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An Accurate and Efficient Method for Smoothly
Space-Variant Gaussian Blurring
T. Popkin, A. Cavallaro and D. Hands

Abstract—This paper presents a computationally efficient algorithm for smoothly space-variant Gaussian blurring of images.
The proposed algorithm uses a specialized filter bank with
optimal filters computed through principal component analysis.
This filter bank approximates perfect space-variant Gaussian
blurring to arbitrarily high accuracy and at greatly reduced
computational cost compared to the brute force approach of
employing a separate low-pass filter at each image location.
This is particularly important for spatially variant image processing such as foveated coding. Experimental results show that
the proposed algorithm provides typically 10 to 15 dB better
approximation of perfect Gaussian blurring than the blended
Gaussian Pyramid blurring approach when using a bank of just
eight filters.
Index Terms—Filtering, foveation filtering, multiresolution.

I. I NTRODUCTION
PACE-VARIANT blurring, such as foveation filtering [1],
is an image processing effect whereby different parts of
an image are blurred to different extents. Foveation filtering
is used in lossy picture coding [2]–[7], to reduce bitrate by
exploiting the fact that the focal centre of the retina (the fovea
centralis) has a greater concentration of photoreceptors than
the periphery [8, p. 236]. Since the retinal sampling varies
smoothly, ideal foveation filtering employs a smooth variation
in the local level of blurring [1]. Space-variant blurring allows
bitrate reduction in other ways, such as by aiming to synthesize
depth of field effects incurred by eye or camera lenses [9],
[10]. Finally, space-variant blurring can be used to synthesize
depth of field for rendering in computer graphics [11].
Existing approaches to space-variant blurring include filter
banks, in which the image is typically filtered using a number
of parallel band-pass or low-pass filters, whose outputs undergo a space-variant combination [1]. However, this results
in a discretisation of blur levels (frequency bands), which
precludes smooth space-variance. Another approach is to apply
a spatial co-ordinate transformation, such as log polar mapping
[12], and then apply uniform blurring, before applying the
reverse transformation [13]. However, the log polar mapping
approach can only generate foveal blur maps, and not general blur maps as with the other techniques. The simplest
approach is the summed area table [14] (or integral image
[15]) approach, but its square blurring gives it poor frequency
domain characteristics which are detrimental to compression
performance.
The linear filters in a filter bank can be implemented by
number of approaches, the simplest being a non-recursive
convolution, implemented as a direct finite-impulse response
(FIR) filter. Alternatively, a recursive, infinite impulse response

S

(IIR) filter can be employed [16]. Recursive filter approximations of Gaussian blurring have also been adapted to be
space-variant [17]. However, high-precision FIR and IIR filters
require a large number of taps, and there will always be a point
at which a fast convolution technique [18, p. 538] will be more
efficient (e.g., data lengths in the range of 20 to 50 points in
the case of 1-D filtering, dependent on implementation [19,
p. 8-2]). Hierarchical techniques, which construct and employ
a pyramid of blurred versions of the original image at differing
levels of resolution, are highly efficient. Of these, the blended
Gaussian Pyramid approach [20], [21] performs a smoothly
space-variant approximation of Gaussian blurring. However,
this approximation has limited accuracy. Smoothly spacevariant blurring with a non-trivial filter and a general map of
blur levels is extremely expensive in terms of computational
cost, potentially requiring a different low-pass filter for each
image location [1]. In the case of 2-D Gaussian functions, the
filtering at each level can be performed by separate vertical
and horizontal convolution by a 1-D Gaussian, but to do
this in a general space-variant manner is too expensive for
a real-time system [17]. However, we demonstrate in this
paper that perfect smoothly space-variant Gaussian blurring
can be computed to arbitrary precision without prohibitive
computational cost.
The contribution of this paper is as follows. An optimal
filter bank algorithm for high-precision space-variant Gaussian
blurring is proposed, using an optimal basis computed through
principal component analysis and a fast, symmetric convolution technique. The proposed approach bridges the costversus-accuracy performance gap between faster, less accurate
approaches such as blended Gaussian Pyramid [20], [21], and
the prohibitively slow, high-quality approach of a different
low-pass filter at each location [1]. We demonstrate that the
space of Gaussian filters over a finite range of bandwidths is
closely spanned by very small number of basis functions, with
rapid, exponential convergence as the number of functions
employed is increased. Finally, the proposed algorithm is
evaluated in terms of the trade-off between cost and accuracy
when employing different numbers of basis functions.
The remainder of this paper is organised as follows. Section
II presents the proposed algorithm. Section III evaluates and
compares the accuracy and cost of the proposed technique.
Section IV concludes the paper.
II. P ROPOSED A PPROACH
A. Core algorithm
Let I be a W -by-H colour image and b a blur map of the
same size. Let Sb be a space-variant Gaussian-blurred version
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Fig. 1. Block diagram of the proposed approach. The input image, I is
separately convolved with a number of predefined filters and each convolved
image is multiplied pixel-by-pixel by a spatial map of coefficients and the
results are summed, giving the output image, Sb . Each coefficient, at each
pixel location, is given by a predefined look-up table according to the value
in the blur map, b, at that location. The proposed approach is a filter bank
method, except that normal filter banks use bandpass or lowpass filters,
whereas the proposed approach uses specially-derived basis functions for the
space of Gaussian functions.

of I. Fig. 1 gives a block diagram of the proposed approach.
The image and blur map are functions such that I, Sb : D →
R3 and b : D → R, where domain D = {(x1 , x2 ) ∈ Z2 : 0 ≤
x1 < W, 0 ≤ x2 < H} is the set of possible pixel locations
and Z is the set of all integers. Consider also a domain D̆,
of size L-by-L, centred around zero, and defined as D̆ =
L
{(x1 , x2 ) ∈ Z2 : d −L
2 e ≤ x1 , x2 < d 2 e}, where d and e denote
upward integer rounding. Consider a Gaussian point spread
function (PSF), Gσ : D̆ → R, defined for all x = (x1 , x2 ) ∈ D̆
as follows:
 2 2
(
x1 +x2
kσ exp −2σ
if σ 6= 0
2
Gσ (x1 , x2 ) =
(1)
2
2
δ(x1 + x2 )
if σ = 0,
where δ is the delta function and each normalised constant kσ
is defined as
,
X
kσ = 1
exp(−(x21 + x22 )/2σ 2 ) .
(2)
(x1 ,x2 )∈D̆

Consider image Uσ : D → R3 , defined as a uniformly
Gaussian-blurred version of I, as follows:
X
Uσ (x) = (I ∗ Gσ )(x) =
Ĩ(x − y)Gσ (y),
(3)
y∈D̆

for all x ∈ D, where I ∗ Gσ is the symmetric convolution of I
with Gσ and Ĩ is the symmetric extension of I over the whole
of Z2 . In precise terms, Ĩ(2pW− 21 ± (x1+ 12 ), 2qH− 12 ± (x2+
1
2 )) = I(x1 , x2 ) for all (x1 , x2 ) ∈ D and all p, q ∈ Z.
Now, given the blur map b : D → R, define image Sb :
D → R3 , a space-variant Gaussian-blurred version of I, as
follows:
Sb (x)

=
=

Ub(x) (x)
X
Ĩ(x − y)Gb(x) (y).

(4)

2

of this computation can be performed using a faster approach
which will now be described.
Given minimum and maximum blur levels, m ∈ R and M ∈
R, consider a family, Γ = {Gσ : σ ∈ [m, M ]}, of Gaussian
PSFs. Consider the equivalent family, Γ̆ = {Ğσ : σ ∈ [m, M ]}
of PSFs that have been modified to be orthogonal to the delta
function, δ. That is, for all x ∈ D̆,
(
0
if x = 0
(6)
Ğσ (x) =
Gσ (x) if x 6= 0.
Consider a tensor Z : D̆ × D̆ → R, defined as follows:
Z M
Ğσ (x)Ğσ (y)
Z(x, y) =
dσ,
σ
m

(7)

for all x, y ∈ D̆. Note that Z is symmetric with respect to
its arguments; that is, Z(x, y) = Z(y, x) for all x, y ∈ D̆.
Since the set D̆ is finite (with L2 members), Z can be handled
numerically as a matrix. This matrix, being symmetric, can be
diagonalised and has an orthonormal basis of eigenvectors [18,
p. 459]; that is
2

Z(x, y) =

L
X

βn (x)λn βn (y),

(8)

n=1

for some eigenvalues λ1 , ..., λL2 ∈ R and some othonormal set
of eigenfunctions, β1 , ..., βL2 : D̆ → R. It happens that all
except a small number of the eigenvalues of Z are very close
to zero, the result being that each Ğσ ∈ Γ̆ can be approximated
closely by a linear combination of the first few eigenfunctions
(assuming the eigenfunctions to be arranged in descending
order of eigenvalue). Furthermore, suppose that this basis is
extended by adding an extra function β0 , defined to be the
delta function; that is
(
1 if x = 0
β0 (x) = δ(x) =
(9)
0 if x 6= 0
for all x ∈ D̆. Recall that each Ğσ is orthogonal to β0 ,
and hence so are the β1 , β2 , ... which span the space of
Ğσ functions. Now, each Gaussian PSF Gσ ∈ Γ can be
approximated by a linear combination of the first N basis
functions, β0 , ..., βN−1 , for a suitably chosen N . That is, for
every σ ∈ [m, M ] and every x ∈ D̆,
Gσ (x) ≈

N−1
X

cn (σ)βn (x),

(10)

n=0

where each coefficient function cn : [m, M ] → R is defined
as follows:
X
cn (σ) =
βn (x)Gσ (x)
(11)
x∈D̆

(5)

y∈D̆

Here, Ub(x) is the uniformly-blurred image as given by Eq. (3)
and Gb(x) is the PSF as given by Eq. (1), but with b(x)
substituted for σ in both cases.
To compute each Sb (x) value by interpreting Eq. (5)
verbatim would be prohibitive, as this would require a sum
of L2 terms for every pixel. However, a close approximation

for all σ ∈ [m, M ]. That is, thinking of the functions as vectors,
each scalar value cn (σ) is the component of vector Gσ in the
direction of basis vector βn . For each n and N , consider also
a normalised coefficient function ĉn,N : [m, M ] → R defined
as follows:
,
X N−1
X
ĉn,N (σ) = cn (σ)
cn (σ)βn (x)
(12)
x∈D̆ n=0
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Fig. 2. Top (left to right): first four basis functions of the family of Gaussian
PSFs, when L = 81, m = 31 and M = 10 (see Eq. (7)); bottom: next four
basis functions. Mid-gray represents zero; dark shades represent negative; light
shades represent positive.

PN−1
for all σ ∈ [m, M ]. Note that because
n=0 cn (σ)βn (x)
converges
to
G
(x)
as
N
→
∞,
coupled
σ
P
PN−1 with the fact
that x∈D̆ Gσ (x) = 1, it is a fact that n=0 ĉn,N (σ)βn (x)
converges to Gσ (x). Therefore,
Gσ (x) ≈

N−1
X

ĉn,N (σ)βn (x),

(13)

n=0

for all x ∈ D̆. This is important because the use of ĉn,N rather
than cn will ensure that the approximated Gaussian will always
sum to unity.
Substituting Eq. (13), with σ = b(x), into Eq. (5) gives the
following:
X

Sb (x) ≈

Ĩ(x − y)

N−1
X

ĉn,N (b(x))

n=0

=

N−1
X

ĉn,N (b(x))βn (y)

n=0

y∈D̆

=

N−1
X

X

Ĩ(x − y)βn (y)

y∈D̆

ĉn,N (b(x)) (I ∗ βn )(x),

n=0

where I ∗ βn is the symmetric convolution of I with βn .
Therefore,
Sb (x) ≈

N−1
X

ĉn,N (b(x)) ψn (x),

(14)

n=0

where each filtered image ψn : D → R is defined as a
convolution, ψn = I ∗ βn . That is,
X
ψn (x) =
Ĩ(x − y)βn (y).
(15)
y∈D̆

The reason Z and its eigenfunctions are relevant is because
these linear combinations of the N chosen eigenfunctions can
be used in approximating the Gaussian PSFs, as stated in
equations (10) and (13), and hence they form an approximate
basis for the space, Γ, of possible PSFs. Effectively, this
derivation of eigenfunctions is a form of principal component
analysis on the set Γ̆. The eigenvectors are the optimal basis
of Γ̆ in terms of providing the lowest expected value of the
sum-of-squared-errors of the approximated Gaussians (i.e., the
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Fig. 3. Horizontal cross-sections of the first seven basis functions (as shown
in Fig. 2). To aid visibility, all functions have here been scaled to have the
same maximum absolute value.

lowest statistical mean squared error across a representative
range of test images). This statistical perspective intrinsically
involves an a priori probability assumption of the distribution
of σ values. The assumption associated with the 1/σ factor in
Eq. (7) is a log-uniform distribution of σ; that is, a uniform a
priori probability of log(σ) values. This is desirable because
over the very low sigma values, the Gaussian bell curves vary
greatly between close σ values, whereas over the higher σ
values, there is far less variation. The 1/σ factor in Eq. (7) is
effectively a weighting factor which reduces the significance of
higher σ values which would dominate the integral in Eq. (7) at
the expense of the lower σ values. This reduces the worst-case
error of approximated Gaussian curves. For example, applying
the proposed approach with N = 8 to a random 256×256 black
& white image with a uniform blur map, with σ at different
multiples of 0.1, gives a worst-case error of 49.4dB at σ = 0.2.
However, the worst-case error if the 1/σ factor is removed
from Eq. (7) is 42.8dB, also at σ = 0.2.
It has been found empirically that with m = 13 , M = 10,
L = 81 and just 7 basis functions (i.e., N = 7), the worst rootmean-squared error of any of the approximated Gσ functions
is roughly 0.00005. This implies, in the trivial example of a
grayscale image with all pixels zero except for one pixel with
gray level 255, that the sum of square errors will be 0.000052 ×
812 , so the worst possible gray level error of any pixel in the
blurred image cannot be greater than 255 × 0.00005 × 81 =
1.03275. However, for general images with most pixels nonzero, the overall errors will be greater and will be dependent
on the image itself, as shown by the results in section III.
The first eight basis functions, when m = 13 and M = 10,
are represented in Figs 2 and 3. A graph showing the exponential nature of the descent of the eigenvalues is given in
Fig. 4. This illustrates the nature of the space of eigenvector
as being of low approximate dimensionality. In rough terms,
each eigenvalue can be seen as the square of the width of the
space when measured in the direction of the given eigenvector.
The square error induced by discarding the least significant
eigenvectors will, in general, be roughly proportional to the
sum of the eigenvalues of these discarded eigenvectors. The
mean ratio between any adjacent pair within the first 20
eigenvalues as shown is 4.39; i.e., the width of the space
roughly halves in the direction of each new eigenvector.
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Fig. 4. Plot of the first 20 eigenvalues of the computed basis functions.
The vertical scale is logarithmic, clearly showing the exponential decrease of
the eigenvalues, which corresponds with an exponential convergence of any
approximated Gaussian generated by different numbers of basis functions.

B. Implementation details
Eq. (14) is the top-level stage of the proposed algorithm.
Note that being a weighted sum of convolutions (i.e., filters)
makes it a special instance of the filter bank method [1].
Because β0 is the delta function, the first of these ψn = I ∗ βn
convolutions, with n = 0, is the identity operation. That
is, ψ0 = I, so no work needs to be done here. However,
each of the remaining N −1 convolutions can be performed
using any fast convolution technique [18, p. 538], using fast
Fourier transforms, fast number theoretic transforms, or fast
discrete cosine transforms (DCTs). All these approaches in
their simplest form restrict the input image to array dimensions
which are exact powers of two, and therefore, in its simplest
form as presented herein, the proposed approach follows the
same restriction. The approach can be extended to other image
sizes by zero padding of the image.
In the specific implementation reported in this paper, the
convolution performed was a symmetric convolution, performed using convolution form DCTs [22]. Using Martucci’s
terminology [22], the aim was half-sample symmetry around
image boundaries, and whole-sample symmetry around the
point spread function’s origin point. This requires involved
applying a Type I DCT to a quadrant of the basis function
and a Type II DCT to the image, followed by per-element
multiplication then an inverse Type II DCT to obtain the
convolved image. This involves converting each basis function
βn to a (W + 1)-by-(H + 1) domain size by zero padding
up to x1 = W and x2 = H and discarding βn (x1 , x2 )
values for negative x1 and x2 . This loses no information,
since βn (x1 , x2 ) = βn (±x1 , ±x2 ) for all n, x1 and x2 , due to
every Gaussian PSF Gσ having the same symmetry. Each 2D DCT was computed by applying the corresponding type of
1-D DCT firstly replacing each row of the image or PSF with
its DCT then replacing each column with its DCT. Every 1-D
DCT was performed using a verbatim implementation of the
sparse matrix decompositions described in [23]. These classic
DCT operations were converted into convolution form DCTs
by appropriately weighting the array elements before and after
the classic DCT, as prescribed in [22].
The proposed algorithm assumes that all the eigenfunctions
have been precomputed and their Type I discrete cosine
transforms have been stored (for the fast convolution stage),
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along with a look-up table approximation of each coefficient
function, ĉn,N . The width L of the PSF domain D̆ should
be chosen to be sufficiently large that every Gσ function is
sufficiently close to zero for the desired accuracy. In practice,
L ≥ 6M is sufficient due to the fact that a Gaussian is near
zero beyond three standard deviations from its mean, but in
section III of this paper, L = 81 was used with M = 10.
Furthermore, L should be an odd number so that every Gσ
function has symmetry about its central point.
The eigenfunctions β1 , β2 , β2 , ... were computed by diagonalisation of the matrix representation of Z, which was
numerically approximated by a discrete summation equivalent
of the integral in Eq. (7). Because of the 1/σ factor, this
integral was approximated by summing Ğσ (x)Ğσ (y) samples
over a discrete range of σ values with density decreasing in
proportion to 1/σ. Specifically,
Z M
Q
X
loge ( M
Ğσ (x) Ğσ (y)
m)
dσ ≈
Ğσ (x) Ğσq (y),
σ
Q + 1 q=0 q
m
(16)
where each σq is defined as σq = ((M/m)q/Q )m. In the
specific implementation of this paper, Q = 99 was used, so
that each Z(x, y) computation was approximated by a sum of
100 terms.
The computation of Z and its eigenvectors are computationally expensive processes in which some savings are possible.
As these are precomputed, this expense does not effect the
cost of the core algorithm. However, a computational saving
has been made for the purpose of this paper by reducing
the Ğσ arrays in size, by restricting each Ğσ function to a
one-eighth segment of the domain D̆, so as to exploit the
Ğσ (x1 , x2 ) = Ğσ (±x1 , ±x2 ) = Ğσ (±x2 , ±x1 ) symmetries
of the Gaussian functions. This restriction was done before
eigenvector decomposition. After this, the reverse process was
applied to reconstruct the basis functions over the whole of D̆,
followed by normalisation of the basis. In order to produce
exactly the same resulting eigenfunctions, it is necessary
to apply appropriate weightings to each boundary point in
proportion to the square root of the number of identical-shaped
eighth-part segments which share the boundary point (and to
apply the inverse weightings to the corresponding locations
afterwards). That is, each function used was represented by a
triangle of points as shown below:

 1
√ g
0,0
8
 √1


 2 g1,0 √12 g1,1
 1

1
 √ g2,0

√ g
g2,1

 2
2 2,2
 √1
 (17)
√1 g
g3,1
g3,2
 2 g3,0

3,3
2


 ..

..
..
.
.
 .

.
.
.


√1 g
√1 g
g
g
·
·
·
h,0
h,1
h,2
h,h
2
2
where each gy,x represents Ğσ (x, y), and h = (L−1)/2, with
L an odd number.
As an example application of the proposed algorithm, consider foveation filtering. In this scenario, the blur map would
be a spatial map of cut-off frequencies, using knowledge of
the point of human fixation combined with a model of the
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Fig. 5. Examples of applying the proposed algorithm to a 256 × 256 synthetic image, with varying number, N , of basis functions employed. Top left: original
image. Bottom left: blur map (σ increasing left to right from 0 to 10). Remaining images, left to right: output of the proposed approach with N = 2, 4, 6, 8. The
most significant basis functions (with the highest eigenvalues) tend to correspond to the higher frequencies, which can be seen in the fact that the lower-blur
regions in the above change less than the higher-blur regions as the number of basis functions increases.

Fig. 6. Top left: raw image (Mandrill). Bottom left: blur map based on the
visual field of a glaucoma patient [20]; white = maximum (σ = 10); black =
zero. Right: space-variant Gaussian-blurred image according to the blur map,
using the proposed algorithm with N = 8.

human visual system, such as a contrast threshold formula
[24]. Each cut-off frequency f is then converted into a σ
value by employing the common convention of treating the
cut-off
p frequency
√ of a filter as its 3dB point. This would give
σ = (2 loge ( 2))/f.
Fig. 5 shows example output of the algorithm on a synthetic
image, for a range of numbers of basis functions employed.
Fig. 6 shows example output of the algorithm on a real image
in a vision research application. This allows normally-sighted
people to visualise the effects of sight problems such as
glaucoma. Fig. 7 shows example output in variable resolution
rendering. With all these examples, the same set of basis
functions were used, as generated for a range [m, M ] = [ 13 , 10]
of σ values.

Fig. 7. Top left: raw image (leftmost 512×512 portion of 512×768 image
Kodim08). Bottom left: blur map, with blur increasing steadily from right to
left; white = maximum (σ = 10); black = zero. Right: space-variant Gaussianblurred image according to the blur map, using the proposed algorithm with
N = 8.

O(HW log(HW )) since N is fixed. This compares with
O(H 2 W 2 ) for the approach of applying an independent filter
for every pixel, as is necessary with the reference method
in the extreme case of a different blur level for every pixel.
As an additional comparison, the fastest space-variant blurring
approach is the integral image approach, whose cost is of order
O(HW ) for an W -by-H image. The blended Gaussian Pyramid approach is also O(HW ), assuming a fixed maximum
blur level (and hence a fixed number of hierarchy levels) as H
and W increase. The blended Gaussian Pyramid cost therefore
increases at roughly the same relative rate as the integral image
approach as H and W become large.
III. E VALUATION AND COMPARISONS
A. Evaluation of the proposed approach

C. Computational cost
Applying Eq. (14) for a single location x is an order O(N )
operation as it costs only N look-up operations (one for each
ĉn,N ), N multiplications and N −1 additions. The dominant
cost in the algorithm is the fast DCTs in computation of the
filtered images ψ1 , ..., ψN−1 , each of which will be of order
O(HW log(HW )), which only need to be done once for each
image I. Therefore, the overall cost of these convolutions
is of order O(N HW log(HW )), which can be regarded as

The proposed approach approximates space-variant Gaussian blurring to arbitrarily high accuracy, permitting any
number N of basis functions to be employed. This allows
a trade-off between computational cost and blurring accuracy,
which is evaluated in this section in terms of PSNR. To this
end, we have applied the algorithm with a varying number
of basis functions, from one to fifteen. In order to provide an implementation-dependent measure of computational
cost, a count of the total number of arithmetic operations
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(floating point additions, subtractions and multiplications) was
employed. Average computational times per pixel were also
recorded when running the (non-optimised) Java code, on a
3.19 GHz Pentium D machine running Microsoft Windows
XP and the Java Runtime Environment 1.6.0. All computations
in the evaluations were performed using 64-bit floating point
arithmetic, to ensure a high accuracy ceiling for the experiments.
For simplicity, the test images [25]–[27] were selected to be
a power of two in width and height (512×512): (1) 5.2.08; (2)
top-left 512 × 512 portion of Barbera; (3) F-16; (4) leftmost
512 × 512 portion of Kodim12; (5) topmost 512 × 512 portion
of Kodim17; (6) topmost 512 × 512 portion of Kodim18;
(7) leftmost 512 × 512 portion of Kodim23; (8) Lena; (9) a
synthetic white noise image, Rand512, with each RGB sample
randomly taken as either (0,0,0) or (255,255,255) with equal
probability. For simplicity, all images were treated as fullcolour RGB images, including the grayscale images 5.2.08
and Rand512, which were treated as colour images during
experiments, for consistency with the other images. Therefore
each measured cost of the implementation was precisely three
times what it would have been for a grayscale image of the
same size.
For all test images, a simplified foveal blur map was
employed, defined for all pixel locations (x1 , x2 ) ∈ D as
r
(x1 − c1 )2 + (x2 − c2 )2
,
b(x1 , x2 ) = 2M
H2 + W 2
where (c1 , c2 ) ∈ D is the centre of the W -by-H image, M is
the maximum blur level, and b and c denote integer downward
rounding. Note that this map has zero blurring at the image
centre and max blur level of 10 at each image corner. This
blur map is depicted in Figs 9 and 10.
Each blurred image under test was computed using the proposed algorithm, according to the approximation in Eq. (14),
for the given number, N , of basis functions. The basis
functions as described in Section II were generated with a
maximum blur level M = 10 and a minimum m = 31 , and
they were generated on a reduced-size domain of size 81×81,
then padded with zeros to the full 512 × 512 size.
The reference method for perfect Gaussian blurring worked
by computing each target image using Eq. (4), after separately
computing every uniformly Gaussian-blurred image Uσ , for
0
1
2
100
101 discrete σ values, σ ∈ { 10
, 10
, 10
, ..., 99
10 , 10 }. Each
computation was performed using the same fast convolution
technique as for the proposed approach except for the trivial
case of σ = 0, which was dealt with by simply assigning
U0 = I, the input image. To ensure consistency across
techniques, the same restriction to this discrete set of σ values
was applied to the proposed approach.
The PSNR accuracy figures of the proposed approach using
an increasing number of basis functions are shown in Table I.
The convergence of the proposed approach to perfect Gaussian blurring can be seen as the number of basis functions
increases. At N = 15, for all test images, the PSNR exceeds
70 dB.
The cost figures in terms of floating point operation counts
and average computational times per pixel are shown in Table
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Fig. 8. Cost-versus-accuracy plot (PSNR) for the proposed algorithm using
varying numbers (2 to 15) of basis functions, when applied to the test images
according to the corresponding foveal blur map shown in Figs 9 and 10. Cost
is measured in terms of the count of arithmetic operations per pixel. Accuracy
is measured as PSNR relative to the perfectly Gaussian blurred image.

II. Fig. 8 visualizes the relationship between cost and PSNR.
Each floating point count given in the graph and table is
k/HW , where k is the total number of arithmetic operations
used by the proposed algorithm to blur the given image,
and HW is the number of pixels in the image. The PSNR
improves at a steady rate on the logarithmic scale. The average
improvement is 3.8 dB per basis function for the mean PSNR
across images. The increase in cost is a fixed 180.1 ops/pel,
and the average cost increase for each decibel of improvement
to the mean accuracy is 50.4 ops/pel/dB.
Figures 9 and 10 show the output of the proposed technique
for Lena and Kodim18, respectively, when using a differing
number of basis functions (N = 2, 5, 8). In the N = 2 images,
the image is sharp inside a narrow region around the foveation
point (at the image centre), whereas outside this region, the
level of blur is roughly uniform. This reflects the fact that
only two basis functions are employed here, one of which is
the delta function (no blurring) and the other of which cannot
provide blurring greater than roughly σ = 2 (see the second
basis function cross-section in Fig. 3). The remaining images
show the result converging to the true space-variant Gaussian
blurring as the number of basis functions employed increases,
with the visible peripheral blurring increasing.
B. Comparison with blended Gaussian Pyramid
In this section we compare the results of the proposed
approach with those of a blended Gaussian Pyramid approach
[20] in the same tests as described in the previous subsection.
The main part of the blended Gaussian Pyramid approach is
the Gaussian Pyramid technique itself [21], which works as
follows. Firstly, the RGB image is subsampled by factor of
two vertically and horizontally, each time preceded by a 51 1 2 1 1
tap filter (i.e., weighted average) of ( 20
, 4 , 5 , 4 , 20 ) in each
direction. This gives a multi-level pyramid of low-resolution
representations of the original, each with 1/4 as many pixels
as the previous level. Then, each level is upsampled back up to
the original size, by repeated upsampling by a factor of two in
each direction. Each upsampling is done as if by zero padding
followed by averaging, in each direction, by (0, 21 , 0, 12 , 0) at
1
1
inter-pixel (odd) locations, and ( 10
, 0, 54 , 0, 10
) at even locations. For consistency with the other approaches employed,
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Fig. 9. Examples of foveal blurring of Lena. Top left: raw image. Bottom left: blur map (black: σ = 0; white: σ = 10). The remaining images give the output
of the proposed approach as it converges towards perfect Gaussian blurring (left to right: N = 2, 5, 8).

Fig. 10. Examples of foveal blurring of Kodim18. Top left: raw image. Bottom left: blur map (as for Fig. 9). The remaining images give the output of the
proposed approach as it converges towards perfect Gaussian blurring (left to right: N = 2, 5, 8).

B(r) = (0.5 − Tir (r))/(Tir −1 (r) − Tir (r)),
Tir and Tir −1 are the transfer functions (i.e., frequency
responses) of the blurring at levels ir and ir − 1, and r is the
half-amplitude frequency
p of the desired Gaussian curve, which
was computed as r = loge 4/2πb(x) at a given location x.
Each level ir is chosen as the value for which level ir − 1
gives too little blurring and ir gives too much. That is, for
each r,
ir = 1 + max{j : j ∈ Z and Tj (r) ≥ 0.5}.
The transfer functions were computed by applying the Gaussian Pyramid method to a simple impulse function and com-

Gaussian
Pyramid

Proposed
approach
(using 2
to 15
basis
functions)

2
3
4
5
6
7
8
9
10
11
12
13
14
15

Mean

Kodim23

Kodim18

Kodim17

Kodim12

F-16

Barbara

5.2.08

Image

Lena

TABLE I
B LURRING ACCURACY RESULTS (PSNR, DECIBELS )
Rand512

the image is assumed to extend symmetrically beyond its
boundaries. The result is a sequence of increasingly blurred
images, the first of which is unblurred and each successive
one is twice as blurred as the previous. To use the Gaussian
Pyramid approach for smoothly space-variant blurring, interlevel blending is necessary. For this, the scheme of Perry &
Geisler [20] is used, which works by taking, for each pixel,
a linear combination between the two corresponding pixels
of the images blurred to levels above and below the desired
blur level for the given pixel. This combination of pixels
pir , pir −1 ∈ R3 of the blurred images at levels ir and ir − 1
of the pyramid is computed as B(r)pir −1 + (1 − B(r))pir ,
where B(r) ∈ R is the blending factor, computed as

34.9 46.1 37.1 42.5 41.8 39.1 41.8 46.9 44.1 41.6
20.1
29.7
37.7
44.1
49.4
53.5
56.8
60.1
63.2
66.0
68.8
72.1
75.7
78.7

27.6
32.2
37.2
41.7
46.0
50.4
54.2
57.4
60.2
62.8
65.7
68.7
71.7
74.7

24.7
29.3
35.1
41.0
46.5
51.2
54.9
58.3
61.5
64.1
66.9
70.2
72.9
76.0

25.0
30.2
35.7
40.8
44.9
48.8
52.8
56.3
59.3
61.9
64.5
67.7
70.9
73.9

27.0
32.8
38.0
42.0
45.8
50.1
54.8
58.2
61.2
63.7
66.4
69.6
72.7
75.9

28.7
33.6
38.4
43.0
48.1
52.3
56.2
59.5
62.5
65.1
67.8
70.8
73.9
77.2

27.9
33.1
38.7
43.4
47.6
51.8
55.4
58.7
61.6
64.1
66.9
70.0
73.2
76.3

27.4
33.5
39.5
43.8
47.8
51.7
55.3
58.7
61.7
64.3
67.0
70.2
73.3
76.7

30.5
35.7
40.3
44.2
47.2
51.3
55.1
58.3
61.1
63.7
66.3
69.4
72.4
75.3

26.5
32.2
37.9
42.7
47.0
51.2
55.1
58.4
61.4
64.0
66.7
69.8
73.0
76.1

puting the magnitude of its Fourier Transform, restricted to a
straight line horizontally through the zero frequency point.
Table I compares the accuracy of the proposed approach
with that of the blended Gaussian Pyramid approach. The
proposed approach outperforms blended Gaussian Pyramid in
terms of PSNR at N = 4, for Rand512, at N = 5 for the
mean across images and at N = 7 for the worst-case image
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TABLE II
C OMPUTATIONAL COST RESULTS
Ref Gaussian
method Pyramid
F.P. Count (ops/pel) 17576.3
Time (µs/pel)
755.5

148.9
0.20

Proposed approach (using 2 to 15 basis functions)
2
3
4
5
6
7
8
9
10
11
12
13
14
15
351.2 531.2 711.3 891.4 1071.5 1251.6 1431.7 1611.7 1791.8 1971.9 2152.0 2332.1 2512.1 2692.2
12.2 17.1 22.8 28.1 34.1 39.5 44.9 52.2 59.0 65.2 81.5 83.3 84.8 83.8

(Lena). At N = 8, the PSNR improvement is typically 10 to
15 dB, with a 22.0 dB improvement in the case of Rand512.
We choose therefore N = 8 as the number of basis functions
to employ for high-quality Gaussian blurring.
C. Discussion
The main reason for the limited accuracy of the blended
Gaussian Pyramid approach is its slower-decaying tail in the
frequency and spatial domains, when compared to perfect
Gaussian blurring and the proposed technique. This is due
to the fact that each effective approximated Gaussian PSF
is a weighted sum of two Gaussian PSFs, one twice the
width of the other. This slower decay can be expected to
act as a disadvantage in foveated coding, given that the aim
is to remove high frequency components. An example of a
cross section of the impulse response of the blended Gaussian
Pyramid approach, when applied with a fixed blur level, is
given in Fig. 11. The plot shows how the impulse response
deviates notably from that of true Gaussian blurring in the
outer tails of the curve.
Table II compares the costs of the proposed method, the
reference method (i.e., independent filter for each blur level)
and the blended Gaussian Pyramid method. In all cases, the
counts of arithmetic operations were the same for all images.
For N = 5, at 891.4 ops/pel, the proposed approach costs 6
times as much as Gaussian Pyramid, while typically providing
only marginally better blurring accuracy. However, with N = 8,
for which the proposed approach gave on average 13.5 dB
better accuracy, the cost is 1431.7 ops/pel, which is less than
9% of the cost of the reference method and less than 10 times
the cost of the blended Gaussian Pyramid approach.
Figure 12 provides a σ-dependent comparison between the
proposed technique, blended Gaussian Pyramid and the integral image technique [14], [15] in the context of space-variant
preblurring for coding. Each curve gives the relative increase
in JPEG bitrate of the given technique when compared with the
equivalent using perfect Gaussian blurring. Each bitrate was
taken by applying a uniform blur map of the given σ value, to a
256-by-256 white noise image and encoding to a fixed quality
level, measured using PSNR (fixed at 35dB in all cases). The
integral image approach employed a square window width
computed as 3.3σ then rounded to the nearest odd number (the
ratio of 3.3 minimises the mean squared difference between
a square window and a 2-D Gaussian window). The graph
demonstrates the advantage of a direct substitution of blended
Gaussian Pyramid with the proposed approach in a foveated
coding scenario, showing how the bitrate advantages in a given
region of an image will be dependent on the blur level in
that region. The poorer general performance of integral image
blurring demonstrates the advantage of instead using a blurring

Fig. 11. An example of an impulse response of the blended Gaussian Pyramid
approach and true Gaussian blurring, when σ = 8. Note the wider tails of
blended Gaussian Pyramid. These were generated by applying the blurring to
a synthetic image consisting of a narrow vertical bar, which had a deliberate
offset from zero to demonstrate the fact that the effective impulse response
of blended Gaussian Pyramid will not generally be perfectly central.

technique with a smooth point spread function. The poorer
general performance of integral image blurring demonstrates
the advantage of instead using a blurring technique with a
smooth point spread function. The drop into negative percentages for integral image blurring below σ = 1 is a consequence
of the round-to-nearest interpretation of blur levels that was
applied, which causes this approach to be effectively given a
higher blur level than the others, resulting in a lower bitrate.
The average bitrate improvement with the proposed approach
compared with blended Gaussian Pyramid, is 5.4%.

IV. C ONCLUSION
We have proposed a specialized filter bank for highprecision approximation of smoothly space-variant Gaussian
blurring. The filters are implemented using a fast DCT
approach, to provide convolution with symmetric extension
beyond image boundaries. These filters are an optimal basis
from the perspective of spanning a given range of Gaussian
point spread functions, and are computed using principal component analysis. As the number of basis functions employed
is increased, the resultant blurring converges rapidly to true
space-variant Gaussian blurring. Arbitrarily-perfect Gaussian
blurring can be obtained depending on the number of basis
functions used. The cost of the algorithm is the same regardless
of the number of desired blurring levels or the complexity of
the blur map.
Future work includes the extension of the proposed approach to video in order to investigate its benefits in a foveated
coding scenario.
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Fig. 12. A JPEG bitrate comparison between different blurring techniques
as a function of blur level, σ. Each line gives the relative increase in JPEG
bitrate of the given technique when compared with the equivalent using perfect
Gaussian blurring.
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