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Abstract

In this paper, we address the problem of estimating the 3D structure and motion of a deformable object given a set of image features tracked

automatically throughout a video sequence. Our contributions are twofold: firstly, we propose a new approach to improve motion and structure

estimates using a non-linear optimization scheme and secondly we propose a tracking algorithm based on ranklets, a recently developed family of

orientation selective rank features.

It has been shown that if the 3D deformations of an object can be modeled as a linear combination of shape bases then both its motion and shape

may be recovered using an extension of Tomasi and Kanade’s factorization algorithm for affine cameras. Crucially, these new factorization

methods are model free and work purely from video in an unconstrained case: a single uncalibrated camera viewing an arbitrary 3D surface which

is moving and articulating. The main drawback of existing methods is that they do not provide correct structure and motion estimates: the motion

matrix has a repetitive structure which is not respected by the factorization algorithm. In this paper, we present a non-linear optimization method

to refine the motion and shape estimates which minimizes the image reprojection error and imposes the correct structure onto the motion matrix by

choosing an appropriate parameterization.

Factorization algorithms require as input a set of feature tracks or correspondences found throughout the image sequence. The challenge here is

to track the features while the object is deforming and the appearance of the image therefore changing. We propose a model free tracking

algorithm based on ranklets, a multi-scale family of rank features that present an orientation selectivity pattern similar to Haar wavelets. A vector

of ranklets is used to encode an appearance based description of a neighborhood of each tracked point. Robustness is enhanced by adapting, for

each point, the shape of the filters to the structure of the particular neighborhood. A stack of models is maintained for each tracked point in order to

manage large appearance variations with limited drift. Our experiments on sequences of a human subject performing different facial expressions

show that this tracker provides a good set of feature correspondences for the non-rigid 3D reconstruction algorithm.

q 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Recent work in non-rigid factorization [4,6,23] has proved

that under weak perspective viewing conditions it is possible to

infer the principal modes of deformation of an object alongside

its 3D shape, within a structure from motion estimation

framework. These non-rigid factorization methods stem from

Tomasi and Kanade’s factorization algorithm for rigid

structure [22] developed in the early 1990’s. The key idea is

the use of rank-constraints to express the geometric invariants
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present in the data. This allows the factorization of the

measurement matrix—which contains the image coordinates of

a set of features matched throughout an image sequence—into

its shape and motion components. Crucially, these new

factorization methods work purely from video in an uncon-

strained case: a single uncalibrated camera viewing an arbitrary

3D surface which is moving and articulating.

Bregler et al. [6] were the first to use a factorization-based

method for the recovery of non-rigid structure and motion.

The decomposition between motion and shape parameters

is not unique however, and the motion matrix is only

obtained up to a post-multiplication by a transformation

matrix. While this matrix can be easily computed in the case

of rigid structure by enforcing orthonormality constraints on

the camera motion, its computation in the non-rigid case is

not trivial since the motion matrix has a replicated block

structure which must be imposed.
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Several methods have been proposed so far to compute the

transformation matrix. Bregler et al. [6] enforced orthonorm-

ality constraints on the camera rotations in a similar way to the

rigid factorization scheme. Later, Brand [4] proposed an

improvement to Bregler et al.’s method using numerically

well-behaved heuristics to compute the transformation matrix

and adding a final minimization to regularize the shape.

Torresani et al. [23] also extended the method by Bregler et al.

by introducing a final trilinear optimization on the motion and

structure parameters. However, none of these methods is

completely satisfactory at recovering the 3D structure since

they do not impose the full block structure on the motion

matrix.

Recently, Xiao et al. [25], proved that the orthonormality

constraints on the camera rotations are not sufficient to

compute the transformation matrix and they proposed a new

set of constraints on the shape bases. Their work proves that

when both sets of constraints are imposed, a closed-form

solution to the problem of non-rigid structure from motion

exists. However, their solution requires that there be K frames

(where K is the number of basis shapes) in which the shapes are

known to be independent.

In this paper, we propose an alternative solution to the

computation of the transformation matrix which uses a bundle

adjustment step to refine an initial estimate by minimizing the

image reprojection error, which, contrary to other approaches,

is a geometrically meaningful error function. Aanæs and Kahl

first proposed the use of bundle-adjustment in the non-rigid

case [1], however our approach differs in the choice of

initialization and in the parameterization of the problem. The

effectiveness of our solution is supported by comparative

results with existing non-rigid factorization methods using real

image sequences with points tracked automatically with the

algorithm outlined below.

The rank constraint can also be used to improve the estimate

of optical flow in areas of the image with low texture [4,23], an

approach inspired by its rigid equivalent [11]. However, optical

flow estimation, being a differential operation, is inherently

sensitive to noise. For this reason we decided to base our

reconstruction on a point tracking algorithm, which according

to the image descriptors used can afford a greater robustness.

In our case, the choice of image descriptors is dictated by

the nature of the structure from motion problem, which

requires substantial pose variations in order to achieve accurate

reconstructions. The problem is aggravated by the defor-

mations of the subject, making the use of highly invariant

descriptors mandatory. A natural choice is represented by rank

features that have often been applied to the matching problem

because of their invariance under a wide range of transform-

ations [2,27].

In this paper, we introduce a tracking algorithm based on

ranklets, a recently developed family of multi-scale rank

features that present an orientation selectivity pattern similar to

Haar wavelets [20]. The usefulness of orientation selectivity in

appearance-based features is supported both by classic Gabor

filter approaches [15] and by its ubiquitous presence in

biological vision systems [8]. In the case of ranklets,
orientation selectivity is supplemented by the inherent

robustness of rank based descriptors. Ranklets have been

shown to be effective in a challenging pattern recognition task

over deformable objects, namely face detection [21].

Similarly to classic multi-scale algorithms [15,18], our

approach uses a vector of ranklets to encode an appearance

based description of the neighborhood of each of a sparse set of

tracked points. The aspect ratio of the filters is adapted for each

local neighborhood to maximize filter response; this is

expected to make the representation locally more discrimina-

tive, thus minimizing drift. Large variations in appearance are

handled by implementing a stack of models for each tracked

point. This allows the tracker to follow the points through a

wide range of deformations with limited drift, and eventually

recalibrate whenever the object reverts to its original

appearance. The use of filter adaptation and dynamic model

updating makes this algorithm particularly suitable for tracking

deformable structures.

The paper is organized as follows. In Section 2, we review

the use of rank constraints to compute motion and 3D shape

within the factorization framework. We briefly outline the

factorization algorithm and then describe the existing non-rigid

factorization methods. In Section 3, we present the non-linear

optimization scheme based on the bundle adjustment frame-

work, while Section 4 describes our non-parametric tracking

algorithm based on ranklets. In Section 5, we present two sets

of experimental results comparing our approach with former

methods and then showing the reconstruction quality of our

unsupervised system for non-rigid structure from motion.

Finally, we present our conclusions and an Appendix A with a

description of the ranklet feature family.
2. Non-rigid factorization: overview

Tomasi and Kanade’s factorization algorithm for rigid

structure [22] has been recently extended to the case of non-

rigid deformable 3D structure [4,6,23]. Here, the deformations

of the 3D shape are modeled linearly so that the 3D shape of

any specific configuration of a non-rigid object is approximated

by a linear combination of a set of K shape bases which

represent the K principal modes of deformation of the object. A

perfectly rigid object would correspond to the situation where

KZ1. Each basis-shape (S1,S2,.Sk) is a 3!P matrix which

contains the 3D locations of the P points describing the object

for that particular mode of deformation. The 3D shape of any

configuration can be expressed in terms of the shape bases Si

and the deformation weights li in the following way:

SZ
XK

iZ1

liSi S;Si2R
3!P li2R

If we assume a scaled orthographic projection model for the

camera, the coordinates of the 2D image points observed at

each frame f are related to the coordinates of the 3D points

according to the following equation
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Wf Z
uf ;1 . uf ;P

vf ;1 . vf ;P

� �
ZRf

XK

iZ1

lf ;iSi

 !
CTf (1)

where

Rf Z
rf ;1 rf ;2 rf ;3

rf ;4 rf ;5 rf ;6

� �
(2)

is a 2!3 orthonormal matrix which contains the first and

second rows of the camera rotation matrix and Tf contains the

first two components of the camera translation vector. Weak

perspective is a good approximation when the depth variation

within the object is small compared to the distance to the

camera. The weak perspective scaling (f/Zavg) is implicitly

encoded in the lf,i deformation coefficients. We may eliminate

the translation vector Tf by registering image points to the

centroid in each frame. In this way, the origin of the 3D

coordinate system will be located at the centroid of the shape S.
If all P points can be tracked throughout an image sequence we

may stack all the point tracks from frame 1 to F into a 2F!P

measurement matrix W and we may write:

WZ

u1;1 . u1;P

v1;1 . v1;P

« «

uF;1 . uF;P

vF;1 . vF;P

2
6666664

3
7777775

Z

l11R1 . l1KR1

« «

lF1RF . lFKRF

2
64

3
75

S1

«

SK

2
64

3
75ZMS (3)

SinceM is a 2F!3K matrix and S is a 3K!P matrix, in the

noiseless case, the rank of W is r%3K (with rZ3K when no

degeneracies are present). Note that, in relation to rigid

factorization, in the non-rigid case the rank is incremented by

three with every new mode of deformation. The goal of

factorization algorithms is to exploit this rank constraint to

recover the 3D pose and shape (shape bases and deformation

coefficients) of the object from the point correspondences

stored in W.
2.1. Previous work on non-rigid factorization

The rank constraint on the measurement matrix W can be

easily imposed by truncating the SVD of W to rank 3K. This

will factor W into a motion matrix ~M and a shape matrix ~S.
Note that two issues have to be solved to obtain a successful

decomposition into the correct motion and shape structure.

Firstly, the factorization of W into ~M and ~S is not unique

since any invertible 3K!3K matrix Q can be inserted in the

decomposition leading to the alternative factorization:

WZ ð ~MQÞðQK1 ~SÞ. The problem is to find a transformation

matrixQ that renders the appropriate replicated block structure

of the motion matrix shown in Eq. (3) and that removes the

affine ambiguity, upgrading the reconstruction to a metric one.

When the main goal is to recover the correct camera matrices
and the 3D non-rigid structure, preserving the replicated block

structure of the motion matrix M after factorization becomes

crucial. If this is not achieved, there follows an ambiguity

between the motion parameters and the estimated 3D structure.

Secondly, in the non-rigid case the matrix M needs to be

further decomposed into the 3D pose matrices Rf and the

deformation weights lfk, since their values are mixed inside the

motion matrix (see Eq. (3)).

2.1.1. Computing the transformation matrix Q

In the rigid case (where the number of bases is KZ1) the

problem of computing the transformation matrix Q that

upgrades the reconstruction to a metric one can be solved

linearly [22]. However, in the non-rigid case imposing the

appropriate repetitive structure to the motion matrix ~M results

in a more complex problem. The approach proposed by Brand

[4] consists of correcting each column triple independently

applying the rigid metric constraint to each ~M
k
2F!3 vertical

block in ~M shown here:

~MZ ~M
1

. ~M
K

h i
Z

~M11 . ~M1K

« «

~MF1 . ~MFK

2
664

3
775

Z

l1;1R1 . l1;KR1

« «

lF;1RF . lF;KRF

2
64

3
75

Since each 2!3 ~Mfk sub-block for a generic frame f and

basis k is a scaled rotation (truncated to dimension 2 for weak

perspective projection) a 3!3 matrix Qk (with kZ1.K) can

be computed to correct each vertical block ~M
k
by imposing

orthogonality and equal norm constraints on the rows of each
~Mfk. Each ~Mfk block will contribute with 1 orthogonality and 1

equal norm constraint to solve for the elements in Qk.

Each vertical block is then corrected in the following way:

M̂
k
) ~M

k
Qk

� �
. The overall 3K!3K correction matrix Q will

therefore be a block diagonal matrix with the following

structure:

Q1 0 . 0

0 Q2 . 0

« 1 «

0 0 . QK

2
66664

3
77775: (4)

Unlike the method proposed by Bregler [6]—where the

metric constraint was imposed only to the rigid component so

that QiZQrigid for iZ1.K—this provides a corrective

transform for each column-triple of ~M. The 3D structure

matrix is corrected appropriately using the inverse transform-

ation: Ŝ)QK1 ~S.
A block diagonal matrix is in any case only an

approximation of the true Q that is usually dense in the off-

diagonal elements. It has been recently proved by Xiao et al.

[25] that the above mentioned metric constraints do not suffice

for the estimation of the full corrective transform. A new set of
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basis constraints is introduced, and their work proves that

when both sets of constraints are imposed a closed-form

solution exists to the problem of non-rigid structure from

motion.
2.1.2. Factorization of the motion matrix M

The final step in the non-rigid factorization algorithm deals

with the factorization of the motion matrix ~M into the 2!3

rotation matrices Rf and the deformation weights lf,k. Bregler

et al. [6] proposed a second factorization round where each

motion matrix 2-row sub-block ~Mf is rearranged as an outer

product of rotation parameters and deformation coefficients

and then decomposed using a series of rank-1 SVD’s.

However, in the presence of noise the second and higher

singular values of the sub-blocks do not vanish and this results

in bad estimates for the rotation matrices and the deformation

weights.

Brand proposed an alternative method to factorize each

motion matrix 2-row sub-block ~Mf using orthonormal

decomposition, which factors a matrix directly into a rotation

matrix and a vector [4].

Each motion matrix sub-block ~Mf (see [5] for details) is

rearranged such that

~Mf /M̂f Z lf ;1r
T
f lf ;2r

T
f . lf ;kr

T
f

� �
(5)

where rfZ[rf1,.rf6]are the coefficients of the rotation matrix

Rf. The motion matrix M̂f of size 6!K is then post-multiplied

by the K!1 unity vector cZ[1.1] thus obtaining

af Z krTf Z M̂f c (6)

where kZ lf ;1C lf ;2C.C lf ;K (the sum of all the deformation

weights for that particular frame f). A matrix Af of size 2!3 is

built by re-arranging the coefficients of the column vector af.

The analytic form of Af is:

Af Z
kr1 kr2 kr3

kr4 kr5 kr6

" #
: (7)

Since Rf is an orthonormal matrix, the equation AfR
T
f Zffiffiffiffiffiffiffiffiffiffiffi

AfA
T
f

q
is satisfied, leading to RT

f Z
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AfA

T
f =Af

q
. This allows

one to find a linear least-squares fit for the rotation matrix Rf.

In order to estimate the configuration weights the sub-block

matrix ~Mf is then rearranged in a different way from Eq. (5):

~Mf / �Mf Z lf ;1rf.lf ;krf

� �T
(8)

The configuration weights for each frame f are then derived

exploiting the orthonormality of Rf since:

�Mf r
T
f Z lf ;1rf r

T
f .lf ;krf r

T
f

� �T
Z 2 lf ;1.lf ;k

� �T
: (9)

Brand included a final minimization scheme [4] in his

flexible factorization algorithm: the deformations in ~S should

be as small as possible relative to the mean shape. The idea

here is that most of the image point motion should be explained

by the rigid component. This is equivalent to the shape

regularization used by other authors [1,23].
Although the methods described so far provide an estimate

for the camera motion and the non-rigid shape, they fail to

render the appropriate replicated structure of the motion

matrix. In Section 3, we will describe a non-linear optimization

scheme which allows to disambiguate between the motion and

shape parameters.
3. Non-linear optimization for non-rigid structure from
motion

Our approach is to reformulate the problem of estimating

the non-rigid model parameters in terms of a non-linear

minimization scheme of a geometrically meaningful cost

function. The goal is to estimate the camera matricesRi and the

3D structure parameters lik, Sk such that the distance between

the measured image points xij and the estimated image points

x̂ij is minimized:

min
RiSkli;k

X
i;j

sxijKx̂ijs
2

Z min
RiSkli;k

X
i;j

sxijK

�
Ri

X
k

li;kSk

	
s2 (10)

The non-linear optimization of the cost function is achieved

using a Levenberg-Marquardt minimization scheme modified

to take advantage of the sparse block structure of the matrices

involved [24]. This method is generically termed bundle-

adjustment in the computer vision and photogrammetry

communities and it provides a maximum likelihood estimate

assuming that the noise can be modeled with a Gaussian

distribution. Levenberg-Marquardt [17] uses a mixture of

Gauss–Newton and gradient descent minimization schemes

switching from the first to the second when the estimated

Hessian is close to being singular. Most of the computational

burden is represented by the Gauss–Newton descent step, each

iteration of which requires the calculation of the inverse of the

Hessian of the cost function. Assuming local linearities the

Hessian matrix H can be approximated as HZJJT (Gauss–

Newton approximation) where Levenberg represents the

Jacobian matrix in the model parameters. The size of J

increases with the dimensionality of the model. This will

render any implementation of a Levenberg-Marquardt mini-

mization scheme too computationally expensive for the non-

rigid factorization scenario, where the number of parameters in

the model is particularly high. To alleviate this effect we reduce

the computational cost by exploiting the sparse nature of the

Jacobian matrix which is graphically represented in Fig. 1. The

implementation details are described in Section 3.1.
3.1. Implementation

We have chosen to parameterize the camera matrices Rf

using unit quaternions [10] giving a total of 4!F rotation

parameters, where F is the total number of frames.

Quaternions ensure that there are no strong singularities and

that the orthonormality of the rotation matrices is preserved



R1 L1 R2 L2 R3 L3 Sb ScSa

FR
A

M
E

 1
FR

A
M

E
 2

FR
A

M
E

 3

Se SfSd
a
b
c
d
e
f
a
b
c
d
e
f
a
b
c
d
e
f

Fig. 1. Sparse structure of the Jacobian matrix for three frames, six points

(a,b,c,d,e,f).
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by merely enforcing the unitary norm of the 4-vector. This

would not be the case with the Euler angle or the rotation

matrix parameterizations, where orthonormality of the

rotations is more complex to preserve. Indeed, in our initial

implementation we parameterized the 3D pose using the six

entries of the rotation matrices Rf, however the use of

quaternions led to improved convergence and to much better

results for the rotation parameters and the 3D pose. The

structure was parameterized with the 3K!P coordinates of

the Sk shape bases and the K!F deformation weights lik.

A further critical factor is the choice of an initialization for

the parameters of the model. It is crucial, for bundle adjustment

techniques to work, that the initial estimate be close to the

global minimum to increase the speed of convergence and

reduce the chance of being trapped in local minima,

particularly when the cost function has a large number of

parameters as in this case.

We have chosen to use a similar initialization to the one

used by Torresani et al. in their final tri-linear optimization

scheme [23]. The idea is to initialize the camera matrices with

the motion corresponding to the rigid component that is likely

to encode the most significant part of the overall motion. This

assumption is appropriate in the scenario of human facial

motion analysis, but would evidently be inadequate for highly

deformable objects such as a hand or the human body. The

basis shapes were initialized using the values obtained from

Brand’s non-rigid factorization method, as were the weights

associated with the rigid component. However, the weights

associated with the basis shapes that account for the non-rigid

motion were initialized to a very small value. The reason for

this choice is that it was observed that this initial estimate,

which effectively uses the rigid component of the shape and

motion, led to a more robust estimate of the camera rotation

parameters and thus to a better convergence.

An alternative initialization which we have found to give a

good starting point is to use the estimates given by Brand’s

algorithm for both motion and structure. Occasionally,

however, we have observed problems with the convergence

of this minimization and generally when the motion associated

to the rigid component is used as the initial estimate the
minimization reaches the minimum of the cost function in

fewer iterations.

Note that a significant component of rigid motion is required

to estimate the 3D structure. For a scenario with a nearly static

subject, we would suggest a stereo factorization approach like

[7] followed by an analogous non-linear refinement of the

motion and shape components.

Occasionally, the non-linear optimization leads to a solution

corresponding to a local minimum. In particular, at times we

have found that the 3D points tend to lie on a plane. To

overcome this situation, a prior on the 3D shape has been added

to the cost function. Our prior states that the depth of the points

on the object surface cannot change significantly from one

frame to the next since the images are closely spaced in time.

This is implemented by adding the term
PiZF;jZP

iZ2;jZ1

sSiK1;j
z KSi;j

z s
2

to the cost function; in this way the relief present in the 3D data

is preserved. Similar regularization terms have also been

reported in [1,23].

The work presented here is most closely related to the work

by Aanæs and Kahl, who also proposed a bundle adjustment

solution for the non-rigid scenario [1]. However, their approach

differs in some fundamental aspects. Firstly, their initial

estimate of the non-rigid shape was obtained by estimating

the mean and variance of the 3D data obtained directly from

image measurements. The approach assumes that the cameras

are calibrated, and although the authors state that their

algorithm would work in the uncalibrated case they do not

give experimental evidence. In contrast, we consider a scenario

based on pure uncalibrated data from a generic video sequence.

The second main difference is in the parameterization of the

problem. In [1], the camera rotations are parameterized by the

elements of the rotation matrix. We are using quaternions

instead which, as will be shown in Section 5, leads to better

behaved results for the motion estimates.

In terms of their experimental evaluation, Aanæs and Kahl

do not provide an analysis of the recovered parameters, only

some qualitative results of the 3D reconstruction. In contrast,

our quantitative experimental analysis shows that it is actually

possible to decouple motion and deformation parameters (see

Section 5 for a detailed description).
4. Tracking points with ranklets

We generate 2D point tracks for our reconstruction

algorithm by means of an appearance-based tracking algorithm

built on ranklets [20]. Ranklets appear to be particularly suited

for this task because, being rank features, they are invariant to

monotonic intensity transformations. This gives some robust-

ness to the illumination changes caused by the 3D rotations and

deformations of the tracked object. Also, ranklets display an

orientation selectivity pattern similar to Haar wavelets, which

has been shown to improve their discriminative power as

compared to other rank features. The definition of ranklets is

given in the Appendix A; for a more detailed description, we

refer the reader to [20]. For the purpose of understanding the
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tracking algorithm, it will be sufficient to think of ranklets as a

family of orientation selective, multi-scale (non-linear) filters.

The fiducial points used for 3D reconstruction are

automatically selected based on a saliency criterion (specified

below), and subsequently tracked throughout the image

sequence.
4.1. Feature selection with adaptive appearance-based

modeling

In analogy with classic approaches involving multi-scale

features [15,18], we choose to encode the local image

neighborhood of each point by means of a vector of ranklets

consisting of a total of nine filters arranged in three frequency

channels and three orientation channels (corresponding, as in

the case of Haar wavelets, to horizontal, vertical and diagonal

edges). Saliency is proportional, for each point, to the norm of

the corresponding ranklet vector; points are selected for

tracking in decreasing saliency order (for the sequence in

Fig. 11, we decided to track 110 points).

For each tracked point, an optimization step is performed to

adapt the shape of the filters to the specific appearance of the

neighborhood of the point. This is done by independently

varying the aspect ratio of the support of each ranklet in order

to obtain the largest possible response (the area of the support is

kept constant in the process). The purpose of adaptation step is

maximizing the saliency of the tracked location across the local

neighborhood, thus facilitating tracking. The support of a few

adapted filters is shown in Fig. 2.

Tracking is performed by using, for each tracked point, the

adapted ranklet vector as a model. In each subsequent frame, a

gradient descent algorithm is employed in a neighborhood of

the previous position of the point in order to find the location

that gives the best match.
Fig. 2. Results of filter adaptation for a few tracked points (lowest frequency

channel). The rectangles represent the support of the filters. The orientation

selectivity of each filter is indicated by a horizontal, vertical or diagonal line

drawn across the corresponding rectangle.
4.2. Updating the models

Due to the deformations and pose changes of the tracked

object, the quality of the match between the features extracted

at the location of each point and the corresponding model

generally deteriorates with time. This eventually results in

failure to track the points. The model update problem has been

studied extensively in the case of image domain algorithms, in

which all appearance variations directly affect the quality of the

match (see [3,9] and related work). In our case, the feature

space representation affords a degree of invariance that makes

this problem less critical, so that a simplified but flexible

approach (in some ways related to the ideas in [16]) is

sufficient.

The solution we adopted involves maintaining a stack model

for each tracked point. A new model is acquired from the

current best estimate of the position of a point whenever the

residual distance from the original model (after matching)

exceeds a threshold t. The filter adaptation step is repeated and

the new model is stored on the stack above the previous one.

This procedure is repeated when necessary up to a given

maximum number of models, after which the particular point is

considered lost.

While tracking each point the most recently acquired model,

which is on top of the stack, is used first. A further gradient

descent is then initiated in an attempt to match the previous

model on the stack. If the resulting discrepancy is now below t

the last model is discarded by popping the stack, and the point

is assumed to have recovered the appearance it had at an earlier

time. The algorithm then attempts to work its way further down

the stack by iterating the procedure. In this way, the active

model is always the oldest acquired model for which the

matching distance does not exceed t.

The stack model provides a mechanism for tracking a

point across a range of deformations and pose variations,

during which the point may occasionally revert to its

original appearance. Upon creation of a new model, an

added check is performed to allow ‘grafting’ it next to the

most similar model already present in the stack (if this is

different from the active model). The contents of the stack

above the grafting position are then discarded. Thus, a point

is not required to return to its original appearance by going

through the same series of deformations in reverse order

(although this will often be the case, for instance, for the

points of a face that is rotating left to right and then right to

left). Points are discarded when thresholds for the maximum

number of models or the maximum frame-to-frame drift are

exceeded.
5. Experimental results

Our experimental analysis has been carried out with two

main objectives in mind:

† To compare the performance of each of the two new

proposed algorithms (the tracker and the bundle adjustment

based 3D reconstruction) with existing techniques.



Fig. 3. The key frames show a subset of the deformations present in the synthetic face sequence. The generated shape combines simultaneous rotation and

deformations throughout the 300 frame long sequence.
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† To show the results obtained with the complete system—

automatic ranklet-based tracking followed by the bundle

adjustment based 3D reconstruction.

First, we have compared the performance of the ranklet-

based tracking algorithm with the classic Kanade, Lucas and

Tomasi (KLT) tracker. Secondly, we have compared the 3D

reconstructions obtained with our new bundle-adjustment

algorithm with those obtained with an algorithm similar to

Brand’s. Finally, we have demonstrated the complete system

on a real sequence of a human subject performing different

facial expressions.
5.1. Evaluation of the ranklet-based tracker on synthetic data

Firstly, we test the performance of the tracker compared to

the well-known Kanade, Lukas and Tomasi (KLT) algorithm

[14] that is the standard approach for image point registration

(an implementation is freely available online1). The KLT

tracker computes the location of selected image points in each

consecutive frame by estimating an affine warping of the image

patch surrounding each point from the residual of the image

intensities, in a Newton–Raphson style minimization (see [19]

for more details).

We compare both approaches using a 300 frame sequence

(see Fig. 3) of a deforming synthetic face created with an open

source software for ray-tracing2. The facial expressions and the

rotation/translation components are computed using a 3D

model that is subsequently projected with an affine camera. The

sequence is created in such a way that occlusions are

completely avoided over the 194 points selected for tracking.

This selection must allow a fair comparison of both tracking

algorithms. Indeed, each algorithm has a different saliency

criterion and would thus select a different subset of points to

track. To make our experiment as unbiased as possible, rather

than allowing each algorithm to select the tracked points

according to its saliency criteria, we manually selected an

arbitrary set of points from the projected 3D model for which

ground truth information is available.

The tests are carried out under different image noise levels

in order to compare the robustness of the two methods. For

each frame, white Gaussian noise of a given variance is added

to the image grayscale values (normalized between 0 and 1).

The effect of the different noise levels on the original images is
1 http://www.ces.clemson.edu/wstb/klt/
2 http://www.povray.org/
shown in Fig. 4 along with the ground truth for the position of

the selected points. The configuration parameters for each

algorithm were set to prevent the occurrence of lost tracks to

allow the comparison of trackers with different point rejection

criteria.

Tracking accuracy is then measured using the root mean

square (RMS) value of the discrepancy between the

estimated position of the points and the ground truth. The

performance of our ranklet-based tracker is equivalent to that

of the KLT in the ideal noise-free and for almost noise-free

conditions (Fig. 5), with the RMS error for both trackers

being below 2 pixels at the end of the sequence. However, as

the noise level increases the accuracy of the KLT algorithm

degrades much more quickly than that of our algorithm,

leading to a final RMS error of 10 pixels for KLT, versus 4

pixels for our algorithm.

It must be noted that our ranklet-based tracker is in many

ways less sophisticated than the implementation of the KLT

algorithm we used. The latter features a matching stage using

2D affine transformations and subpixel matching, which are all

absent in our algorithm. Thus, the better performance of our

algorithm is remarkable, and must be ascribed to the robustness

of ranklets as image descriptors. On the other hand, it would be

entirely feasible to extend our algorithm with subpixel

matching and an approximation to affine matching, such as

the one used in [13] in the case of Haar wavelets. This would

likely lead to further improvements.
5.2. Bundle adjustment with manually tracked points

In this section, we compare the results obtained with our

bundle-adjustment based 3D reconstruction algorithm with

those obtained using Brand’s non-rigid factorization method.

We used a real video test sequence which shows the face of a

subject performing an almost rigid motion for the first 200

frames, moving his head up and down. The subject then

changed facial expression with his head facing front for the

next 309 frames (see Fig. 6). The point features which appear in

Fig. 6 were manually marked throughout the sequence.

The results of the 3D reconstructions for some key frames in

the sequence obtained using Brand’s factorization method are

shown in Fig. 7. The front views of the 3D reconstruction show

that the recovered 3D shape does not reproduce the facial

expressions very accurately. Besides, depth estimation is not

very accurate, which is evident by inspection of the top views

of the reconstruction. Notice the asymmetry of the left and

right side of the face.

http://www.ces.clemson.edu/(stb/klt/
http://www.povray.org/


Fig. 4. (a) Ground thruth for the set of points selected for tracking. Figures (b–d) Original image with added white Gaussian noise of variance s2. Image greyscale

values are normalized between 0 and 1.
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In Fig. 8, we show the reconstructed 3D shape recovered

after applying the bundle adjustment refinement step. The

facial expressions in the 3D plots reproduce the original ones

reliably: notice for example the motion of the eyebrows in the

frowning expression (frame 467) or the opening of the mouth

in surprise (frame 358). Finally, the top views show that the

overall relief appears to be well preserved, as is the symmetry

of the face.

The evolution of the weights lf,i of the deformation

modes introduced in Eq. (1) can be traced throughout the

sequence. In Fig. 9, we show the value of the weight

associated with the rigid component (top) and of those

associated with the four deformation modes (middle).

Results are given for both Brand’s flexible factorization

(left) and for the bundle adjustment scheme (right). Notice

how Brand’s flexible factorization has a tendency to

suppress weak deformations occurring in the subject—the

weights associated with the deformation modes have a small

value. This results in the recovered 3D shape not

reproducing the facial expressions accurately. The weights

associated with the deformation modes have higher values

in the bundle-adjusted solution. Interestingly, around frame

360 the first non-rigid mode of deformation experiences a
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large peak, which corresponds to the opening of the mouth

in surprise as shown in Fig. 6. This indicates some tendency

in the configuration weights to reflect the underlying facial

expressions. Although this peak is present also in Brand’s

solution, the corresponding 3D reconstruction in Fig. 7 is

not very accurate.

The results obtained for the motion parameters are shown in

the bottom graph of Fig. 9. The rotation angles around the X-,

Y- and Z-axes (up to an overall rotation) are recovered for each

of the 509 frames in the sequence. In particular, the tilt angle

varied smoothly throughout the first 200 frames capturing the

up and down tilt of the head of about 508 in total while the

rotation angles around the other 2 axes did not vary

significantly throughout the sequence. Notice that both

solutions capture this motion correctly. However, the results

obtained with the bundle-adjusted solution (right) are smoother

than those obtained using Brand’s algorithm (left).

The non-linear refinement step is initialized using the values

of the weight associated with the rigid component—scale—and

the corresponding rotation angles shown in Fig. 10. It can be

observed from the plot that the rigid component of the motion

is a good description of the object’s rotation, and in fact the

bundle-adjustment step does not optimize these parameters
FRAMES

FRAMES

R
M

S
 E

R
R

O
R

R
M

S
 E

R
R

O
R

0 50 100 150 200 250 300
0

2

4

6

8

10

12

14
RANKLET
KLT

s 2 = 0.001

s 2 = 0.05

0 50 100 150 200 250 300
0

2

4

6

8

10

12

14
RANKLET
KLT

thod with the KLT tracker for different levels of noise.



Fig. 6. Key frames of the sequence used in the experiments in Section 5.2, with manual points superposed. The subject performed an almost rigid motion for the first

200 frames moving the head sideways and then changed facial expression for the next 309 frames.
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much further. The additional bundle adjustment step simul-

taneously refines the initial values and modifies the morph

weights to model the motion and deformation of the object.
5.3. Testing the combined system

In this section, we describe a combined test of the integrated

system in which the ranklet-based tracker automatically

generates the tracks that are input into the non-linear

optimization algorithm, to yield a 3D reconstruction. The

system has to cope with a complex 960 frame sequence in

which the subject is performing at the same time 3D motion

and different facial expressions.

A total of 91 points were initialized automatically according

to the saliency criterion described in Section 1. As can be seen

in Fig. 2, the tracker was able to follow a good number of

feature points reliably throughout the sequence, even in

relatively poorly textured areas such as the subject’s
Fig. 7. Front, side and top views of the 3D reconstructions obtained from the non-rigi

in the sequence.
cheekbones. Throughout the 960 frame sequence, only eight

points out of the initial 91 were lost, showing that the tracker

can cope with significant deformations and pose changes.

However, a certain number of points initialized on hom-

ogenous texture turned out to be unreliable, and they evidently

affect the 3D shape estimation (Fig. 11).

Fig. 12 describes the operation of the model update

mechanism described in Section 2. For each key frame, a

histogram of the depth of the model stack across all tracked

points is presented. As can be seen, more models are acquired

for a large number of points in the presence of large

deformations. The points then revert to the original models

as the subject recovers its original appearance. The combined

effect of the model updating technique and backtracking phases

is to allow the tracker to follow the points through a wide range

of deformations, while at the same time limiting drift.

We present in Fig. 13 the front, top and side views of the 3D

reconstruction of six key frames with different expressions.
d factorization algorithm without bundle adjustment for some of the key frames



Fig. 8. Front, side and top views of the 3D reconstructions after bundle adjustment for some of the key frames in the sequence.
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The number of basis shapes is fixed to KZ8 and the

initialization of the non-linear optimization is identical to the

one described in Section 3.1. The overall depth is generally

correct: notice the points belonging to the neck relative to the

position of the face, and the nose pointing out from the face

plane. Face symmetry is generally well preserved and can be

seen in the top views of the reconstruction. Outliers are evident

in frame 710 in the eyebrow region and generally on the neck
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Fig. 9. Values obtained for the rigid component (top), deformation weights (middle)

(B) for the sequence in Fig. 6. Bundle adjustment provides smoother and better be
area where the tracker performs poorly; such feature points are

wrongly reconstructed by our non-rigid model.

Finally, the reconstructed motion and deformation par-

ameters are displayed in Fig. 14. The estimated angles reproduce

the rotation of the subject’s head reasonably well, with values

between 108 and 158 for the ‘beta’ angle, while ‘alpha’ and

‘gamma’ show tiny variations. The rigid weight is nearly

constant for thewhole sequence in accordancewith the subject’s
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haved solutions for all the parameters.
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head being at a constant distance from the camera. The non-rigid

configuration weights present more erratic behavior; the two

evident spikes around frames 280 and 670 correspond,

respectively, to the grin and anger facial expressions.
6. Summary and conclusions

In this work, we introduced a novel complete system for

non-rigid structure from motion analysis, starting from

unannotated video sequences. The system comprises an

adaptive point-tracking algorithm based on ranklets, that

feeds into a novel non-linear optimization method for structure

from motion.

The tracking algorithm we have introduced uses ranklets to

build a feature space representation of a neighborhood of each

tracked point. As with all other rank features, the representation

has a high degree of invariance to the illumination and

appearance changes resulting from 3D rotations and defor-

mations of the object. In addition, the orientation selectivity of

ranklets contributes to the discriminative power of the

representation, thus minimizing point drift. This effect is

enhanced by locally adapting the aspect ratio of the filters to the
appearance of the tracked points, thus making the feature

extraction process point-specific.

Large variations in appearance are handled by a model stack

mechanism, which effectively keeps track of the feature space

trajectory of the single points. By adaptively storing new

models on the stack when deformations make it necessary and

reverting to older models when the quality of the match allows

it, the algorithm is able to cope with significant appearance

variations without loosing track. Precision is gradually

recovered as the points revert to their original appearance.

We have demonstrated that the quality of motion and

structure recovery in non-rigid factorization is significantly

improved with the addition of a bundle adjustment step.

Moreover, the proposed solution is able to successfully

disambiguate the motion and deformation components, as

shown in our experimental results.

In our experiments, the tracking algorithm has showed its

ability to handle the deformations and pose changes of a non-

rigid object effectively. By integrating it with our factorization

algorithm, we have obtained a fully unsupervised system that

can generally estimate a correct shape depth, although the

occasional unreliable point traces result in a somewhat coarse
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approximation. We are currently working on ways to improve

the robustness of the tracking and factorization separately, as

well as to harness the information extracted by the structure

from motion algorithm itself in order to deal with the

uncertainty in the tracked feature points.
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Appendix A. Ranklets

Ranklets are a family of orientation selective rank features

designed in close analogy with Haar wavelets. However,

whereas Haar wavelets are a set of filters that act linearly on the

intensity values of the image, ranklets are defined in terms of

the relative order of pixel intensities [20].

Ranklets are defined starting from the three Haar wavelets

hi(x), iZ1,2,3 shown in Fig. 15, supported on a local window S.

Given the counter images of {C1} and {K1} under hi(x),

TiZhK1
i ðfC1gÞ and CiZhK1

i ðfK1gÞ, our aim with ranklets is to

perform a non-parametric comparison of the relative brightness

of these two regions.

A straightforward non-parametric measure of the intensity

of the pixels in Ti compared to those in Ci can be obtained as

follows. Consider the set Ti!Ci of all pixel pairs (x,y) with

x2Ti and y2Ci. Let W
i
YX be the number of such pairs in

which the pixel from the set Ti is brighter than the one from Ci,

that is:

Wi
YX Z # ðx; yÞ2Ti!CijIðyÞ! IðxÞf g: (11)

Essentially,Wi
YX will be close to its maximum value, i.e. the

number of pairs in Ti!Ci, if the pixels in the Ti region are

brighter than those in the Ci region; conversely, it will be close

to its minimum value (i.e. 0) if the opposite is true.

Remembering that the Ti and Ci sets coincide by definition

with the ‘C1’ and ‘K1’ regions of the wavelets in Fig. 15, we

see that each Wi
YX displays the same orientation selective

response pattern as the corresponding Haar wavelet hi.

The procedure outlined above would of course be very

inefficient to carry out directly, as it would require processing
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22
) – 1
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)

Fig. 15. The three 2D Haar wavelets h1(x), h2(x) and h3(x) (from left to right).

Letters in parentheses refer to the T and C pixel sets defined in the text.
N2/4 pixel pairs, where N is the number of pixels in the support

window S. Luckily a more efficient algorithm exists, with

complexity of at most O(N log N). It will suffice to sort all the

pixels in S according to their intensity. Indicate the rank of

pixel x with p(x); we then have

Wi
YX Z

X
x2Ti

pðxÞKðN=2C1ÞN=4: (12)

(for a proof, see [12]). The quantity Wi
YX is known as the

Mann–Whitney statistics for the observables (the pixels) in Ti

and Ci (according to the standard terminology, these would be

the ‘Treatment’ and ‘Control’ sets). The Mann–Whitney

statistics is equivalent to the Wilcoxon statistics Ws [12].

For practical reasons, it is convenient to define ranklets as

Ri Z 2
Wi

YX

N2=4
K1; (13)

so that their value increases fromK1 toC1 as the pixels in

Ti become brighter than those in Ci.
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