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Optimal Regularization Parameter Estimation
for Spectral Regression Discriminant Analysis
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Abstract—Spectral regression discriminant analysis (SRDA) is
an efficient subspace learning method proposed recently. One
important unsolved issue of SRDA is how to automatically
determine an appropriate regularization parameter. In this letter,
we present a method to estimate the optimal regularization
parameter for SRDA. We test our method in different applica-
tions including head pose estimation, face recognition, and text
categorization. Our extensive experiments evidently illustrate the
effectiveness and efficiency of our approach.

Index Terms—Regularization parameter estimation, spectral
regression discriminant analysis, subspace learning.

I. INTRODUCTION

PECTRAL regression discriminant analysis (SRDA)

[1]-[3] is an efficient subspace learning method proposed
recently. By casting projective function learning into a regres-
sion framework, it avoids eigen-decomposition of dense ma-
trices. Compared to the existing subspace learning algorithms
[4] with cubic-time complexity, SRDA can be implemented
in linear time. SRDA has shown promising performance
in different applications including face recognition [2], text
clustering and categorization [1], spoken letter recognition [3],
and handwritten digit classification [3].

One unsolved issue of SRDA is how to automatically
determine an appropriate regularization parameter « [1]. The
parameter o, which was empirically set in the existing work,
controls the smoothness of the estimator. Experiments in [1]-
[3] imply that the performance of SRDA is closely related
to the choice of «. Therefore, estimating an optimal « is
an essential problem for SRDA. In this letter, by formu-
lating the problem as a constrained optimization problem,
we present a method to estimate the optimal regularization
parameter for SRDA. Compared to the existing regulariza-
tion parameter estimation methods including general cross-
validation (GCV) [5] and the L-curve [6], our approach is
much more efficient, and provides more accurate estimation.
We test our method in different applications including head
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pose estimation, face recognition, and text categorization. Our
extensive experiments evidently illustrate the effectiveness and
efficiency of our approach. The rest of the letter is organized
as follows. Section II gives a brief introduction on SRDA.
Our approach is described in Section III. We present the
experiments in Section IV, and finally Section V concludes
the letter.

II. SPECTRAL REGRESSION DISCRIMINANT ANALYSIS

Given a data set {x;}/2; in R", dimensionality reduction
methods aim to find a low-dimensional representation of
{x;}. In the graph-based methods [4], a symmetric matrix
W (= [wijlmxm) is built, where w;; measures the similarity
between x; and x;. Lety = [y, ..., ym]1” be the 1-D projection
of X =[xy, -, X,], the optimal y is given by minimizing [7]

> =y wy=2y"(D-Wy=2y"Ly (1)

ij

where D is a diagonal matrix whose entries are column (or
row) sums of W. A constraint y’ Dy = 1 can be imposed
[7], and the minimization problem reduces to finding the
optimal y*

"Ly y' Wy
* : T .
y =argminy’ Ly = argmin = arg max 2)
¥/ Dy=1 vy ¥'Dy y' Dy
which is solved as the maximum eigen-problem
Wy = ADy. 3)

To obtain a projective mapping for all samples, including
new testing samples, a linear function y; = f(x;) = a’x; is
chosen, i.e., y = XTa, (3) can be reduced to the maximum
eigen-problem

XWXxTa=x1XDXTa. 4)

With different choices of W, the above framework leads to
different subspace learning methods. A common problem of
these methods is the high computational cost from the eigen-
decomposition of dense matrices. To address this problem, Cai
et al. [1]-[3] introduced SRDA which, instead of solving the
eigen-problem in (4), derives the linear projective functions
via two steps.
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1) Solve the eigen-problem in (3) to get y.

2) Find a which satisfies Xa =y. In reality, such a might
not exist. A possible solution is to find a which best fits
the equation in the least squares sense

a* = arg min Z(aTxi — )% 3)
a

i=1

In the first step, SRDA constructs the weight matrix W by
incorporating the label information. Suppose ¢ classes in the
data set and m, samples in the tth class, i.e., m+- - -+m, = m,
W is defined as

wy = { 1/(;7’11,
(6)

In the second step, the minimization problem in (5) is usu-
ally ill-posed in reality. Instead of using maximum likelihood
estimation, which leads to the ordinary least squares (OLS)
estimator

if x; and x; both belong to the tth class
otherwise.

a=(xx"H'xy 7

SRDA adopts the regularization technique to obtain the regu-
larized estimator

=(XXT +al)'Xy (8)

where o (=0) is a regularization parameter to control the
smoothness of the estimator a

As illustrated in [1]-[3], the performance of SRDA varies
greatly as o changes; a nonzero o was empirically set in
these experiments. An inappropriate setting of o may result in
poor performance in practice. Before we present an approach
for estimating o, we briefly discuss two existing methods
for regularization parameter estimation. Generalized cross-
validation (GCV) [5] is based on statistical consideration that a
good regularization parameter should predict the missing data.
If an arbitrary data point y; of y is left out, the corresponding
regularized solution &% should be able to predict it correctly.
GCV has the time complexity of O(m?*). The L-curve method
[6] is based on a log—log plot of the norm of a regularized
solution ||a*||, versus the norm of the residual || X7a* — y||».
The « corresponding to the corner of the L-shaped plot
suggests an solution wherein both the solution norm and the
residual norm attain low values. The corner is derived by
examining the curvature of points, and the L-curve method
has the time complexity of O(n?).

III. REGULARIZATION PARAMETER ESTIMATION
FOR SRDA

The difference between the regularized estimator &* in (8)
and the OLS estimator & in (7) can be analyzed using singular
value decomposition (SVD). Suppose X is a wide matrix
(m > n), we have X7 = USVT, where U € R™" and
V € R™" are unitary matrices, and S € R™*" is the singular
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Fig. 1. Example images in the FacePix database (top) and the Pointing *04
database (bottom).

value matrix with the rank of r (r < n). The solution a* in (8)
can be reduced as

a*= (vs'TUTUSVT +avvT) T vsTuTy 9)
=V (STS +al)” STUTy (10)
= s +a s,-ul-Ty (11D

n T 2
=Y v (2 (12)
P S s to

where u; and v; denote the orthonormal column vectors in U
and V respectively, s; represents the ith largest singular value
of X7 (when i > r, 5; = 0), and y is the constant response
calculated in (3). Sifia € [0, 1] is called filter factor in [6].
Similarly, the solution a in (7) can be reduced as
R uy
a= Zvi ( S > .

- i
i=1

13)

By comparing (12) and (13), we can find that both a*
and 4 are linear combinations of basis vectors {vy, ..., V,},
and the regularization technique in SRDA changes only the
coefficients of the linear combination by scaling with a filter
factor. The coefficients can be seen as functions of the singular
values of X and the regularization parameter c.

In order to estimate the optimal «, we first investigate the
constraint on « itself. SRDA is solved as the multivariate linear
regression problem

Xla+e=y (14)

where ¢ is an (n x 1) vector of random error with E[e] = 0
and Var[e] = 621,. A good regularization parameter o should
reduce the mean square error (MSE) of the regularized esti-
mator a*. In order to evaluate the MSE of &* with respect to
o, it is necessary to derive E[D?*(«)], where D(«) denotes the
distance from a* to a. For the OLS estimator &4, we have

15)

a= +(XXT)_'X8
] (16)

Ela

From (7) and (8), we can obtain the relationship between
a and a* as follows:

a* = (XXH(XXT+aD'a
(I —aXX"+an™")a
=: Ra

A7)
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Fig. 2. Average estimation performance of SRDA with respect to different « (top row) and comparisons of different methods (bottom row). Left: FacePix;

middle: Pointing ’04-Yaw; right: Pointing ’04-Pitch.

where R is used for simplicity. Hence we have

E[D*(a)]
=E[@ —a’@" —a) (18)
=E[(RA—Ra+Ra—a)'(RA—Ra+Ra—a)] (19
=E[(@—a)'R"R@—a)] +(Ra—a)(Ra—a). (20)
Substituting (15) in the first term of (20), we obtain
E[a@—a)'R"R@A—a)]
= E[e"XT(XXT)"'RTR(XX")" ' Xe] (21)
=Tr(XT(XXT)'RTR(XXT)"' X Var[e])
+ E[)Tr(XT(XXD)T'RTR(XXT) ' X)E[e]  (22)
=a’Tr(XXT)"'RTR). (23)
With (17), we then have
E[D*()]
=o’Tr (XX")"'R"R)+a"(R— D"(R—Da  (24)
=o’Tr (XX +aD)™'(I —a(XX" +al)™"))
+al(@?XX" +al) Ha (25)
=0’ (Ir(XX" +a)™' —a Tr(XX" +al)?)
+ofal (XXT +al)2a (26)

which satisfies ¢ = V7a, we obtain

1 - o
(57 + ) _; (siz+oz)2)

Lete=[cy,co,..., Cn]T’

E[D*(®)] = o? (EZL

+a2T(STS +al) ¢ Q27)

2 n 2

2 Si 2 Ci
= =+ E —t 28
o L (7 + )2 * p (57 + )2 (28)

It is obvious that, for any o > 0, the first and second terms
in (28) are monotonically decreasing and increasing functions
of « respectively. Taking the derivative of (28) with respect to
o, we have

JE[D*()] "L s2(wc? — o?)
_— =2 e 29
oo ; (57 + )’ (29)
Now we can see that
IE[D*(a)] N
——F— <0, for O<a<ming—,Vi 30)
oo e
and
JE[D*()] o?

>0, for max{ Vi}<a<oo. 3D

T
C2

i

oo

Thus, the minimum of MSE falls in the interval of «

. [o? o? vi
min-< — ,max § —& L.
cf c;

Therefore, the optimal « should be neither too large nor too
small.

The criteria we consider for estimating « is the robustness
of the regularized estimator 4* to noises in the data X. More
precisely, " with respect to the optimal « should be robust to
the perturbation in the parameter space of the singular values
{s;} of X, since &* can be seen as a function of « and {s;}. In
this way, estimating the optimal « is reduced to solving the
minimization problem

(32)

a*:argminaE“ (o, s +€) — a*(a, )| ]

o a e fmn{2) man {2)] v

(33)
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where € ~ N(0, §2) is the perturbation in the parameter space.
Since

(o, 93

= (ﬁ*((x s+e¢€)—a*(a, s))T (ﬁ*(oc, s+€)—a

_ZZy u;v! leljy<s e

=1 j=1

la*(a, s +€) — &*
“(@,5)) (34)

S; +€

2
(s,~ +€) + oz> (33

where w;u? OVVJ—O when i # j, and u/ uJ—lvvj—l
when i = j, and only the terms with i = j remain in (35). So
we have

2
% . n Si S; +€
o =argmin, E |30, ¥y (s-2 OV (5 + )2 +oz)
(36)

Note that y”y is a positive constant, where y is calculated
from (3). Equation (36) is equivalent to

— e — g2 2
(o — 57)€ — s€ ) 67

(57 +a)((s; + €)2 + )

o =argmin, E |> % (

Considering € is very small, we neglect the term s;e. Thus,
we have
o— s2 2
o = argmin E(e? 38
5 Z((s +a>((s,+e>2+a>> € e9
(a — 52)2
= arg min . 82 39
% Z (7 +a)((s: + €7 + ) &9
2y2
ko (40)

1l

8

(0]

3

=
M- 1
~~
Q

|
&

where p(a) = (s? + a)((s; + €)> + ). Now the minimization
problem in (33) can be rewritten as follows:
. n (O{ - S2)2
*= argmin, Y0, S0
b ope)?

[oa 2 2
s.t. a* e [min{cz} ,max{‘;}] Vi. 41)
It is difficult to solve the minimization problem in (41)
analytically, as «* and c; are coupled. Considering the intrinsic

bound of « and p(«), the problem is relaxed to a simple form

= argr min Z(a — 522, (42)

i=1

By setting the derivative with respect to « equal to 0, we obtain
the solution

1 n
_ 2
— E S7. (43)
n <
1
In practice, the above solution can be computed without
extra computational cost, because {s%, ...,sﬁ} are the eigen-

values of the symmetric matrix XX7 and their sum is the trace
of XXT, which has been calculated in SRDA.
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Fig. 3. Comparison of different regularization parameter estimation methods

on the FacePix database: (top) the performance of SRDA with « estimated by
three methods; (bottom) the computational cost of three methods compared
to SRDA.

IV. EXPERIMENTS

We carried out experiments on head pose estimation [8]—
[10], face recognition, and text categorization. All these tasks
are treated as the multiclass recognition problem. For simplic-
ity, the nearest-neighbor classifier with the L2-norm metric is
adopted for classification in these experiments.

A. Head Pose Estimation

The FacePix database [11] and Pointing *04 database [12]
were used in our experiments. The FacePix database contains
images from 30 subjects. For each subject, we selected 91
images, representing pose angles from —90" to +90° at incre-
ments of 2°. The Pointing *04 database contains 15 subjects,
each of which has images at different poses, including 13
yaw poses and seven pitch poses, plus two extreme cases
with yaw angle 0" and pitch angle 90°/—90°. We used all
these images in our experiments. Some example images of
these two databases are shown in Fig. 1. In our experiments,
each image was normalized to 32x32 pixels in gray-scale
space, thus represented as a 1024-dimensional vector. p sub-
jects (p =3,6,9,12,15, 18,21 in the FacePix database and
p=2,4,6,8,10, 12 in the database) were randomly selected
for training, and the rest were used for testing. For each p,
we averaged the estimation error over 30 random splits.
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using DCT coefficients on the FacePix database; middle: face recognition on the PIE database; right: text categorization on the 20Newsgroups database.

The pose estimation performance as the function of «
is plotted in the top row of Fig. 2, where the reduced
dimension is ¢ — 1, and ¢ is the number of different head
poses, i.e., ¢ = 91 for the FacePix database and ¢ = 93 for
the database. An exponentially incremental sampling of « is
chosen to present the complete variation. It is evident that
the performance of SRDA changes greatly as o varies. SRDA
achieves significantly better performance when the projected
space is smoothed (with @ > 107') than that with o close
to 0. There always exists an optimal « in all experiments,
although the performance of SRDA does not change too much
for large o on the FacePix and Pointing *04-Yaw data. The ave-
rage performance of SRDA with the regularization parameter
estimated using our method (denoted as OR-SRDA) is shown
in the bottom row of Fig. 2, where the best performance of
SRDA obtained by examining different « and the performance
of SRDA with @ = 0 (denoted as Z-SRDA) are included for
comparison. We can conclude from these comparisons that:
1) the regularization parameter is essential for SRDA, since
SRDA with « = 0 provides much worse performance than that
with a proper «; and 2) with the o estimated by our method,
SRDA achieves very similar results to the best performance of
SRDA by exhaustively examining different «. This illustrates
the effectiveness of our method.

We compare our method with the GCV and L-curve meth-
ods on the FacePix database. Fig. 3 shows the performance
of SRDA with the estimated parameters by different methods,
and the corresponding computational cost.' These experiments
were performed on a Linux PC (CPU 3.0 GHz, Cache 1024 kb,
RAM 4 GB). It is observed that GCV fails to estimate the

'We used the implementation of the GCV and L-curve methods in Regu-
larization Tools (version 4.1), http://www2.imm.dtu.dk/“pch/Regutools/.

appropriate regularization parameters for SRDA, while the
L-curve performs much better, and our method outperforms
both GCV and L-curve methods. Regarding the computational
cost, our method is significantly more efficient than GCV and
L-curve methods.

It is interesting that in the above experiments the best
performance of SRDA was always achieved when a = 102,
To investigate this problem, we conducted further experi-
ments on the FacePix database by adopting a different facial
representation. Specifically, discrete cosine transform (DCT)
coefficients are utilized [13]: each face image was down-scaled
to 64 x 64 pixels in gray-scale space, and uniformly divided
into 64 blocks of 8 x 8 pixels. The second till the sixth DCT
coefficients of each block were used to construct a feature
vector with the length of 320. With the same experiment
settings as before, we obtain the experimental results shown in
the left column of Fig. 4. As can be observed, the performance
of SRDA with o = 10* is much better than that with o = 102,
which implies that we cannot always empirically set a as 10
Moreover, in these experiments, our OR-SRDA again achieved
very similar performance to that of SRDA by exhaustively
searching «. It further verifies the effectiveness of our method.

In the above experiments on head pose estimation, SRDA
produces very poor performance with the small «, but, with the
increased «, it achieves much better results; its performance
becomes stable with larger «. This is possible because of the
inherent continuity of head pose space, where neighboring
pose classes are very much similar. With a larger «, the
constructed head pose space is more smoothed, which helps
to deal with appearance variance cross different subjects in
the same head pose class. However, this is not always the
case, as shown in experiments discussed in the next two
sections.
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B. Face Recognition

Following [2], we conducted face recognition exper-
iments using the CMU-PIE data online,> which con-
sists of 68 subjects, with 170 images for each subject.
p (= 10,20, 30, 40, 50, 60) images of each subject were
randomly selected for training, and the rest were used for
testing. For each p, we averaged the recognition error rates
over 30 random splits. The experimental results are shown in
the middle column of Fig. 4, where the reduced dimension is
¢ — 1 and ¢ = 68 is the number of the subjects. Similarly, we
observe that the regularization parameter o has great impact
on the performance of SRDA. Compared to experiments on
head pose estimation, the “oversmooth” effect due to a large «
is more significant for face recognition. For example, the mean
error rate with o = 10° is much bigger than that with « = 1.
The experiments also illustrate that SRDA does not always
achieve the best results with o = 10%. From the comparison
between different methods, again we can see our OR-SRDA
consistently achieves the performance close to the best per-
formance of SRDA obtained by exhaustively searching o.
Furthermore, their difference becomes much smaller with
larger training data.

C. Text Categorization

We also performed experiments on text categorization using
the 20Newsgroups data online,2 which has 18941 documents,
evenly distributed across 20 classes. The data set was randomly
split into training and testing sets. We ran tests with the train-
ing set containing 10%, 20%, 30%, 40%, and 50% documents,
respectively. For each test, we averaged the error rate over 20
random splits. The experiment results are shown in the right
column of Fig. 4, where the reduced dimension is ¢ — 1 and
¢ = 20 is the number of classes. The results reenforce the
finding in the FacePix, Pointing *04, and CMU-PIE databases
that the performance of SRDA varies greatly with the changes
of «, and there always exists an optimal «. Again, we can see
our method shows its effectiveness by estimating an appro-
priate o for SRDA. It is observed that the difference between
the performance of OR-SRDA and the best performance of
SRDA is slightly larger than that on the FacePix, Pointing *04,
and PIE databases. This is possible because the 20Newsgroups
data has a high feature dimension (n = 26214), a large sample
number (m = 18941) but a small number of classes (¢ = 20).

V. CONCLUSION

How to determine an appropriate regularization parameter
a is a crucial problem for SRDA. In this letter, we present
an efficient approach to estimate the optimal o for SRDA.
Our experiments on different databases (head poses, faces,
texts) illustrate that our method can effectively estimate the
regularization parameter for SRDA. Compared to the existing
regularization parameter estimation methods, our approach
substantially reduces the computational cost, and provides
more accurate estimation.

Zhttp://www.cs.uiuc.edu/homes/dengcai2/Data/data.html
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