3, starting from the table and working
upwards, so that the two balls start off in position 0.

With some trivial work, we can show that all of our vo-
cabularies are logically equivalent: any assertion made
in one of them can be expressed without loss in any of
the others. The constraints on the fluents are, likewise,
equally easy to formulate in any vocabulary: they sim-
ply say that, if one of the balls is at position i, then
the other ball must either be at positions ¢ — 1 (if this
is positive) or ¢ + 1, with the string taut, or at 4, with
the string slack.

Because of the constraints, ball 2 must either end up
at positions 1 or 3, with the string taut, or at 2, with
the string slack. So there are basically three situations
to consider; I will call them mq, mo, and mgs in what
follows. I tabulate the order relations induced by a
selection of vocabularies in Table 1

3 Formal Results on Interpretation

As we can see from the tables, we appear to be able to
obtain a wide range of partial orders merely by change
of vocabulary. As the results of this section show, this
variability is quite typical.

We first need the notion of an interpretation of one
language in another. Notice that, even though our
languages in the preceding section was ostensibly first-
order, its variables only take on a finite range of values:
we can, thus, for simplicity, assume that our languages
are propositional and have countable sets of atoms.
They will have the classical connectives, A, V, —, and

.

Definition 1. Let £ and £ be two propositional lan-
guages. An interpretation, a, of £ in £ is a map
from the atoms of £ to the propositions of £'; it may
be extended to all of £ inductively.

Suppose we have theories, 7 and 7/, formulated re-
spectively in the languages £ and £'. We will identify
theories with deductively closed sets of sentences.

Definition 2. An interpretation « is sound (with re-
spect to T and 7') if, whenever T is a theorem of T,
a(T) is a theory of T'; it is conservative (again, with
respect to T and 7') if, given a proposition p of £, if
a(p) is a theorem of 7', then p is a theorem of T. «
is essentially surjective (with respect to 7') if, for all
q € L, there is a p € £ such that T F a(p) < q.

We are concerned with these theories mainly for the

sake of their effect on models:

Definition 3. A valuation of a language £ is an as-
signment v(-) of truth values to its atoms; this can
be extended to the propositions of £ in the usual way.
Such an assignment is a model of 7 if all theorems of
T are assigned t.

Suppose, then, that we have a sound interpretation a
of £ in £'; if v/ is a model of 7/, then, by soundness,
v oa, the composition of « with v, is a model of 7. We
thus have a mapping, o*, from models of 7/ to models
of .

The proofs of the following results are quite straight-
forward.

Proposition 1. If a is sound, then a is conservative
iff o is surjective.

Proposition 2. If « is sound, then « is essentially
subjective iff ax is injective.

3.1 Applications

Our applications of these results will be in very simple
cases; we will typically start with two different lan-
guages, £ and £, and an interpretation a of £ in £'.
We will also start with a theory in one language or the
other, and will define a theory in the other to corre-
spond to it, either by starting with a theory 7 C £
and defining 7' to be the deductive closure of a(7),
or by starting with a theory 7/ C £’ and defining 7
to be a~1(7'). In either case, soundness is a trivi-
ality. We will also be working in situations where it
is easy to establish both conservativity and essential
surjectivity; so, in consequence, o* will be a bijective
correspondence on models.

We need, however, some more elaborate notation for
theories. We are concerned with situations which
evolve: for simplicity, our systems will only evolve from
time 0 to time 1. However, this means that we have
three theories to deal with: we will have a base the-
ory, T, consisting of the constraints which are valid
atemporally, and we will also have two extensions of
this, 79 and 7, which consist of 7 together with the
constraints which are valid at times 0 and 1. We will
have to verify, rather tediously, our conditions for the
correspondences between models of all three theories;
we can save some work because, if « is essentially sur-
jective with respect to 7, it will be so with respect to
70 and Ty.

We are interested in the =< relation between models
at time 1 (i.e. models of 71): in our situation, this
is defined as follows. Suppose we have a language,
theories in that language as above, and a model vy of



Vocabulary | Fluents Order
A | at(bi, )7, ?:0 mp; Mg M3
taut
B | above(b;, j)[7—; ?:0 ms
taut \
mq mao
C above(biaj)|12:1 ?:0 ms
\
ma
\
my
D above(bl,j)\?:o mi ms3
above(by, bs), above(by, by) ~N S
ma
E | above(br, )59 ms
above(by, b1) \
taut "Tl
ma
F above(bl,j)ﬁzo my
above(by, bs)
taut "‘Ld
ma
G above(bl,j)\fzo mo ms
at(bg, 2), at(bg, 3) AN e
mq
H 3b0V€(b1,j)‘?=o my mo
at(bg, 1), at(bg, 2) AN e
ms
I | above(by,j)[5_g ma
above(bs, 1) \
at(b, 2) ”fd
mi

Table 1: Vocabularies and Their Orders




79. Then we can define a relation as follows:

Definition 4. If v is a model of 71, define the differ-
ence set of v to be

de(v) = {p € Llp an atom,v(p) # vo(p)}

We then define the order relation, =g ., by inclusion
of difference sets:

1% j):,uo vV = 651,1/0 (/’L) - 62,”0 (V)

Notice that we have carefully made explicit the depen-
dence of <¢ ,,, on both vy and on £.

Now we have the following

Proposition 3. Suppose that we have a language £

together with a theory 7. Then, given a language £

containing £, and a theory 7' such that the inclusion is

sound, conservative and essentially surjective, we have
2w C28

i.e. as we enlarge the language we restrict the accessi-

bility relation on models.

Proof. Clear
O

Example Language B is such an extension of Lan-
guage C. This example shows that the containment is,
in general, strict.

This example prompts the question of how far we can
go: whether, given any language, we can extend it so
as to make the order relation discrete. It turns out
that we can; however, we need another result first.

Proposition 4. Suppose we have a language, £, and
a theory 7. Suppose that we are given a model, vy,
of 7, and an order relation =< on the models of T for
which vy is the unique least element. Then there is
a language £, a theory T, and a sound, conservative
and essentially surjective interpretation o of £ in £
such that =g/ ,,==.

Proof. Before proving the proposition, we first stan-
dardise some notation. Let 21 be the set of models of
£, 7. For each v € 9, take a propositional atom p,;
let £’ be the language generated by these propositional
atoms. Then define an interpretation « of £ in £’ by,
firstly, defining, for each model v of 7, a formula of £’

9, =

/\ P A /\ Y

v' v V’ﬁy

and then defining the interpretation « of an atom ¢ of

£
a(q) = \/ 9, (1)
v(g)=t

Let also 7/ be given by the single proposition
a(T) = \/ 0,

We can then show that a and 7/ give the desired in-
terpretation. O

Given a language, and a desired partial order, this
result gives us a disjoint language together with an
interpretation which realises the partial order in terms
of model similarity. The following result shows us what
we can do if we want an enlargement of the original
language: in this case, Proposition 3 shows us that all
we can ask for is a subrelation of the original relation
=¢.1,- But we can achieve any subrelation:

Proposition 5. Suppose we have a language, £, a
theory 7, and a model vy of £; we thus have a rela-
tion =g, on models of T. Then, given any reflexive
transitive relation < contained in =g ,,, we can find a
sound, complete and essentially surjective inclusion of
languages £ — £ such that <g¢/ ,,==.

Proof. Suppose given £, T and vy, together with a de-
sired relation = C =<g¢,,. By Proposition 4, we can
find a language £’ together with an interpretation «
which realises <. Now let £” be the language whose
set of atoms is the disjoint union of the sets of atoms of
£ and £', and expand 7 with the definitions p < a(p)
for all atoms p of £; call this theory 7. Then (£",7")
is the required extension of (£, 7):

jﬂ”,uo - jﬂ,uo N ja

and, since < C <g¢ .. we have the result. O

3.2 Interpretations of Our Vocabularies

We have still to justify our informal description of the
mutual interpretations between our different vocabu-
laries. First notice that all of the vocabularies are
embedded in a single vocabulary (call it £) which is
generated by the union of all of their atoms. There
is also a theory, 7, which expresses the constraints be-
tween these atoms; this theory will have precisely three
models, corresponding to our three situations. Given
one of our vocabularies, £;, we can embed it in £ in
the obvious way; let 7, be 7 N £;. The inclusion is
clearly sound and complete. To show that it is essen-
tially surjective, we have to show that each atom of £
can be defined in £;; and that can be checked case by
case.



4 Inference Relations

What is interesting here is not so much the correct-
ness, or otherwise, of the answers given by particular
vocabularies as the fact that the various vocabularies
give different answers.

We might think that this is nothing to worry about;
that the differences are, to be sure, syntactic rather
than model-theoretic, but that they would appear nat-
ural given a more syntactic approach to nonmono-
tonic reasoning, such as the inference relations of
Kraus, Lehmann and Magidor (Gabbay, 1985; Makin-
son, 1989; Makinson, 1994; Kraus et al., 1990). In this
approach, we typically have two inference relations: a
classical relation, -, and a non-monotonic one, p; the
non-monotonic one is supposed to satisfy the rules in
Table 2.

We need an alternative description of such inference
relations: first, some notation.

Definition 5. Suppose that £ is a propositional lan-
guage, and that I is its set of models. Then, for

p €&, let p(p) = {v € Mv(p) = t}.

Then we have

Proposition 6. Given an inference relation |~ sat-
isfying the rules in Table 2, there is exactly one map
7 PON) — P(M) such that

p g iff n(up)) € wiq). (2)

Conversely, any such n gives rise to exactly one infer-
ence relation h.

Proof. Suppose given an inference relation p (v g; by
Left Logical Equivalence, for any ¢, if u(p) = u(p),
then p p ¢ iff p b ¢. Similarly, by Right Weakening,
if u(g) = p(g), then, for any p, pvgiff pg. b
may thus be regarded as a relation — R, let us say —
on M x M. Now fix A C M (i.e. A € P(IM)). Right
Weakening entails that, if ARB and if B C B, then
ARB. Similarly, if ARB and ARB, the And rule
tells us that ARB N B. Because we have only a finite
number of models, any descending chain {B;} of sets
of models with AR B; must terminate. Thus, for our
fixed A, there is a unique minimal By such that AR By;
thus, by Right Weakening, ARB iff By C B. Let n(A)
be this Bo.

Conversely, given an 7 : P(IM) — P(IM), we can, by
(2), define a relation p on £ x £, and it is trivial to
verify that it satisfies the conditions of Table 2. O

Example 1. Given a partial order, <, on 9, we can
define n(A) = {a € A|fa € A.ad < a} and recover the

usual definition of a non-monotonic inference relation
induced by a model preference relation.

So now we have our argument. Suppose we have an en-
tailment Ap B, formulated in one language £, and sup-
pose also we have an interpretation « of £ in £ which
induces a bijection on models; then, by the above re-
sults, we can just as well formulate p in £’. Nonmono-
tonic inference relations may well be syntactically for-
mulated, but, because of their logical properties, they
are independent of the particular logical language that
they are formulated in.

In fact, more than this invariance under equivalent vo-
cabularies is true: it is also possible to establish that
any interpretation (whether it is a bijection on mod-
els or not) induces mappings with good properties, in
both directions, between nonmonotonic relations for-
mulated in each language.

5 Comparisons

The reason why predictions are different in our vari-
ous vocabularies seems to be this. Vocabulary plays a
dual role in the situation calculus. On the one hand,
it furnishes terms out of which the language of the
theory is constructed. On the other hand, it plays a
role in the measurement of change: changes are more
or less according to whether their respective sets of
changed fluents are included in each other, and fluents
are items in the vocabulary. (Or, similarly, the vo-
cabulary plays a role in circumscribing predicates: we
circumscribe predicates by minimising the intersection
of their extension with the set of fluents).

In the semantics of the situation calculus, then, we
should be concerned, not just with the relation be-
tween the terms of its formal language and reality:
that is adequately described by model theory, and we
know that model theory behaves well under change
of vocabulary. We should also be concerned with the
auxiliary notions of the calculus: the closeness rela-
tions, or the way that the circumscription relations
are constructed.

5.1 David Lewis

Contrast this with David Lewis’ account of counterfac-
tuals (Lewis, 1986). He defines the truth-conditions for
counterfactual conditionals in terms of an accessibility
relation on a set of possible worlds. His counterfactual
connective, [1—, has the following semantics:

A—C is true at i iff some (accessible) ANC-
world is closer to i than any A A =C-world, if



at g
ot

Supraclassicality Left Logical Equivalence

adkFELg apby

afhf FB—q abB aly

a by ab BAy
Right Weakening And

Table 2: Rules for Non-Monotonic Inference Relations

there are any (accessible) A-worlds. (Lewis,
1986, p. 10)

Closeness, here, is defined in terms of a triadic relation
7 =i k, which has certain formal properties; it plays a
similar role in Lewis’ theory to the fluent-based com-
parisons of the situation calculus.

The vital difference, though, is that it closeness is a re-
lation between possible worlds; and worlds, for Lewis,
are elements of reality.!

Our situation calculus comparisons cannot be inter-
preted, then, in terms of Lewis’ closeness relations.
Since descriptions of the same situations in our two
vocabularies describe the same states of affairs — and
how could they not, since the the vocabularies are
inter-translatable without loss — they are descriptions
of the same worlds; and any Lewis-style closeness rela-
tion would have to give the same results in both cases.
The situation calculus relations are thus not relations
between propositional worlds, but relations between
propositional descriptions of those worlds.

6 Semantics and Identity

But why should this matter? There are two main rea-
sons, theoretical and practical: they are closely inter-
twined, but somewhat distinct. We will start with the
theoretical reasons.

Quine distinguishes between two levels of semantic
comprehension. The first is that of merely respond-
ing appropriately to stimuli; this involves a child, for
example,

learning how much of what goes on about him
counts as the mother, or as red, or as water.
... Hello! more mama, more red, more water.

(Quine, 1969, 7)

Later on, however, we learn to individuate the items
that we encounter:

To learn ‘apple’ it is not sufficient to learn
how much of what goes on counts as an apple;

'See (Lewis, 1983c, p. 39) “A world is a large possible
individual; it has smaller possible individuals as parts”.

we must learn how much counts as an apple,
and how much as another. ... [the child] can
never fully master ‘apple’ in its individuative
use, except as he gets on with the scheme
of enduring and recurrent physical objects.
(Quine, 1969, 8)

And thus

Words like ‘apple’, and not words like ‘mama’
or ‘water’ or ‘red’, are the terms whose onto-
logical involvement runs deep. (Quine, 1969,
8)

What is at issue here is that these two levels of un-
derstanding — the pre-identity stage, and the identity
stage — are distinct, and that one may comprehend one
without comprehending the other. So a piece of theory
— the situation calculus, for example — may succeed in
correlating its theoretical terms with the phenomena
that it is trying to explain, and may seem to do so
quite successfully; but, unless it can go further, and
give well-motivated conditions of identity for the the-
oretical entities that it is trying to introduce, one may
well feel that there is something lacking.

7 Excuses

We still need some further argument: we need to know
that the problem with change of vocabulary is, indeed,
a problem for our common-sense grasp of action and
change. If it were not, then we might well argue that
things were perfectly correct as they stood: that situ-
ations (as described in the situation calculus) could be
given conditions of identity, but that they were more
fine-grained than the conditions of identity for possi-
ble worlds. Indeed, Costello and MacCarthy give an
account of counterfactual conditionals in which claims
very like these are made. (Costello & McCarthy, 1999)
So, if we had such a fine-grained account, situations in
one vocabulary could maybe distinct from situations
in another vocabulary. This is not so: but we need
some argument to show it.

The first stage of the argument uses our metatheoret-
ical results: we can achieve, by appropriate choice of
vocabulary, any partial order on models that we de-
sire. So, if we want to talk about the mathematical



structure which results from a choice of vocabulary, it
is simply this: an arbitrary choice of a partial order
on models.

However, one might consider the following response
to these results: that we are not concerned with all
possible vocabularies, but only with those that are, in
some sense, natural; those that arise from our every-
day use of language. If this response were valid, then it
would have to be the case that the vocabulary given by
natural language was quite restrictive: that we could
not choose vocabularies arbitrarily, but that, for each
situation, we naturally used a vocabulary which was
tightly enough prescribed to fix our inferences ade-
quately, and that we never, in the course of reason-
ing about a given situation, changed our vocabulary
enough to change the validity of our inferences.

Davidson (following Austin (1956-7)) considers the
following pattern of reasoning.

‘I didn’t know that it was loaded’ belongs to
one standard pattern of excuse. I do not deny
that I pointed the gun and pulled the trigger,
nor that I shot the victim. My ignorance ex-
plains how it happens that I pointed the gun
and pulled the trigger intentionally, but did
not shoot the victim intentionally. ... What
is the relation between my pointing the gun
and pulling the trigger, and my shooting the
victim? The natural and, I think, correct an-
swer is that the relation is that of identity.
The logic of this sort of excuse includes, it
seems, at least this much structure: I am ac-
cused of doing b, which is deplorable. I admit
1 did a, which is excusable. My excuse for do-
ing b rests upon my claim that I did not know
that a = b. (Davidson, 1980, p. 109)

What we are doing here is identifying two actions
which are described differently, using different vocab-
ulary: and the grounds on which we are identifying
the actions are that they are the actions consist of
the same sequence of events in the world. Thus, our
everyday language exploits a wide range of redescrip-
tions of the same action using different vocabulary. If
all these things, variously redescribed, are the same
action, then they must all have the same precondi-
tions, the same effects, and they must all function in
the same way in any adequate theory of action. And,
finally, it is hard to see how the two actions of ‘lifting
the ball to position 2’ and ‘lifting the ball above posi-
tions 0 and 1, but not above position 2’ could not be
the same action. To establish identity, one needs, after
all, only the facts of geometry, whereas for the identity

between ‘shooting’ and ‘pulling the trigger’ one needs
certain empirical matters, such as the presence of the
bullet. So, if the identity holds in the case of David-
son’s shooting example, it should, a fortiori, also hold
in our example.

If, furthermore, we are to take seriously the appeal to
natural language, we ought to take seriously Propo-
sition 3. Natural languages typically abound in syn-
onyms: they have large vocabularies, and most of the
items in those vocabularies can be defined, in multiple
ways, in terms of other items of those vocabularies. As
the proposition shows, when we go about enlarging our
vocabulary by definitions, we make our partial order
successively more discrete. As the examples show, we
do not, typically, need to make our vocabulary par-
ticularly large in order to make the resulting order
completely discrete, and thus to make circumscription
yield the same results as classical logic. And surely, if
there is any particular vocabulary that the appeal to
natural language ought to recommend, it must be the
entire vocabulary of natural language, with its accom-
panying discrete partial order.

8 Conclusion

In these situation calculus inferences, the vocabulary
plays a double role. One is its normal role: to form ex-
pressions in the relevant formal language. The other
role, however, is to define the similarity relation be-
tween sets of fluents: two sets are more or less similar
depending on inclusions between sets of fluents that
have changed truth values in each of them. This rela-
tion is not independent of the vocabulary that it is for-
mulated in; consequently, it is not actually a relation
between possible worlds, but rather between descrip-
tions of worlds. This means that the situation calcu-
lus, despite superficial similarities, is, in fact, markedly
different from Lewis’ semantics of counterfactual con-
ditionals. It is also very different from the account of
change that we get in physics: here we have a theory
of physical change which relies on minimising a certain
quantity (namely the integral of the action over a path
in phase space), but the action is carefully defined so
that the values of such integrals are independent of the
coordinate system that they are expressed in.

One could argue, at this point, that these are little
more than analogies: that the purpose of situation
calculus is merely to imitate common-sense reasoning,
and the role of change of vocabulary in such reasoning
is small. Davidson’s arguments show that this is not
so: that change of vocabulary plays a very extensive
role in our reasoning about actions.



These considerations have two main repercussions:
theoretical and practical. Theoretically, it seems dif-
ficult to imagine how the situation calculus could be
given a semantics in any strong sense. A semantics,
however it might be expressed formally, should surely
correlate linguistic items either with components of
reality or with more abstract, mathematical objects:
and, although the components of reality might have
to be described in linguistic terms, the correlation it-
self should be independent of merely linguistic mat-
ters such as vocabulary. In particular, it should not
be affected by the substitution of one vocabulary for
another, logically equivalent one. And one should ob-
serve, in passing, that the rules of left logical equiva-
lence and right weakening mean that any semantics for
Kraus, Lehmann and Magidor-style inference relations
must have these properties.

Practically, there are the following consequences. We
would like to be able to use a theory (the situation cal-
culus, maybe) by starting with whatever vocabulary
presented itself and working with that. All we should
have to worry about would be whether the vocabulary
could describe the phenomena, and the correctness of
our description: given both of these, the calculus ought
to work. The situation ought to be similar to that in
physics, where we can choose a coordinate system at
our convenience: given a correct description, and cor-
rect equations, the results will be correct. But with the
situation calculus as it is, we have more to worry about
than merely adequacy and correctness: we also have
to worry whether we have chosen a vocabulary which
yields the right closeness relation between situations.
All of our vocabularies are descriptively adequate, and
our descriptions in any of them are correct. But they
vary greatly in the predictions they make. And there
seems to be no other way of telling whether the vocab-
ulary is the magic correct one, other than by checking
the results; and this rather diminishes the utility of
the calculus as a predictive theory.
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