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ABSTRACT
The last decade has been a very fruitful period in important dis-
coveries in network traffic modeling, uncovering various scaling
behaviors. Self-similarity, long-range dependence, multifractal be-
havior and finally cascades have been studied and convincingly
matched to real traffic. The first purpose of this paper is to provide
a methodology to go beyond the naive analysis of the second-order
wavelet-based estimators of scaling, by performing non-stationarity
checks and relying on the information contained in the high-order
properties of the wavelet coefficients. Then, we apply this method-
ology to study the scaling properties of the TCP flow arrivals based
on several traffic traces spanning the years from 1993 to early 2002.
Our study reveals that the second-order scaling properties of this
process describe its dynamics quite well. However, our analysis
also provides evidence that high-order scaling in this process ap-
pears due to pathological behaviors like rate limitation and non-
stationarity.

Categories and Subject Descriptors
C.2.5 [Computer-communication Networks]: Local and Wide-
Area Networks—Internet traffic; G.3 [Probability and Statistics]:
[Time-series analysis]

Keywords
TCP flow arrivals, non-stationarity, scaling processes, long-range
dependence, multiscaling.

1. INTRODUCTION
The last decade has been a very fruitful period in network traf-
fic modeling, uncovering various scaling behaviors. Self-similarity
[21], long-range dependence [37], multiscaling and multifractal be-
havior [29, 12, 14] and finally cascades [12, 15, 36, 14, 34] have
been studied and convincingly matched to real traffic. The in-
troduction of these models into the networking world have often
brought significant insight about the dynamics of the traffic, but
also much misunderstanding concerning their right place within the

dynamics of the traffic, their interpretation and practical implica-
tions. While all building blocks in terms of the scaling models seem
to have been brought to the networking world, there still is a lack of
proper understanding of the intrinsic reasons for such a good fit of
the traffic to these models and the right place of each model. Two
breakthroughs in this respect need to be mentioned though: the
ON/OFF sources superposition model [32] that justifies the pres-
ence of self-similarity in the traffic, and the multifractal/cascade
model [12] that emphasizes the importance of TCP in the traffic
dynamics. These two results illustrate quite well that scaling mod-
els constitute a natural framework to better capture the invariant
properties of network traffic dynamics. In this paper, we focus on
the process of the TCP flow arrivals per time interval and analyze
its high-order scaling properties as well as its non-stationarity.

This paper is structured as follows. We first discuss the related work
in section 2, and provide some background on scaling processes
and wavelet analysis. In section 3.1, we describe the traffic traces
on which we rely in our analysis of the TCP flow arrivals. We first
look at its second-order scaling properties in section 3.2. Then, we
tackle its high-order scaling properties in section 3.3. We compare
the scaling properties of HTTP and P2P traffic in section 3.4 and
study the behavior of internal clients of one of the traces. Finally,
section 4 discusses the implications of this paper on the scaling
properties of Internet traffic identified in the literature.

2. CONTEXT
This section presents an overview of the current state-of-the-art of
scaling in network traffic. Three main roads have been explored
concerning the explanation of the presence of scaling in network
traffic.

The first concerns distributional properties of the flow activity peri-
ods that were shown to be heavy-tailed [28, 7]. The complementary
proof in [32] then provided a formal justification for the presence
of self-similarity through the superposition of a large number of
independent ON/OFF sources with heavy-tailed ON and/or OFF
periods. [24] made the connection between distributional proper-
ties of the file sizes and the modulating effect of the TCP/IP stack
and showed that heavy-tails in the applicative flows were mapped
to heavy-tailed activity periods at the IP layer.

The second road was investigated by [12] that studied the short
timescales behavior of TCP traffic to show that multiplicative pro-
cesses described it well, adding multifractals and cascades among
the scaling behaviors present in network traffic.
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These two roads, heavy-tails and the TCP dynamics, concern traffic
volume. The first is related to the size of the files to be carried
over the network while the second concerns the way the data of
the flows is broken by TCP to be sent as IP packets. The previous
two aspects tell that the information to be exchanged as well as the
behavior of the network and its protocol can be considered as partly
responsible for scaling in the traffic. However, one may wonder
whether users of the network have anything to do with scaling in
the traffic, allowing us to introduce the third road.

Back in 1995, [28] argued that the connection arrival process of
some applications failed to be Poisson. This finding was a surprise
due to the belief that users initiating actions independently should
lead to a Poisson process. [5] however infirmed the findings of
[28] by showing that connection arrivals tend to a non-stationary
Poisson process as the rate of the observed link increases. The
first study of the scaling properties of TCP flow arrivals was [13]
that explained self-similarity in this process by heavy-tails in the
number of flows within user sessions. [17] however showed that
scaling at the IP level did not depend on the process of the TCP flow
arrivals. [10] showed that TCP flow arrivals contained second-order
scaling. The aim of [10] however was not to study the timescale
dependent properties of the process of the TCP flow arrivals but
rather to find a good probability distribution to model the TCP flow
arrivals.

To the best of our knowledge, the first paper completely devoted to
the scaling properties of the TCP flow arrivals is [35]. [35] showed
that this process is by no means simply self-similar, but contains
non-stationarity and different scaling components at different time-
scales. [35] identified correlations between seconds and minutes,
second-order scaling at timescales between minutes and hours, and
finally a "time of the day" pattern at timescales larger than about
half an hour. Because the analysis was limited to second-order scal-
ing properties, [35] could not reveal the exact nature of the compo-
nents at each timescale. One of the goals of the present paper is to
continue [35] with a detailed study of the high-order properties of
the process of the TCP flow arrivals, to better identify the scaling
nature of this process.

Besides the scaling properties of the traffic, some studies have tried
to better understand its non-stationarity. [5] showed that as the
rate of the observed link increases, packet and connection arrival
processes tend to a non-stationary Poisson process. [19] recently
revisited the Poisson assumption in Internet traffic and concluded
that current traffic traces are consistent with a non-stationary Pois-
son process at sub-second timescales while long-range dependence
appears at larger timescales. Throughout this paper, we emphasize
the importance of non-stationarity to understand the scaling prop-
erties of network traffic.

2.1 Scaling Basics
Scaling behavior is a general term meaning that no particular scale
controls the process under study. For an introduction to scaling in
network traffic see [2]; also see [26] that provides a detailed review
of various aspects concerning scaling in network traffic. For a more
general discussion of scaling in natural phenomena see [31].

Self-similarity, or more precisely self-affinity, with parameter H
(0 < H < 1), is defined by

{X(t), t ∈ R}
d
= {cHX(t/c), t ∈ R}, ∀c > 0, (1)

where
d
= denotes equivalence in finite size distributions. A property

of self-similar processes concerns the scaling of their moments:

E |X(t)|q= E |X(1)|q |t|qH . (2)

This latter property relates the behavior of moment q (if it exists)
as a power law of time, defining high-order moments scaling which
is linear in H . A self-similar process will exhibit the same fluctu-
ations independent of the considered scale, hence cannot be sta-
tionary due to the dependence of all its moments on time. Recall
that for a process to be stationary, its statistical properties must not
depend on time.

When one restricts the study of the process to its second-order prop-
erties, then comes long-range dependence. Long-range dependence
(LRD), or long-memory, is associated with second-order stationary
processes. A second-order stationary process displays long-range
dependence [4] if its autocovariance function r(k) behaves like a
power-law of the time lag k

r(k) ∼ cr|k|
2H−2 as |k| → ∞ (3)

for 1/2 < H < 1. In such a case, the correlations decay so slowly
that they sum to infinity. When H = 1/2, the process is uncorre-
lated (r(k) ∼ 0). When 0 < H < 1/2, we speak of short-range
dependence (SRD), or anti-persistence, due to negative dependence
(r(k) < 0 for k 6= 0) between time lags. The divergence of the cor-
relations when 1/2 < H < 1 also means that the spectral density
behaves like

f(λ) ∼ cf |λ|
1−2H as |λ| → 0, (4)

hence diverges at the origin (f(0) = ∞). But because of station-
arity, LRD processes cannot exhibit fluctuations at any arbitrary
scale, as do self-similar processes.

An often mistaken relationship between LRD and self-similarity
concerns the fact that self-similarity for H > 0.5 implies LRD.
There are thus two types of long-range dependent behavior: one
that is limited to the definitions 3 and 4 for a second-order station-
ary process but where self-similarity does not hold, and the long-
range dependence that is a consequence of self-similarity. This dis-
tinction has often been neglected in the literature but has important
consequences in practice on the type of process considered. For ex-
ample, it is not always possible to empirically distinguish between
correlations that span more than the length of the studied sample,
pure LRD and LRD produced by a self-similar process.

2.2 A Wavelet Primer
This section provides a very short introduction to wavelets. For a
complete treatment of wavelet theory and analysis, we refer to [9,
3, 2].

Discrete wavelet signal decomposition consists in analyzing a sig-
nal X(t) through a bandpass oscillating function ψj,k where j rep-
resents the timescale and k the time instant. Throughout this paper,
small values of j represent the smallest timescales and large val-
ues represent the coarsest timescales. By scaling and shifting this
function ψ, it is possible to break the signal into its timescale com-
ponents (at timescale j) and within each timescale along the time
axis (at time k):

ψj,k(t) = 2−j/2ψ(2−jt− k) (5)

where the ψj,k(t) form an orthonormal basis of square integrable
functions. Hence any square integrable signal can be approximated
by a finite linear combination of the ψj,k(t).
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A scaling and shifting operation by a factor (j, k) moves the origi-
nal central frequency f0 of the function ψ to frequency 2−jf0 while
shifts it in time by a factor of 2jk. The discrete wavelet transform
algorithm performs a dyadic tree decomposition (multiresolution
analysis) of the signal

X(t) =
X

k

cX(j0, k)φj0,k +
J

X

j≤j0

X

k

dX(j, k)ψj,k(t) (6)

where the first term represents an approximation of the signal while
the second term represents the details, j0 being the resolution depth,
i.e. the coarsest resolution at which the signal is analyzed. The
cX(j0, k) are called the scaling coefficients and φ the scaling func-
tion. The dX(j, k) are called the wavelet coefficients and are of
special interest because they are used as a substitute for the incre-
ments of the process over the dyadic tree of the time-frequency
plane. The orthogonal basis property of φ and ψ allows the easy
computation of the coefficients by simple inner products with the
signal. The nice properties of the wavelet transform make the wave-
let coefficients better suited for statistical analysis in comparison
to the original increments of the process. In addition, the wavelet
transform has a low time complexity in O(n), making it efficient.
From now on, we shall exclusively deal with the d(j, k) instead of
the process increments Xδ(k).

Several properties of wavelets make them particularly suited at an-
alyzing scaling processes:

1. scale invariance: the wavelet basis being built through the di-
lation operator, the analyzing functions family has a built-in
scaling property that reproduces scaling present in the data.

2. robustness of the mother wavelet against non-stationarity:
the mother wavelet (ψ0) has a number N ≥ 1 of vanish-
ing moments

R

tkψ0(t)dt ≡ 0, k = 0, ..., N − 1 , allowing
the wavelet to remove any polynomial trend of order up to
N − 1.

3. almost decorrelation of the wavelet coefficients: under the
assumption of N ≥ H + 1/2, global LRD among the incre-
ments of the process can be turned into short-range depen-
dence among the wavelet coefficients [33].

These properties ensure that the wavelet transform captures the
scaling properties of the signal (point 1), that bias from LRD in
the increments will not bias a statistical analysis of the wavelet co-
efficients (point 3), and that influence from polynomial trends up to
order N − 1 will be removed by the wavelet (point 2).

3. TCP FLOW ARRIVALS
This section studies the process of the TCP flow arrivals, defined
as the number of new TCP flows seen for every time interval. Sec-
tion 3.1 first describes the traffic traces on which we rely for our
analysis. Section 3.2 studies the second-order properties of the TCP
flow arrivals, globally over the traces and also in a time-dependent
way. Section 3.3 deals with the higher-order properties of the TCP
flow arrivals. Finally, section 3.4 studies the behavior of one par-
ticular trace to better understand the effect of the application mix
on the high-order properties of the TCP flow arrivals. In both sec-
tions 3.2 and 3.3, we first present the estimators on which we rely
before carrying out the corresponding traffic traces analysis.

Note that because of the different time granularities of the traces,
the same octaves on different graphs may represent different time-
scales. The Auckland trace and the PSC trace use a 10 ms preci-
sion, hence octave 1 corresponds to 20 ms. For all other traces, we
use a 100 ms time granularity so octave 1 represents 200 ms. Each
subsequent octave reduces the amount of data by a factor of two,
hence corresponds to a timescale 2 times larger than the previous
octave.

3.1 Traffic Traces
3.1.1 LBL-CONN-7
The "lbl-conn-7" trace, available on the Internet Traffic Archive [1]
contains thirty days’ worth of all TCP connections (606,497 con-
nections) between the Lawrence Berkeley Laboratory (LBL) and
the rest of the world. It was collected with tcpdump on a Sun Sparc-
station using the BPF kernel packet filter between September 16
1993 through October 15 1993. The time precision of the trace is
1 µs but we used in this paper a 100 ms precision aggregation, by
not having taken into account in the timestamps the digits corre-
sponding to timescales below 100 ms. Only the TCP connections
that ended normally (with both SYN and FIN) were used. The most
important applications were e-mail (SMTP) with 34 % of the flows
and 3 % of the bytes, FTP with 18 % of the flows and 51 % of the
bytes, news (NNTP) with 11 % of the flows and 25 % of the bytes,
and finally telnet with 15 % of the flows and 2 % of the bytes. We
call this trace the "LBL" trace in the remainder of this paper. For
further description of this trace, we refer to [27, 28, 1].

3.1.2 UC Berkeley Home IP Web
The "UC Berkeley Home IP Web" trace is also available from the
Internet Traffic Archive [1]. This dataset consists of 18 days’ worth
of HTTP traffic gathered from the Home IP service offered by UC
Berkeley to its students, faculty, and staff. All clients were us-
ing modems. This client trace was collected through the use of a
packet sniffing machine placed at the head-end of the Home IP mo-
dem bank. The tracing program used was a custom module writ-
ten on top of the Internet Protocol Scanning Engine (IPSE) created
by Ian Goldberg. Only traffic destined for port 80 was traced, all
non-HTTP protocols and HTTP connections for other ports were
excluded from these traces. No TCP flag filtering was performed
on this trace, nor were all requests normally terminated (with FIN
flag set), so only the fact that the SYN flag was set for the corre-
sponding TCP connections is certain. It contains 9,244,728 flows
spanning the period from November 1 1996 through November 19
1996. Although a better precision was available, we used a 100 ms
time granularity for the timestamps. Further information about this
trace can be found on the ITA website [16]. We refer to this trace
as the "UCB" trace in the remainder of this paper.

3.1.3 Auckland IV
The Auckland-IV data set [23] is a continuous 45 days GPS syn-
chronized IP header trace captured with a DAG3 system [22] at
the University of Auckland Internet uplink by the WAND research
group between February and April 2001. The University of Auck-
land ITSS department is operating an OC3 ATM link via Clear
Communications, which is carrying a variety of services off the
main campus. This is a continuous 6 1/2 week GPS-synchronized
IP header trace taken with a pair of DAG3 cards at the University
of Auckland Internet access link. The timekeeping precision of the
DAG timestamping engine, called the DUCK, has been monitored
during the entire duration of the trace and was guaranteed to be less
than 1 µs to UTC at all times. The tap was installed at an OC3 link
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carrying a number of Classical-IP-over-ATM, LANE and POTS
services. The trace contains all Classical-IP headers of a pair of
redundant VPI/VCI’s, which connects the university to their local
service provider. Incoming and outgoing directions were captured
as different traces. We selected a 7-days sample representative of
the whole for the analysis of this paper. There were 11,919,853
incoming flows (12,335,605 outgoing) during the selected 7-days
period. In this trace, we solely relied on packets that had the SYN
bit set and used a 10 ms precision due to trace size limitations.
Most of the bytes and flows of this trace were due to HTTP traffic
(see [23] for more details). We refer to this trace as the "Auckland"
trace in the remainder of this paper.

3.1.4 Yucom
The "Yucom" trace consists of all flows between modem clients of
a small Belgian ISP, Yucom. Yucom is a commercial ISP that pro-
vides Internet access to dialup users through regular modem pools.
The trace spans less than 5 days between April 17 and April 21
2001. It is a Netflow trace [6], not a packet one. The collecting
machine was located within the premises of the ISP and was run-
ning OSU-flow-tools [30]. Due to the 30 seconds flow timeout pol-
icy used by Netflow, we did not rely on the raw flow information
as that over-estimates the number of flows. Instead, we consid-
ered only the incoming TCP flows that had the SYN flag set. This
means that even if we do not have the correct TCP flows informa-
tion because of the Netflow timeout, we have the same information
concerning the new TCP flows (SYN). During the whole period of
the trace, there were 59,581,814 incoming TCP flows that had the
SYN flag set. Among the 574 GBytes of the incoming TCP flows
in the trace, HTTP and HTTPS represent 72 % of the bytes and 77
% of the flows, chat 16.2 % of the bytes and 7.7 % of the flows,
and e-mail 5 % of the bytes and 6 % of the flows. We call this
trace the "Yucom" trace in the remainder of this paper. We used a
100 ms time granularity for this trace. Note that we only study the
incoming flows of this trace in this paper.

3.1.5 PSC
This trace consists of all outgoing flows seen on two monitoring
points internal to the Pittsburgh Supercomputing Center, an Amer-
ican commodity and Internet2 network provider to organizations
in western Pennsylvania. The flows were collected continuously
over 24 hours starting from March 12 2002 16:40 GMT at both
monitoring points [35]. These points covered all outbound com-
modity traffic from non-dormitory hosts at a large university, in
addition to all outbound commodity traffic at several smaller orga-
nizations. The collection was made using the CoralReef package
from CAIDA [20] using typical Netflow settings for flow expira-
tion. During the flow period the network served by one monitor-
ing point experienced considerable congestion, effectively impos-
ing rate limits during peak usage times. We consider the TCP traffic
only. Because we had no information about the TCP flags, all ter-
minated flows (FIN or 30 seconds CoralReef timeout) were treated
as completed flows. We used a 10 ms time granularity for this
trace. There were 39,786,219 TCP flows in the trace, representing
574 GBytes of IP traffic. The important applications we identified
were Gnutella with 22 % of the bytes and 12 % of the flows, Kazaa
with 20 % of the bytes and 8 % of the flows, HTTP with 10 % of
the bytes and 60 % of the flows. We call this trace the "PSC" trace
in the remainder of this paper.

3.1.6 Summary
Table 1 summarizes the most important differences between the
five traffic traces used in the remainder of this paper.

Table 1: Summary of the five traffic traces.
Trace Precision Type TCP filter Length
LBL 100 ms Packet SYN+FIN 30 d
UCB 100 ms Packet HTTP 18 d

Auckland 10 ms Packet SYN 7 d
Yucom 100 ms Netflow SYN 5 d

PSC 10 ms CoralReef All 1 d

3.2 Second-order properties
3.2.1 Second-order scaling
The most widely used wavelet-based estimator of scaling, the log-
scale diagram (LD) [3] consists in plotting yj = log

2
(µj) against

j (together with the confidence intervals), where

µj =
1

nj

nj
X

k=1

|dX(j, k)|2, (7)

nj is the number of wavelet coefficients at octave j and dX(j, .)
denotes the wavelet coefficients (of the discrete forward wavelet
transform of the time series) at octave j. The LD allows the detec-
tion of scaling through observation of strict alignment (linear trend)
of the confidence intervals of the yj within some octave range. If,
and only if strict alignment is detected, can estimation of scaling
parameters be performed. The LD is a second-order statistics (sam-
ple variance) of the wavelet coefficients, hence it does not capture
the higher-order properties of the signal.

Because of the potential bias from non-stationarity, we also rely on
a method introduced in [35] that consists in computing the logscale
diagram over fixed-length time intervals. In this method, one plots
on a three dimensional graph the evolution in time of the LD’s com-
puted over fixed size time intervals, hence its name 3D-LD. On the
plot of the 3D-LD, half of the points of each 3D-LD overlap with
those of the neighboring LD’s, to provide a smoother visual aspect
of the 3D-LD.

Correctly interpreting the 3D-LD requires some care. The first
property of the analyzed trace seen on the 3D-LD is the evolution
in time of the general level of each LD. Since the LD measures the
variance of the wavelet coefficients of the signal at each timescale,
the LD tells how the energy of the signal is split among the different
timescales. Note however that since wavelet coefficients represent
the increment of the process from which polynomial trends have
been removed, the variances of the wavelet coefficients do not sum
to the total energy of the original signal. Changes in the global level
of subsequent LD’s suggest corresponding changes in the total en-
ergy in the signal’s increments. A second-order stationary signal,
whose mean and variance do not change, should thus have a 3D-
LD that does not change with time. In addition, changes in the LD’s
with time indicate changes in the relative contribution to the energy
of the process at each timescale.

The main information about the variability of the process provided
by the LD concerns how the variability of the process is decom-
posed among the different timescales. The slope of the LD over
some octave range gives qualitative information about the signal.
A slope close to zero points to an uncorrelated process. A positive
slope is an indication of potential scaling (LRD or self-similarity).
A negative slope means that the process is short-range dependent
or self-similar with H < 1/2. The interest of the 3D-LD is to help
visualize the changes of the LD in time. It has been shown in [35]
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Figure 1: Logscale diagrams.

that whenever several components exist at different timescales and
whose behavior change with time, the LD alone might be largely
biased. If the non-stationarity in the process is important or the
different components of the signal at the different timescales inter-
act, then the LD might point to a process whose scaling properties
are actually different from the real ones. The 3D-LD is a valuable
tool in such situations, to invalidate and eventually correct the in-
formation provided by the LD over the whole analyzed sequence.
Nevertheless, the nature of scaling cannot be automatically inferred
simply from the 3D-LD, it is a graphical method that helps better

understand the time-varying nature of the LD.

3.2.2 Second-order analysis
In this section, we study the second-order properties of the TCP
flow arrivals for the traces presented in section 3.1. We study their
second-order scaling properties over the total length of the traces,
as well as their time-dependent second-order scaling properties.

The interest of the logscale diagram is in identifying the presence
of strict scaling over a range of timescales in the process taken as a
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Figure 2: 3D-logscale diagrams.

whole. If a straight line of positive slope can be fitted to a portion
of the logscale diagram, this indicates the presence of scaling (be it
self-similarity, LRD or simply correlation).

Figure 1 presents the LD for the five traffic traces. As it appears
on the graphs, there is no evidence of strict scaling except for very
limited octave ranges like octaves [7,10] for Yucom. A property of
the LD concerns the theoretical possibility to distinguish the type
of process present within some octave range based on the value of
the slope of the logscale diagram [3]. Based on these figures only,

there are roughly four different regions on each of the graphs.

Timescales below seconds (octaves in [1,6] for Auckland and PSC,
octaves in [1,3] for UCB, Yucom and LBL) show evidence of small
correlations (or almost uncorrelated for Auckland outgoing, UCB
and LBL). Based on the results of [5], we would expect a non-
stationary Poisson process at these timescales, hence no correlation
at all and a zero slope of the LD.

Timescales between seconds and minutes (octaves in [7,12] for
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Auckland and PSC, octaves in [4,9] for UCB, Yucom and LBL),
show evidence of dependence (0 < slope < 1) for all traces. The
LD’s of Auckland (incoming), PSC and Yucom seem to exhibit
some peculiar behavior, with negative slopes for very limited seg-
ments of their LD at these timescales. This behavior will be ex-
plained later in this section.

Timescales between minutes and a few hours (octaves in [13,18] for
Auckland and PSC, octaves in [10,15] for UCB, Yucom and LBL)
show evidence of a self-similar process (slope > 1). The absence
of strict alignment however rules out the possibility of strict self-
similarity, but rather points to a non-stationary process.

Finally, the largest timescales exhibit very large confidence inter-
vals such that inference is hopeless. These large timescales have
however been studied in [35] that identified some periodic "time of
the day" pattern for timescales larger than half an hour.

With the knowledge of the flow arrivals process whose second-
order properties were shown to be highly non-stationary in [35],
we know that the LD should not be trusted because it does not show
how scaling evolves within the time span of the studied time-series.
Henceforth, we now turn to the 3D-LD of the TCP flow arrivals,
which is still a second-order statistic of the wavelet coefficients but
which makes explicit non-stationarity in the LD.

Figure 2 shows the evolution of the LD computed for overlapping
blocks of a little less than 3 hours for Auckland, 110 minutes for
UCB, 3.5 hours for Yucom, 45 minutes for PSC and 29 hours for
LBL. The size of the blocks to compute the LD for each trace was
chosen large enough to be able to show the largest octaves we were
interested in. Note that we do not show the confidence intervals for
the 3D-LD only to prevent visual overloading of the graphs.

The first noticeable pattern visible on the 3D-LD’s of Figure 2 is
the "time of the day" pattern. Recall that the largest octave of
the LD represents the energy contained in the signal that was not
matched by the wavelet transform at the smaller timescales. Hence,
non-stationarity in the mean will be visible through a time-varying
value of the LD for the largest octaves. This non-stationarity al-
ready identified in [35] is confirmed here on all traces.

Second, all traces except Auckland incoming and PSC have a sim-
ilar 3D-LD. This gives evidence of no fundamental change in the
scaling properties of the TCP flow arrivals between 1993 and 2002,
nor any particular change of the scaling properties due to changes in
the application mix of the traces. Even the PSC trace and Auckland
incoming would have a 3D-LD similar to those of the other traces,
were they not biased by some unusual events as will be shown later
on.

The other type of non-stationarity present in the traces appears for
the incoming flows of Auckland (top right of Figure 2), where days
two and three exhibit sharp peaks causing the larger energy of the
LD for the flows over octaves [8,15] (top right of Figure 1). A
single short-term event in the traffic might thus significantly bias
the 3D-LD. Finally, the PSC trace will be shown to be biased by
rate limitation enforced for a particular client (see section 3.4). The
effect of rate limitation on the LD of PSC is to produce a constant
positive slope for octaves [1,8].

Although the second-order properties are not sufficient to infer the
scaling properties of a process, the 3D-LD already hints at the pos-

sible components of the process at different timescales. For in-
stance, the 3D-LD’s of Figure 2 strengthen our confidence in the
absence of scaling at subsecond timescales, with a zero slope of
the LD for almost all traces and all time periods. Furthermore, even
if we found evidence of correlations between seconds and minutes
and of self-similarity between minutes and hours with the LD, these
timescales do not seem to contain two such clearly distinct compo-
nents. The time-varying slope of the LD’s on Figure 2 for time-
scales between seconds and hours rather suggest that these time-
scales contain a mix of correlation, scaling and non-stationarity.
The purpose of the next section is however to try to disambiguate
the question of which type of process is present at each timescale.

3.3 High-order properties
3.3.1 High-order scaling
The wavelet-based partition function is defined as

S(q, j) =
X

k

|2−j/2 dX(j, k)|q (8)

where 2−j/2 is a normalizing factor to remove the L2 normaliza-
tion of the wavelet. The partition function captures the local scaling
behavior of a signal, in that raising the wavelet coefficients to an
exponent magnifies the importance of the largest coefficients that
arise due to a local irregularity, while it reduces the importance of
small coefficients. Recall that a wavelet is an oscillating function,
hence the value of the wavelet coefficient is proportional to the size
of the irregularity that is matched by the inner product between
the process and the wavelet. The smaller the wavelet coefficients
for some scale j, the smaller the value of the partition function for
S(q, j) for large q. This permits to study the importance of the lo-
cal irregularities at some timescale j. A relatively smooth process
that has no particularly large local irregularity will have values of
the S(q, j) for q > 2 larger than S(2, j). We call such a process
a second-order process in the remainder of this paper. An irregu-
lar process on the other hand will tend to have larger values of the
S(q, j) for large values of q. We call such a process a high-order
process in the remainder of this paper. Note that we only study the
positive moments because we are only interested in the irregulari-
ties of a process.

Multiscaling is a relaxation of strict scaling where the linearity re-
lation among moments does not hold anymore but can vary for each
moment q [31, 36]:

• self-similarity : E |d(j, k)|q∝ exp(qH ln(2j)),

• multiscaling : E |d(j, k)|q∝ exp(H(q) ln(2j)).

Strict self-similarity implies that all moments behave like a power-
law of the timescale, where the power-law is linear with respect to
H . Multiscaling on the other hand allows the power-law relation-
ship among moments to depend on the moment q. Self-similarity
imposes that a single parameter H controls the behavior of the
whole dynamics of the process. Multiscaling on the other hand im-
plies a non-linear behavior of the moments with respect to one an-
other. An example of multiscaling is multifractality [18, 29] where
there exists a whole spectrum of local scaling exponents related to
the local (ir)regularity of the sample path of the process. Let α(t)
denote the local scaling exponent of the process at time t, then a
self-similar process has α(t) = H while a multifractal process
has a non-constant scaling exponent α(t) = H(t). This exponent
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α(t) is related to the local geometrical properties of the function,
where α(t) > 1 is related to small local variations while α(t) < 1
to large local irregularities. Multifractality occurs when H(q) de-
pends non-linearly on q but linearly with respect to j: each moment
S(q, j) then tends to diverge relative to one another for the smallest
timescales.

Besides power-laws of the moments in time, it is also possible to
study the power-law relationship among moments (q) at a given
timescale j. The partition function is a means to determine the
"type of process" that arises at some timescale through the multi-
scaling paradigm. Multiscaling allows for three possible behaviors
related to the linearity of high-order moments relative to low-order
ones :

1. sub-linearity of a LRD, correlated or non-scaling process im-
plies that M(j) < 1,

2. linearity of a self-similar process implies that M(j) ∼ 1,

3. super-linearity of a multiscaling process implies thatM(j) >
1,

with

M(j) =
D˛

˛

˛

log(S(q + 1, j)) − log(S(q, j))

log(S(2, j)) − log(S(1, j))

˛

˛

˛

E

q
, (9)

where 〈〉q represents the averaging over the values of q. It must be
born in mind that the multiscaling paradigm is meaningless unless
second-order scaling holds. Furthermore, care must be taken when
arguing about the "nature" of the process for as with the LD, what
one sees is often a worst case behavior in the scaling properties
of the data. The reason is that summing or averaging the wavelet
coefficients leads to a potential bias coming from a few very large
wavelet coefficients. For example, the LD is largely biased against
second- and higher-order non-stationarity. The partition function
presents the same defect as the LD so that multiscaling in the pro-
cess could hide self-similarity or LRD if the value of the irregular-
ities of this component are sufficiently large compared to the other
components of the process at a given timescale. Hence, care must
be taken not to consider too seriously what the M(j) says without
carrying a time-dependent analysis in order to check whether non-
stationarity in the process does not bias the estimation. Instead of
the M(j), we shall rather use log(M(j)) that maps the three types
of scaling processes, LRD (or positive correlations), self-similarity
and multiscaling respectively to the negative, zero and positive val-
ues of log(M(j)). Another important thing to be noticed is that this
scaling among moments cannot be used without considering a cer-
tain number of timescales for the qualitative analysis to be mean-
ingful. It is not possible to analyze one single timescale through the
M(j) since scaling still has to be present in the second-order prop-
erties for the high-order analysis to make sense. The multiscaling
paradigm is useful as a complement to second-order analysis, not
as a standalone tool.

3.3.2 High-order analysis
The counterpart of the LD for the high-order properties is the par-
tition function, as described in section 3.3.1. While the LD informs
one about the energy (variance) of the increments of the process,
the partition function gives information about the distribution of
large and small wavelet coefficients at each timescale. For this, we
plot log(S(q, j)) as a function of the scale j, for a range of values

of the moments q. If the low-order moments (q ≤ 2) have a larger
log(S(q, j)) than high-order moments (q > 2), then in means that
the deal with a second-order process (according to the terminol-
ogy defined in section 3.3.1), which is well described by the low
order properties of the wavelet coefficients. A second-order pro-
cess must in turn exhibit a relatively smooth sample path at this
timescale, without large-valued wavelet coefficients.

Figure 3 presents the logarithm of the partition function log(S(q, j))
for all traces. Two important things must be looked at when inter-
preting the partition function. First, discriminating between second-
order (smooth) and high-order (irregular) processes can be done by
determining for which values of q the log(S(q, j)) is the largest. A
second-order process will have larger log(S(q, j)) for q ≤ 2 while
a high-order process for q > 2. Figure 3 shows that Auckland
outgoing, UCB and LBL are second-order for the timescales above
a few seconds. Auckland incoming is second-order for timescales
larger than 5 minutes only. All other traces are high-order pro-
cesses. This implies that most of the traces contain large wavelet
coefficients at each timescale, hence large irregularities.

An often underestimated issue with wavelet analysis concerns non-
stationarity. Wavelet estimators rely on some sufficiently large sam-
ple of a time series where the wavelet coefficients on the fixed
dyadic grid are assumed to be stationary, at least in the sense of
the studied properties of the process. The wavelet coefficients can
then be used to compute a meaningful statistic of some property of
the process. Wavelet-based statistics however might get biased by a
few very large coefficient arising due to a few large irregularities in
the process at some timescale. To check for such non-stationarity,
we compute the statistics over many subsamples of the time-series
and compare them so that one can determine what is a true property
of the process and what is just an "outlier", i.e. an abnormal event.

So let us now turn to the time-dependent partition function, to de-
termine whether the high-order behavior identified in the partition
function arises for limited periods of the process or is an actual
property of the process that lasts for its whole duration. Figure 4
shows the distribution of the partition function for limited time in-
tervals for the second and the sixth moments. This figure indi-
cates how frequently the high-order properties (log(S(6, j))) are
more important than (log(S(2, j))), by plotting the values of the
log(S(q, j)) (for q = 2 and 6 only) computed over half-overlapping
and constant-size time intervals.

The Auckland outgoing plot (top left of figure 4) shows that a sin-
gle block is high-order so that the partition function (top left of
figure 3) was not biased by this single event. The Auckland in-
coming plot (top right of figure 4) on the other hand shows that a
few blocks have larger high-order moments for octaves [8,14] but
this time these events were sufficiently strong to bias the partition
function so that one would consider these timescales as containing
high-order scaling while they are actually low-order most of the
time. The same bias arises for the PSC trace for octaves [9,14] that
are mistaken as high-order by two time blocks during which high-
order moments are larger than the second-order one. The other
traces do not seem to contain such a pathological behavior.

The raw plot of the partition function provides information about
the smoothness of the process at each timescale. To infer the type
of scaling that occurs over some timescale range, one must also
check the linearity of the moments of the process relative to one
another. For this, we compute for small blocks of time the M(j)
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Figure 3: Partition functions.

for each j and each trace, then we plot log(M(j)) as a function of
j. Figure 5 presents the evolution in time of log(M(j)) for each j,
for each trace.

Recall that high-order scaling cannot be inferred unless second-
order scaling is also valid. Strict second-order scaling together
with negative values of log(M(j)) are evidence of LRD or pos-
itive correlations. Strict second-order scaling together with val-
ues of log(M(j)) around zero are evidence of self-similarity. Fi-
nally, strict second-order scaling together with positive values of

log(M(j)) are evidence of multiscaling.

Since no strict second-order scaling was identified in the LD, one
should conclude that there is no evidence of scaling in the TCP
flow arrivals except for the "pathological" behavior of the small
timescales of the PSC trace. Things are not that simple in practice.
The 3D-LD’s of Figure 2 showed evidence of different components
in the TCP flow arrivals, whose scaling properties vary with time
and from trace to trace.
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Figure 4: Stationarity check of high-order scaling properties.

The LBL trace (bottom right of Figure 5) is the easiest to inter-
pret since all values of the log(M(j)) are negative, showing ev-
idence for no high-order scaling. The Yucom trace (middle right
of Figure 5) exhibits the opposite behavior, with only positive val-
ues of its log(M(j)), pointing to some form of high-order scaling.
Since no second-order scaling could be identified in the Yucom
trace, we do not know what type of process this trace may contain
particularly with the absence of structure in its high-order prop-
erties (no straight line in the partition function nor linear moment
scaling in the M(j)). The PSC trace (bottom left of Figure 5) ex-

hibits a mixed behavior of its log(M(j)), with positive values for
the subsecond timescales while negative values for the large time-
scales. The intermediate region of the M(j) for PSC is due to
the crossing of the second and high-order moments at timescales
around a few seconds, that explains the large positive values of the
log(M(j)) caused by a very small denominator of the M(j). The
same behavior of positive values of the log(M(j)) caused by a very
small denominator of theM(j) arises at the smallest timescales for
the Auckland and UCB traces. We conjecture that this behavior is
probably not more than some kind of "phase transition" occurring
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Figure 5: Stationarity check of M(j) estimator.

in the statistical properties of the TCP flow arrivals, maybe due to
a too small number of TCP flow arrivals at the timescales that are
mistaken by the wavelet analysis as large changes in the process.
We do not believe that this behavior has anything to do with high-
order scaling.

As most of the log(M(j))’s of the traces are negative, this suggests
that except for the small timescales of PSC, there is no high-order
scaling in the TCP flow arrivals. The second-order scaling that
arises in the TCP flow arrivals at timescales larger than seconds

is hence more likely to be connected to correlations or LRD. The
smoothness of the TCP flow arrivals at timescales larger than sec-
onds, as shown by the stationarity check of the partition function
(Figure 4), seems to rule out the presence of self-similarity in this
process.

3.4 Applications behavior
In this section we study one particular trace, the PSC trace. The
reasons to focus on this trace are numerous: first we have the infor-
mation about the TCP flow arrivals of the internal clients of PSC.
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Figure 6: Flow size distributions for Kazaa (left) and Gnutella (right).

Table 2: Comparison of flows mix for the two largest PSC
clients.

Client HTTP P2P Total

1 9,767,651 2,265,086 12,032,737
2 2,038,776 2,769,587 4,808,363

Second, we know that the largest client undergoes rate limitation.
We can thus compare the impact of rate limitation on the TCP flow
arrivals. Finally, we know that a significant percentage of the traf-
fic is P2P so that we can also compare the difference in scaling
behavior between P2P and HTTP flows.

Table 2 compares the number of flows for the two largest clients,
for HTTP and P2P (only Kazaa and Gnutella, ports 1214 and 6346).
The number of P2P flows is quite large, representing 18 % of the
TCP flows for the largest client and 57 % for the second largest
client. It is well known that there are two types of TCP flows in
P2P traffic: those that are used for "control" purposes and those that
carry the real traffic exchanged between P2P hosts. P2P traffic has
a particular TCP flow size distribution due to two different types of
requests, as illustrated by Figure 6. Figure 6 shows that there are
many very small flows whose size is smaller than 1 KBytes (85 %
for Kazaa, 93 % for Gnutella), while these flows do not represent
a significant traffic volume (0.7 % for Kazaa, 0.8 % for Gnutella).
These small P2P flows correspond to arrivals that did not induce a
complete transfer (control messages or aborted transfers). Most of
the traffic volume for P2P arises from very large flow sizes. P2P
flows of size larger than 1 MBytes represent more than 93 % of the
Kazaa traffic and more than 95 % of the Gnutella traffic. Due to
space limitations, we do not show the scaling analysis of the small
and large P2P flows, but there is no important difference between
the scaling properties of the arrivals of these flows.

Figure 7 presents the LD (top), 3D-LD (middle) and M(j) estimator
(bottom) for the two largest clients of PSC. The difference between
the second-order properties of the two clients is obvious: the largest
client has the mark of its rate limitation. The LD of the largest client
exhibits a larger variance of its wavelet coefficients for subsecond
timescales while the second client has a more "common" LD. The
3D-LD confirms the information provided by the LD, in that rate

limitation affects the TCP flow arrivals all the time. The log(M(j))
confirms that the high-order scaling is linear in q for octaves [1,5].
This behavior corresponds to multifractality since the moments di-
verge linearly from one another at the smaller timescales, hence the
almost constant log(M(j)). [11] showed that the small timescales
of congested TCP traffic was multifractal. Here we show that such
models as multiscaling and multifractals are even applicable for
TCP flow arrivals, not only for traffic volume at the packet-level.

To conclude this section, the two main applications present in the
PSC trace do not exhibit the same scaling properties. Figure 8 pro-
vides the 3D-LD’s of the two largest clients, by splitting their flows
into HTTP (port 80) and P2P (ports 1214 and 6346). As evidenced
by Figure 8, only the HTTP flows of the largest client of PSC (top
left of Figure 8) exhibit multifractal scaling at timescales below
seconds. P2P flows on the other hand do not seem to be sensitive
to rate limitation.

4. EVALUATION
In this section, we discuss the implications of the findings of this
paper on the scaling properties of Internet traffic identified in the
literature.

[7, 24] have shown the influence of the distributional properties
of web traffic and file sizes on the statistical self-similarity of the
traffic. This self-similarity was a second-order one, not strict self-
similarity as used in this paper, and it involved a single value H for
all timescales. Other papers [25, 12, 15, 11] dealing with scaling in
Internet traffic have convincingly showed the influence of the TCP
protocol and its dynamics on the traffic scaling properties.

In this paper, we showed that no strict scaling could be identified in
the TCP flow arrivals. However, we showed evidence of four differ-
ent components in this process of the TCP flow arrivals. At the sub-
second timescales, an uncorrelated process takes place. Between
seconds and minutes, we identified a second-order non-stationary
process that could be caused by correlations. Then, at timescales
between minutes and hours, we found evidence for another second-
order process. The fourth component of the TCP flow arrivals at
timescales beyond hours confirmed [35] that found a "time of the
day" pattern. Relying on high-order scaling and non-stationarity
checks revealed that TCP flow arrivals were everything but station-
ary and that this process has relatively smooth sample path proper-
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Figure 7: LD, 3D-LD and M(j) estimator for largest two PSC clients.

ties.

Our study of the non-stationarity of the scaling properties of the
TCP flow arrivals also provided a methodological contribution to
the study of scaling in network traffic. We applied this method-
ology on the TCP flow arrivals and demonstrated its ability to re-
move the intrinsic bias of non-stationarity when studying the scal-
ing properties of processes with wavelet-based estimators. We showed
in this paper that inferring scaling properties cannot be performed
without properly caring about issues like non-stationarity or the

presence of several components in the process under study. The
assumption of stationarity is too often made in the literature with-
out carefully checking for it. This is not to say that previous works
in the literature should be questioned. The presence of scaling in
network traffic is not questionable. However, studying the scal-
ing properties of some process requires a thorough methodology,
mainly because of the very nature of scaling processes whose sam-
ple path properties tend to bias many scaling estimators [8].

In this paper, we confirmed the presence of second-order scal-
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Figure 8: 3L-LD’s for HTTP and P2P flows of largest two PSC clients.

ing (although not strict scaling) in the TCP flow arrivals, confirm-
ing [10, 35]. Furthermore, we showed that high-order scaling was
also necessary to properly describe its dynamics. We showed evi-
dence for multifractal-like scaling in the HTTP flows of the largest
client of PSC undergoing rate limitation. This paper therefore points
out the importance of the process of the TCP flow arrivals as an-
other potential cause for the scaling identified in Internet traffic.
While flow size distribution in web traffic and network mechanisms
are undoubtedly involved in the scaling nature of network traffic,
flow arrivals could also be involved, even if masked by other types
of scaling. This paper hence asks for more investigations about the
relationships between scaling in network traffic and the process of
the flow arrivals. We showed in this paper that our understanding
of the process of the flow arrivals is still extremely limited. Much
interesting information could be gathered by thoroughly studying
this process, especially the relationships between the network con-
ditions and the interactive behavior of the users. The high-order
moments properties provide largely unexploited information about
the fine-grained dynamics of network traffic.

5. CONCLUSION
In this paper, we have studied the process of the TCP flow arrivals
through the wavelet lens and analyzed in details its scaling proper-
ties. We studied the non-stationarity of the TCP flow arrivals and
provided a methodology to understand the type of scaling present
in this process as well as remove the bias from non-stationarity. We

showed that such a methodology is necessary to guarantee a sound
inference of the scaling properties of such a complex process as the
TCP flow arrivals.

We first described the different scaling processes and the wavelet
tools aimed at analyzing them. Then, we studied the second-order
scaling properties of the TCP flow arrivals and showed its non-
stationarity. We also showed that no strict scaling was present over
the whole range of timescales of the traces. Our analysis pointed
to the nature of the process at each timescale, with an uncorrelated
process at the subsecond timescales, correlation between seconds
to minutes, LRD or self-similarity between minutes and hours, and
finally the "time of the day" pattern for timescales larger than hours.
Knowing that second-order properties are not sufficient to infer the
scaling nature of a process, we then analyzed the high-order proper-
ties of the TCP flow arrivals, to discover that high-order scaling was
present in the HTTP flows of one of the traces, caused by rate lim-
itation. The P2P flows of the same trace were however not affected
by this rate limitation. We showed that this rate limitation produced
a stationary multifractal-like scaling at the subsecond timescales.
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