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Abstract

We prove that any optimal tree resolution proof of������	
 is of size �
� � 
�� ����
�� , independentlyfrom � , even
if it is infinity. Sofar, only a ��� � 
�� lower boundhasbeen
known, in the general case. We also showthat any, not
necessarilyoptimal, regular tree resolutionproof

������	

is boundedby ��� � 
�� ��� 	 � . To bestof our knowledge, this is
for thefirst time, theworst caseproof complexity is consid-
ered. Finally, wediscusspossibleconnectionsof our result
to Riis’ complexity gaptheoremfor treeresolution.

1 Introduction

Pigeon-HolePrinciple(
�����

) is probablythe simplest
andat the sametime the mostwidely usedcombinatorial
principle. In its classicalformulations,it statesthatthereis
no injectivemapfrom a finite � -elementsetto a finite � -
elementsetif ����� .

������	
 is very intuitive for thehu-
manwayof thinking,andit is alsoeasilyprovablewithin set
theory. This is howevernot thecasefor somepropositional
proof systems. In his seminalpaper[6], Hakenshowedthat
any resolutionproof of

����� 
� "!
 is of size ��� � 
�� . His proof
hasbeensimplifiedandgeneralisedin [16], [4], [2], [1]. For

quite a while, the bestknown resulthadbeena � � # 
�$�% 	'&
lower boundon any resolutionproof of

������	
 , thushav-
ing left the case�)(+*-,.��/103254
67�98 asan importantopen
problemin resolutionproof complexity. A partialprogress
had beenmadein [4], [9], [13], wherelower boundsfor
somerestrictedkind of resolutionhave beenproven. Re-
cently, a ��� � 
�:�� lowerboundonany regular resolutionproof
of
����� 	
 hasappearedin [9]. Shortlyafterthat,theprob-

lem hasfinally beensolved in [12] , wherethe latter result
hasbeenextendedto general, DAG, resolution.

In the paper, we considertreeresolution. Even though
it is oneof theweakestpropositionalproofsystem,studied,;
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the exact complexity of tree resolutionproofs of
������	


has not beenknown so far. A � � � 
�� lower bound was
shown in [3], whereasonecanconstructonly a �
� � 
9� ���<
��
treeproof by “unfolding” the ��� � 
�� DAG resolutionproof
givenin thesamepaper. A ��� � 
"� ���<

� lowerboundhasbeen
proved in [7], but only for ordinary pigeon-holeprinciple,
i.e.

����� 

 "!
 .

Thefirst contribution (section3) of our paperis closing
the gap. We prove a �
� � 
"� ���<
�� lower boundon any tree
resolutionproof of

����� 	
 , independentlyfrom � , even
if it is infinity. It is tight up to a constantfactorin the ex-
ponentor, in otherwords,up to a polynomialtransforma-
tion. As a consequence,we geta super-polynomialsepara-
tion betweenDAG andtreeresolution.We shouldhowever
notethatmuchstronger, almostoptimal,suchseparationis
known for anotherkind of tautologies.

Thesecondcontribution (section4) of thepaperis con-
sidering the worst-casetree regular resolutionproofs of������	
 . To bestof ourknowledge,this is for thefirst time,
the worst caseproof complexity is considered.We prove
anupperboundof ��� � 
�� ��� 	 � , which is non-trivial, asthere
are �=� variables,andonecan thereforeexpect the worst
caseto beasbadas � 	 
 (weconsiderof courseonly proofs
which do not containvacuousweakeningof axioms).This
hasthe following very interestingconsequence.Consider����� 	
 , where � is polynomially boundedby � , andde-
noteit by

�����?>A@CBED � 
��
 . Theoptimalandtheworst-casetree
regular resolutionproofsof

�����?>A@CBFD � 
��
 arepolynomially
related,andso areany two randomtreeregular resolution
proofs. This hasan interestingconsequencefor automated
theoremproving,asit showsthattherearenaturalproblems
for which any DLL-proof searchheuristicis asgoodasany
other.

Finally (section5), we discusssomepossiblerefine-
mentsof Riis’ complexity gaptheoremfor treeresolution,
motivatedby our results.



2 Preliminaries

Wefirst givesomedefinitions.A literal is eitherapropo-
sitionalvariableor thenegationof a propositionalvariable.
A clauseis a setof literals. It is satisfiedby a truth assign-
mentif at leastoneof its literals is true underthis assign-
ment. A setof clausesis satisfiableif thereexists a truth
assignmentsatisfyingall theclauses.

As wehavealreadysaid,by
������	
 wedenotetheclaim

that thereis no injectivemap from a setof size � to a set
of size � , where �G�H� . We encodeits negationas the
following setof clauses

1. IKJML !�N JML / NAOPOAO JML 
RQ for S�TVUWTV�
2. X J LZY N J L\[<] for S�T^U_T-� , S�Ta`cbedfTV�

We allow � to be infinity. In this case,we have an infinite
setof clauses,but all theclausesthemselvesarefinite. Al-
thoughwe considerthe injective

�����
, all the resultsand

proofsfrom thepaperremainvalid for thebijective
�����

,
too.

Resolutionis a proof systemdesignedto refutegivenset
of clausesi.e. to prove that it is unsatisfiable.This is done
by meansof theresolutionruleg !�h IAi Q g !9h I1j3i Qg ! h g / O
Thus,we canderive a new clausefrom two otherclauses
that containa variableand its negation respectively. The
goalis to derivetheemptyclausefromtheinitial ones.Any-
wherewesayweprovesomeproposition,wemeanthatfirst
we take its negationin aclausalform andthenresolutionis
usedto refutetheseclauses.

There is an obvious way to representevery resolution
refutationasa directedacyclic graphwhosenodesare la-
belledby clauses.Thesources,i.e. theverticeswith no in-
comingedges,aretheinitial clauses.Theonly sink, i.e. the
vertex with no outgoingedges,is theemptyclause.Every-
wherein thepaper, we say“the sizeof a proof” , we really
meanthenumberof verticesin thecorrespondinggraph.

We cannow definetwo importantrestrictedversionsof
resolution.First oneis treeresolutionwhenthe graphis a
treeor, in otherwords,wearenot allowedto reuseany pre-
viouslyderivedclauses.Theotheroneis regular resolution
wheneveryvariableis resolvedatmostoncealongany path
from asourceto thesink.

For an unsatisfiableset of clause,we can considerthe
following search problem: givena truth assignment,find a
clausewhich is falsifiedunderit. Thereis a closeconnec-
tionbetweenrefutinganunsatisfiablesetof clausesbysome
proof systemand solving the correspondingsearchprob-
lem within somemodelof computation.In [8], it is proven

thattreeresolutionrefutationsareequivalentto booleande-
cision trees. More precisely, given a refutationof the set
of clauses,it canbe viewed asa decisiontree,solving the
searchproblemandvice versa. The sameresultholds for
regularresolutionrefutationsandread-oncebranchingpro-
grams. In contrastto these,generalresolutionproofsare
not equivalentto branchingprograms.As a matterof fact,
thereis a polynomial-sizebranchingprogram,solving the
searchproblemcorrespondingto

����� 

 "!
 while all reso-
lution refutationsareof exponentialsize.

Everywherein the paper, we use the equivalencebe-
tweena treeresolutionproof anda booleandecisiontree.
All the proofsare, in fact, for decisiontrees,whereasthe
resultsarestatedin termsof treeresolutionproofs.Weonly
considertreeresolutionproofsthatareregular. This is nota
restrictionatall asin adecisiontree,it doesnotmakesense
to queryany variablemorethanonce.On theotherhand,if
wedonotsetthis restriction,wewouldnotbeableto prove
any upperbounds,asany given proof canbe extendedby
(unbounded)numberof “meaningless”applicationsof the
resolutionrule. Thus,from now on,everytimewesay“tree
resolution”,wereallymean“treeregularresolution”.As al-
readymentionedwedonotallow proofsto containvacuous
weakeningof axioms. In termsof decisiontreesa branch
terminatesassoonasacontradictionis reached.

A very important technique,we use to prove lower
boundson proofs, is consideringa proof as a Prover-
Adversarygame. It is first introducedin [11] anddeveloped
further in [10] for generalresolution. For tree resolution,
it canbe simplified,asdonein [5]. Adversaryclaimsthat
thereis a satisfyingassignment.Prover’s taskis to expose
him. In orderto do that,Prover asksquestionsaboutvari-
ablesaccordingto a decisiontree,sheholds.Clearly, there
is no way for Adversaryto win thegame.His taskis there-
fore to enforcea big enoughsubtree,containedin Prover’s
decisiontree. If hehasa strategy, enforcingthat,no matter
what strategy Prover uses,we have a lower boundon the
treeresolutionrefutationsof thegivensetof clauses.

3 Optimal proofs

We first constructa ��� � 
�� ���<

� treeresolutionproof (in
fact,booleandecisiontree,aswe havealreadymentioned),
andwe provethecorrespondinglowerbound.

Herewe fix somenotationsthatwe will usein boththis
andthenext section.We denotethebigger, � -elementset
by k , and the other, � -elementset by l . We considerk and l asthe two partsof the completebipartitegraphm 	?n 
 , and then thereis 1-1 correspondencebetweenthe
edgesof thegraphandvariablesJ . Thuswecanspeakabout
apartialmatchingin

m 	?n 
 insteadof apartialfunctionformk to l . All thequeries/questions,from thedecisiontree,
areabouttheedges.We canhoweversaythata questionis



abouta vertex, too if thecorrespondingedgeis incidentto
thatvertex.

Upper bound

Thesketchof theconstructionis asfollows. Obviously,
Provercanrestrictherselfto thefirst �copS elementsof k .
Sheasksconsecutively all thequestionsaboutthefirst ele-
mentfrom k , namelyJ !�! , J ! / , OAOPO J !C
 . If all theanswers
are“no”, a contradictionis found. Otherwise,supposeJ ! Y
is thefirst questionwith apositiveanswer. Prover thenasks
all the remainingquestionsaboutthe ` -th elementof l ,
namelyJ / Y , JRqrY , OAOPO J 
� "! n 
 . If at leastoneansweris “yes”,
a contradictionis found. If not, we cansafelyremove the
first elementfrom k andthe ` -th elementfrom l , andthen
look for acontradictionon a

����� 	?s !
 s ! instance.
Thebooleandecisiontreeis givenon thefigure1 below.

The internalnodesarelabelledwith the queriedvariables,tvu uw x yz{| | | | | | | | | | | | }�~ �� �����������������t5� uw x y��� � � � � � }F~�� t�u �w x y��� � � � � � � }F~�����������������\�t u u � �t � u � t5� uw x y��� � � � � � }F~�� t5� �w x y��� � � � � � }F~�� � � � }�~.���\�t u u � �t � u � ��� }F~�� ���t u ��� �t � ��� t5� �w x y��� � � � � � }F~�� t�u }w x y��� � � � }F~ �� ������t }�� u � uw x y��� � � � � }F~�� ��� ���t�u � � �t5� � � ��� }F~�� t � }w x y��� � � � � � }F~�� � t�u u � t�u � � � � � t�u } ��\�t�u u � �t }Z� u � u �  �¡1 �¢K£ u} £ u t }�� u � �w x y��� � � � � }�~�� ��� �\�t�u } � �t5� } � t � }w x y��� � � � � � }F~���\�t�u � � �t }Z� u � � �  �¡1 �¢C£ u} £ u �\�t�u } � �t5� } � ��� }F~��t }Z� u � }w x y��� � � � � }F~�� ����\�tvu } � �t }�� u � } �  �¡1  ¢C£ u} £ u
Figure 1. An optimal decision tree for

������	

and the edgesaremarked with the correspondinganswer.
Everyexternalnode(leave) is labelledby thefoundcontra-
diction,i.e. aclausefalsifiedunderthe(partial)truthassign-
mentcorrespondingto the pathfrom the root to this node.
Thenodesmarkedby

����� 	?s !
 s ! are,in fact,subtrees.
What remainsis to estimatethe size. The decisiontree

for
������	
 consistsof � copiesof the decisiontree for����� 	?s !
 s ! plusa quadraticin � overhead.More precisely¤ # � & (¦¥ � ¤ # �=§^S & oV����/_o¨�©oªS if �«��S¬

if �­(®S N
where

¤ # � & is thesizeof thedecisiontreefor
������	
 .

It is now easy to prove by induction that
¤ # � & T¯ # �©oeS &±° . Finally, anapplicationof Stirling’s approxima-

tion of thefactorialgivesthedesiredupperbound.

Lower Bound

The main idea in our proof is to definea function on
thenodesof thedecisiontree. Thevalueof thefunctionat
any nodeshouldbea lowerboundof thesizeof thesubtree

rootedby that node. After having donethat, it sufficesto
computethefunctionvalueontheroot. Theresultis alower
boundon the sizeof any decisiontree,solving the search
problemfor

������	
 .
We assume,w.l.o.g.,that � is even.W.l.o.g. we canalso

assumethat Prover’s decisiontreeis read-once, i.e. along
everypathany questionis askedatmostonce.Now, wecan
explainAdversary’sstrategy.

An importantconcept,we introducehere,arecounters.
A counteris attachedto every vertex in k which is not
matchedyet to any vertex in l . In addition, thereis one
specialcounterthat will be explained later on. Initially
all the countersare set to zero. During the game,every
counteris an upperboundof the numberof verticesin l
that are “forbidden” for the correspondingvertex in k .
Whensomecounterreachesthevalue � , Adversary“gives
up”, althoughit might be possibleto continuethe gamea
few morerounds.

We cannow classifyall thequestionsthatcanappearin
the decisiontree andshow how to maintainthe counters.
Let d bethesizeof thepartialmatchingobtainedsofar, i.e.
thenumberof “yes” answersalongthepathfrom theroot to
thecurrentnode.Therearethreekindsof queries:

1. Free-choice. Neitherof thetwo verticesinvolvedis in
thecurrentpartialmatchingandthecounterof thever-
tex from k is lessthan


 / o-d . Adversarychoosesei-
ther“yes” or “no” answerwith someprobability. The
actualprobabilitydoesnot matter, theimportantpoint
is thatthefreechoiceforcesProver to branchthedeci-
sion treeat thatpoint. If theansweris “no”, only the
counterof the elementform k increasesby one. If
the answeris “yes” this counteris cancelled,i.e. not
maintainedany more,but thecountersof all theother
elementsin k areincreasedby one.

2. Critical. Neitherof thetwo verticesinvolvedis in the
currentpartial matchingbut the counterof the vertex
from k is equalto


 / oed . Adversaryanswers“yes”,
hecurrentcounteris cancelled,andthecountersof all
theotherelementsin k areincreasedby one.

3. Forced. Someof the verticesinvolved(or both) is al-
readyin the matching. Adversaryanswers“no” and
doesnot changeany of thecountersattachedto theel-
ementsin k . Hehoweverincreasesby onethespecial
counter, which countstheforcedquestions.

First of all, it is easyto seethat for a givenelementin k ,
its counteris anupperboundon thenumberof elementsinl that cannotbe matchedto that element.Therearealso
someothersimpleobservationsto bemade.First onesays
thatAdversaryalways“survives”certainnumberof rounds.



Lemma 1 A contradiction can be found only whensome
counterreachesthevalue � . In this case, at least


 / “yes”
answers mustbe presenton the path from the root to the
currentnode.

Proof A simpleinductionon d provesthe following asser-
tion: All the countersareboundedfrom above by


 / o²dalongany pathfrom a node,wherethe partial matchingis
of size d , to thenode,wherethatsizebecomesd³o�S . The
lemmathenfollows.́

The next lemmashows that theremust be a very long
branchin any decisiontree. Togetherwith themainresult,
it impliesthateverysuchtreeis unbalanced.

Lemma 2 In everydecisiontreefor
������	
 , thereisa path

of length * , ��/ 8 .
Proof Considerthepath,whereAdversaryanswers“no” to
every free-choicequestion. It is now easyto observe that
when d -th critical questionsasked, the correspondingver-
tex from k hasa countervalueequalto


 / oed©§ªS . That
counterhasbeenincreaseddµ§¶S timesbecauseof thepre-
vious d·§²S critical question. The remaining


 / increases
areresultof “no” answersto free-choicequestionaboutthe
correspondingvertex. Thus,alongthe particularpath,we
consider, any “yes” answeris precededby


 / negative an-
swersaboutthesamevertex.

The lemma1 claimsthatevery pathcontainsat least

 /

“yes” answers.Thereforeourpathcontainsat least


$¸ “no”

answers.´
We cannow provethemainresult.

Theorem 1 Everytreeresolutionproofof
������	
 is of size� � � 
"� ���<

� .

Proof Firstwe defineanappropriatefunctionasit hasbeen
explainedin thebeginningof thesection.

Let usdenoteby d thesizeof thepartialmatchingat the
currentnode ¹ , i.e. thenumberof “yes” answersalongthe
pathfromtherootto ¹ . Let usalsosortthe �º§?d unmatched
verticesfrom k in decreasingorderof their counters,and
denotethevaluesof thecountersthemselvesby J !¼» J / »OPOPO�» J 	½s [ . Theforcedquestioncounteris denotedby JM¾ .
Thevalueof thefunctionat thenodeis thendefinedby¿ # ¹ & (ÁÀ $ s [ÂL5Ã !ÅÄ L N

where Ä L ( ¥ 
 / o^d³§aU9§=J L if it is positiveS elsewhere

On theroot, Æ , we have
¿ # Æ & (Ç, 
 / §-S18 ° , so that

¿ # Æ & (��� � 
"� ���<

� . It only remainsto prove that at any nodethe

function valueis a lower boundfor the sizeof the subtree
rootedby thenode.

Theproof is by inductionon thetuplesof theformÈÉ J ! N J / NPOAOPO�N J À $ s [ N J ¾ o
	?s [ÊL5Ã À $ s [  "! J LÌËÍ OWe orderthemasfollows. Theshortera tuple, thesmaller

it is. If two tupleshave equallength,the lexicographically
bigger oneis the smaller. Clearly, this orderingmakesthe
inductionwork from the leavesto the root of the decision
tree,asthe tupleon any nodeis strictly biggerthanthetu-
pleson its successorsin thetree.

The basiscaseis then da( 
 / , where
¿ # ¹ & (ÎS , asthe

productis empty. Obviously, thefunctionvalueat thenode
is a lower boundof the correspondingsubtree,no matter
whattheonly elementof thetupleis.

To provetheinductionsteep,weneedto considerall pos-
sible kind of questionsthat canappearat the currentnode¹ .

1. Forced. We considerthe “no” branchonly. Denoting
its root(the“no” successorof ¹ ) by i , wehave

¿ # ¹ & (¿ # i & , asonly J ¾ increasesby onewhengoingfrom ¹
to i and

¿
doesnot dependfrom J ¾ . By theinduction

hypothesis,we aredone.

2. Critical. W.l.o.g. we assumethatthequestionis about
the element,having J ! asa counter. It is so,because
a critical questionalwaysinvolvesthebiggestcounter
(Evenif therearemany counterswith thebiggestvalue
 / o�d , we canalwaysconsiderJ ! , as two elements,
having thesamecountervalueareindistinguishableto
Adversary’s strategy). We considerthe “yes” branch
only. Denotingthe“yes” successorof ¹ by i , we have
again

¿ # ¹ & ( ¿ # i & . That is the case,becauseall the
countersJ / NPOAOPOÏN J À $ s [ increaseby one when going
from ¹ to i , but sodoesd , thereforethecontributionsÄ / NPOAOPO�N Ä À $ s [ do not change.Ä ! vanishesat i N but its
valueat ¹ is one,as J ! ( 
 / o�d . By the induction
hypothesis,we aredone.

3. Free-choice.Therearethreesub-cases:

(a) The index involved, ` , is greaterthan

 / §Ðd .W.l.o.g. we canalsoassumeJ À $ s [ �ÐJ Y since

if they wereequalAdversarycouldbehaveasthe
questionwereabout


 / §µd -th element(again,any
two verticeshaving the samecountervalueare
indistinguishableto Adversary’s strategy). The
“no” answerthendoesnot changeanything ex-
ceptthe lastelementof thetuple,but

¿
doesnot

dependon it. So,
¿ # ¹ & ( ¿ # i & , where i is the

“no” successorof ¹ . By the inductionhypothe-
sis,wearedone.



(b) The index involved, ` , is between1 and

 / §-d ,but the contribution, Ä Y , of that elementto the

function
¿

is one. That is similar to the previ-
oussub-case,asthe“no” answerleavesthevalue
of
¿

unchangedwhengoingfrom from ¹ to to its
“no” successori .

(c) Theindex ` is betweenS and

 / §«d andthecon-

tribution, Ä Y , of that elementto the function
¿

is greaterthanone. This is the only non-trivial
case,in thesensethatweneedconsiderbothsub-
treesof the currentnode ¹ . Note that if there
aremany counters,having the samevalueequal
to J Y , w.l.o.g. we can think that ` is the mini-
mum suchindex, so that the “no” answerdoes
not changetheorderof thecounters.
The“no” subtreegivesthetuple,5J ! NPOAOPO J Y s ! N J Y oªS N J Y  "! OAOPO�N J À $ s [ NJ ¾ o 	?s [ÊL5Ã À $ s [  "! J L.ËÍ
andthevalue¿ # i & ( # Ä YÑ§-S & À $ s [ÂU3(®SUÑÒ(V` Ä L O
The“yes” subtreegives,EJ ! oªS NAOPOAO JÓY s ! oeS N J<Y  "! oªS OPOAOÏN J À $ s ['oeS N�Á§ � � o�J�¾Ôo 	?s [ÊL5Ã À $ s [  "! JML ËÍ
andthevalue ¿ #ÌÕ & ( À $ s [ÂUÖ(×SUÑÒ(V` Ä L O
The induction hypothesisthen applies to both
subtrees,so the sizeof the currentsubtreeis at
leastSØo ¿ # i & o ¿ #ÌÕ & (×S_o ¿ # ¹ & � ¿ # ¹ & O

Thiscompletestheproof.́

4 Worst case proofs

We first constructa �
� � 
"� ��� 	 � booleandecisiontreefor������	
 which is a lower boundfor theworst-caseregular

treeresolutionproofs.Wealsoshow thesameupperbound,
i.e. any suchproof cannotbe worsethan that. It is very
importantto now notethat“worstcase”,in ourcontext, has
a completelydifferentmeaningthantheusualone,usedin
Complexity Theoryor Analysisof Algorithms.

Lower bound

Thesketchof theconstructionis asfollows. Prover ask
all the questionsaboutthe first elementfrom l , namelyJ !�! , J / ! , OPOPO J 	 ! . If all theanswersare“no”, wecanremove
thefirst elementfrom l , andthusgetan

������	
 s ! instance.
Otherwise,supposeJ L ! is thefirst questionwith a positive
answer. Prover thenasksall theremainingquestionsabout
thefirst elementof l , namelyJ L  "!Ù! , J L  / ! , OAOPO J 	 ! . If at
leastoneansweris “yes”, a contradictionis found. If not,
we cansafelyremove the first elementfrom l andthe U -
th elementfrom k , andthenlook for a contradictionon a����� 	?s !
 s ! instance.

Thebooleandecisiontreeis givenon thefigure2 below.ÚÌÛ ÛÜ Ý Þßàá á á á á á á á á á á á âEã äå æææææææææææææææææÚ\ç ÛÜ Ý Þèéê ê ê ê ê ê âEãëì Ú\ç ÛÜ Ý Þèéê ê ê ê ê ê ê âEãÐíîïïïïïïïïïïïïïðvñÚ Û ÛZò ñÚ ç ÛZó Ú\ô ÛÜ Ý Þèéê ê ê ê ê ê âEãëì Ú\ô ÛÜZÝ Þèéê ê ê ê ê ê âEãëì õ õ õ âEã5ö÷ðvñÚvÛ Û ò ñÚ ô Û ó õõõ âEãëì ðvñÚ�ç Û ò ñÚ ô Û ó Ú\ø ÛÜZÝ Þèéê ê ê ê ê ê âEãëì Ú\ù�ÛÜZÝ Þ úûü ü ü âEã ö÷ ýýýýýýÚ ù�þ ÛÜ Ý Þèéê ê ê ê ê âEãÿ� ��� ðvñÚ�ç Û ò ñÚ\ø Û ó õõõ âEãëì ����� ù��.Ûâ �.Û ����� ùâ �.ÛðvñÚvÛ Û ò ñÚ\ù�þ Û ó ����� ù��.Ûâ �ÌÛ Ú\ù�þ ÛÜZÝ Þèéê ê ê ê ê âEãÿ� ���ðvñÚ�ç Û ò ñÚ�ù�þ Û ó ����� ù��.Ûâ �.Û
Figure 2. A worst-case decision tree for������	

What remainsis to estimatethe size. The decisiontree

for
����� 	
 consistsof � copiesof the decisiontree for����� 	?s !
 s ! , onedecisiontreefor

������	
 s ! plusa quadratic
in � overhead.More precisely¤ # � N � & ( 	
 � � ¤ # �Á§-S N �f§-S & o if �a�pS¤ # � N �f§-S & o �·/¬

if ��(²S N
where

¤ # � N � & denotesthe size of the decisiontree for������	
 .
We have¤ # � N � & �^� ¤ # �+§^S N �=§^S &�^� # �Á§-S & ¤ # �Á§¨� N �f§¨� &� OAOPO
� À $�� s !ÂL5ÃÏ¾ # �+§aU & ¤�� � §�� � ��� N�� � ����� O

Therefore,for every �Ç�^�«�¶� , we get¤ # � N � & � ¬ � � §�� � � ��� � À $ � (�� � � 
�� ��� 	 � O



Upper bound

The main idea is the sameasin the proof of the lower
boundon the optimal refutation. This time however, we
introducethe countersto the elementsof the set l . Ev-
ery counterJ Y equalsto � minusthenumberof questions
aboutthe ` -th elementof l thathave alreadybeenasked.
In otherwords,thecountercontainsexactly thenumberof
possiblequestionsabouttheelementto beasked in the fu-
ture. Thereis alsooneglobalcounterJM¾ that is thesumof
all thecountersJ<Y , SÅTº` T^� .

We cannow provethemainresultof thissection.

Theorem 2 Everyregular treeresolutionproof of
������	


is of size ��� � 
�� ��� 	 � .
Proof Againwedefineanappropriatefunctiononthenodes
of theread-oncedecisiontree.At any nodethevalueof the
functionwill be an upperboundon the sizeof the subtree
rootedat thatnode.

Let usdenoteby ¹ thecurrentnode,andby
�

,
��� l ,

thesetof all theverticesfrom l thatarenotyetmatchedto
any vertex in k . Thefunction

¿
is thedefinedas¿ # ¹ & (p� # J�¾ oªS & ÂY�� � # JÓY oªS & §-S O

On the root of the tree, Æ , we have
¿ # Æ & (� # �=�coªS & # �¦oªS & 
 §�S , so that

¿ # Æ & ( ��� � 
9� ��� 	 � . It
only remainsto prove that at any nodethe function value
is an upperboundfor the sizeof the subtreerootedby the
node.

Theproof is by inductionon theglobalcounterJM¾ .
The basiscaseis then JM¾­("! , so that all other J ’s are

zerosandtherefore
¿ # ¹ & (×S . In thiscaseall variableshave

alreadybeenqueried,astherearenopossiblequestionsleft.
Thereforeacontradictionhasalreadybeenfoundand

¿ # ¹ &
is anupperbound.

To prove the inductionsteep,we considerthe following
two cases.

1. The questionat the currentnode, ¹ , is aboutthe U -th
elementfrom l , and Ue0# �

. This meansthat ele-
menthasalreadybeenmatchedto someelementin k ,
so that the currentquestionis forced. Therefore,the
“yes” subtreeconsistsof a singlevertex, labelledby
the contradictionfound. Let us denoteby i the “no”
successorof ¹ . Theinductionhypothesisappliesat i ,
asJ ¾ decreasesby onethere,sothesizeof any subtree
rootedat ¹ is atmost�Ño ¿ # i & (p�Ño^��J ¾ ÂY�� � # J Y oªS & §-ST¶� # J ¾ oªS & ÂY�� � # J Y oeS & §-S( ¿ # ¹ & O

2. The questionat the currentnode, ¹ , is aboutthe U -th
elementfrom l , and U # � . Theinductionhypothesis
thenappliesto both “yes” and“no” successorsof ¹ .
Denotingthemby i and

Õ
respectively, we have that

thesizeof any subtreerootedat ¹ is atmostSWo ¿ # i & o ¿ #ÌÕ & (×SWoV� J�¾ ÂY�� �%$'&�L)( # JÓYWoeS & §^SWo� J�¾�JML ÂY�� �%$'&�L)( # JÓYWoªS & §-S(���J ¾ ÂY�� � # J Y oªS & §-Sbe� # J ¾ oeS & ÂY�� � # J Y oªS & §-S( ¿ # ¹ & O
Thiscompletestheproof.́

5 Link to Complexity Gap theorem

In this section,we discusspossiblerefinementsandex-
tensionsof Riis’ complexity gaptheoremfor treeresolution.
They aremotivatedby our resultspresentedin theprevious
two sections.

We first needto statethecomplexity gaptheoremitself.
We give herea slightly differentversionthantheonefrom
theoriginalpaper[14]

We are given a first order sentence* of predicate
logic that fails in all finite models. There is a proce-
dure which translatesthe sequenceof sentences+ 
-, (/. .* hasno modelsof size �0. . into anunsatisfiableset

g21 n 
 of
clauses.Thesequence

g21 n 
 is uniformly generated(in the
senseof [15])and its size is boundby a polynomial in � .
Thecomplexity gaptheoremstatesthateither1 or 2 holds:

1. Thesequence
g21 n 
 havepolynomialsizein � treeres-

olution refutations.

2. Thereexists 3��4! suchthateachtreeresolutionrefu-
tationof

g 1 n 
 mustcontainat least �65 
 clauses.

Furthermore2 holdsif andonly if * hasaninfinite model.
So, thegapis betweenpolynomialandexponentialsize

proofsandshows thatno super-polynomial(e.g. �
� � � ����7M
��
for someJº� S ) andsub-exponential(e.g. �
� � 
�:�� for some!µb98µbpS ) optimalproofscanappear.

We will concentrateon the sentencesfalling in the sec-
ondcase,i.e. requiringexponentialsizetreeresolutionrefu-
tations. Let us denotethe classof all suchsentencesby:<; J .

Let usfirst considerthefollowingencodingof
����� 
� "!


asafirst ordersentence(givenalsoin [14])#>= ; N@? # ; ( ? &0A # ¿ # ; & Ò( ¿ # ? &K&K&%B #DC�E�= ; ¿ # ; & Ò( E & O



The complexity gap theoremgives only a ��� � 
�� lower
bound,whereaswe have shown that its real complexity is�
� � 
9� ���<
�� . Going further, let us encode

����� 
F7
 G , whereJ N Ä #IH  andJ­� Ä , asa first ordersentence= § J ; N § J ? # § J ; ( § J ? &%A � § J K # § J ; & Ò( § J K # § J ? & � O
Here § J ; ( # ; ! N ; / NPOPOAO ; > & and

§ J K # § J ; & (# ¿ ! # § J ; & N ¿ / # § J ; & NAOPOAO ¿ML # § J ; &K& . Our result shows that
the exact complexity is �
� � 
 G � ���<

� for any arbitrary tree
regular resolutionproof.

On theotherhand,let usconsidertheminimumelement
principle, sayingthat if N is a total order, it hasa minimal
element.Its negationcanbeencodedas#O= O ; N@? # ; Ò( ? & J # N # ; N�? &�P N # ? N ; &K&�&QB#)= ; N�? N�R # N # ; N@? &0B N # ?RN�R &K& JSN # ; N�R &�&QB#O= ; C ? N # ? N ; &�& O
Here N # ; N�? & standsfor

; b ? . It can easily be proven
thattheoptimaltreeresolutionproofsof it areof size �
� � 
�� ,
whereasthe worst-caseproofsareof size � � # 

$ & . Clearly,
if we replacethesingletonsby J -tuples,thecorresponding

optimal and worst-caseproofs are � � � 
F7P� and � � # 
�$T7 & re-
spectively.

Let usnow denoteby
¤ U R6U #OVÏ# � &K& theclassof first order

sentencesof propositionallogic thathave theiroptimaltree
resolutionproofsof size

VÏ# � & , andby W J V - the classfor
which any arbitrary tree regular resolutionproof is poly-
nomialyrelatedto theoptimalone.

To summarise,our two examplesshow

1. The classes
¤ U RXU ,.�
� � 
F7P� 8 , J # H  and¤ U R6U , � � � 
 G � ���<
�� 8 , Ä #YH  arenonempty.

2. The classesW J V�Z ¤ U RXU , � � � 
 G � ���<
�� 8 , Ä #[H  and¤ U R6U , � � � 
�7P� 8]\ W J V , J #YH  arenonempty.

At thesametime,thefollowing threeinterestingopenques-
tionsarise

1. Is it the case that
:<; J (h > �6^�_ ¤ U RXU , �
� � 
 7 � 8 h^h L �6^�_ ¤ U RXU , �
� � 
 G � ���<
�� 8 ?

That is to ask whether the exponential side of
Complexity-Gap Theorem can be further refined,
so that eachcomplexity subclassinside it is either¤ U R6U , � � � 
�7P� 8 or

¤ U RXU , �
� � 
 G � ���<

� 8 for somepositive
integer J / Ä .

2. Is it the casethat W J V � h L �6^ _ ¤ U RXU , � � � 
 G � ���<
�� 8 ?
Thatis to askwhetherall trivially automatisableprob-
lemsbelongto this particularfamily of optimal-proof-
sizeclasses.Alternatively (andequivalently, assuming

apositiveanswerto thepreviousquestion),wecanask
whether W J Va` ¤ U RXU , �
� � 
 7 � 8 (cb for every positive
integer J .

3. Is it the casethat if d # ¤ U RXU ,Ì�
� � 
F7 � 8 for someJ #�H  , theworst-casecomplexity of the d is at least� � # 

$>7 & ?
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[10] P. Pudĺak. Proofs as games. American Mathematical
Monthly, to appear.
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