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Introduction

o Bi-approximation semantics (T. Suzuki) provides a relational
semantics to lattice-based logics, as e.g. substructural logics.

o Relates to work by M. Gehrke, N. Galatos, P. Jipsen,... motivated by
similar goals

o What has been done by now includes a natural definition of
validity-preserving morphisms, dual relation to algebraic semantics,
first-order correspondence, canonicity results and Sahlqvist theorem
(series of papers by T.Suzuki 2010-2013)

We would like to do
o ofer a more general categorial view on the polarity-based frames
o to prove a definability theorem in the spirit of Goldblatt and
Thomason abstractly
o to prove the definability theorem using first-order model theory
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Introduction

Main references for this talk are:

o Tomoyuki Suzuki, Morphisms on bi-approximation semantics ,

Advances in Modal Logic 2012, vol.9, 2012, pp.494-515. College
Publications.

o Unpublished notes on the category of frames seen as modules by Jifi
Velebil.
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Bi-approximation semantics of lattice-based logics

Polarity frames

o A polarity (X, Y, N) is a binary relation N on two nonempty sets X
and Y.

o N generates a preorder on X and Y:

x<x' = Vy(xX'Ny — xNy)
y <y = Vx(xNy' — xNy)

o A pair (L, U) of subsets of X and Y is called a cut, iff L are the
lowerbounds of U, and U are the upperbounds of L w.r.t. N.

Doppelganger valuation

A valuation is a map V assigning to each atom p a cut

V(p) = (V¥(p), V4+(p)) of states where p is assumed and states where p
is concluded.
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Bi-approximation semantics of lattice-based logics

Lattice fragment of the language

Any valuation on F = (X, Y, N) generates semantics relations |- and I+,
as follows:

o F @AY & IF @ and IF*
o I pVvy & Vy(k, ¢ Vi = xNy)
-y oV < Ik, pand Ik, o
Iy, o A & Ix(IF ¢ A = xNy)

©

©
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Bi-approximation semantics of lattice-based logics

Residuated polarity frame

A polarity frame F = (X, Y, N, R, O) where R: Y —— X x X isa
ternary monotone relation:

X]/_ < X1, Xé < X2, Yy < .y/ and R(X17X27y) = R(X:/hxé?.yl)

and O = (Ox, Oy) is a cut.

additional properties of R and O
@ X' <x & (Joe Ox)(Vy)(R(x,0,y) = x' <)
xX'<x & (Joe Ox)(Vy)(R(o,x,y) = x' < y)
@ tightness of R...

@ associativity, commutativity of R if needed ...
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Bi-approximation semantics of lattice-based logics

Interpreting substructural language

1 < x e Ox

ey & Vy(F, ¢ ® 1Y = xNy)

o =1 o VX, y(F ¢ and Ik, ¢ = R(X,x,y))
)« ¢ < VX’,y(H-X/ @ and Ik, ¥ = R(x,x,y))
I, 1 & y € Oy

Ik, e @9 & Vx,X'(F< ¢ and I ¢ = R(x,x,y))
Ik, o =¥ & Vx(IF o — ¥ = xNy)

-y @ <= Vx(IF* 9 < ¢ = xNy)

© 06066 6 66

Interpreting sequents

F,VIF(p=19) IFF Vx,y(IF* ¢ and IF, ¢ = xNy)
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Morphisms

Morphisms of polarity frames

A frame morphism from F; = (X1, Y1, Np) to Fo = (X, Y2, Np) is a pair
of (monotone) maps p: X; — Xj and f : Y1 — Y} satisfying:

@ Vx,y(p(x)Naf (y) = xNiy)
@ for all X1 € X1 and Y2 € Y2:

Vyily2 < f(y1) = xaNuyi] = p(x1)Nayo

@ for all xo € X5 and y;1 € Yi:

Vxi[p(x1) < xo = x1Niyi] = xoNof (y1)
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Morphisms

Morphisms of polarity frames

A frame morphism from F; = (X, Y1, V1) to Fo = (X2, Y2, Np) is a pair
of (monotone) maps p: X1 — Xi and f : Y1 — Y} satisfying:

@ forall x; € X1 and y» € Y5:

Yyilys < f(y1) = xaNiyi] < p(x1)Nay2

@ for all x, € X5 and y; € Yi:

Vxi[p(x1) < xo = x1Niyi] < xoNof (y1)
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Morphisms

Morphisms of polarity frames

A frame morphism from F; = (X, Y1, Nq) to Fo = (X2, Y2, Np) is a pair
of (monotone) maps p: X1 — Xi and f : Y1 — Y reflecting cuts:

(L,U)isacuton Fy = (p t[L],f7[U]) is a cut on F;
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Morphisms

Morphisms of residuated polarity frames

@ for all xp, x5,y

V1, x1[p(x1) < xe and p(x1) < x5 = Ri(x1,xq,y)] & Ra(x2, %3, £(v))
@ for all x2,x1,y2

Vxi, y1lp(x1) < x2 and yo < f(y1) = Ri(xa, x1, y1)] € Ro(32, p(x1), y2

@ for all x1,x5,y2

Vx1, yilp(x1) < x5 and yo < f(y1) = Ri(x1, x1, y1)] € Ra(p(x1), X3, y2

M. Bilkova, T. Suzuki, J. Velebil Bi-approximation semantics May 16 2014 9 /27



Morphisms

Special morphisms

o a frame morphism (p, f) : 1 — F» is N-embedding if

Vx, y(xNry = p(x)Naf(y))

o a frame morphism (p, f) : F1 — F, is N-separating if for all
xp € Xp and y» € Y5,

Vxi, y1[p(x1) < x2 and yo < f(y1) = xiNiy1] = p(x1)Naf(y1)
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Morphisms

Morphisms of residuated polarity frames
@ generalise to model morphisms by requirement of atomic harmony
@ model morphisms preserve assuming and concluding of every formula
@ N-embeddings of frames reflect validity of sequents

@ N-separating morphisms of frames preserve validity of sequents
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A general categorial picture?

Frames as modules

Consider 2-category of preorders and monotone relations (modules).
A frame F is a monotone relation N : Y——X

Cuts
A cut on F is a diagram

y Y41

W

that is simultaneously a right Kan extension and a right Kan lifting:

@ L=[U,N] ie L(x)= /y\(U(y) — N(x,y))

@ U={L N}, ie Uly)=A(L(Xx) — N(x,y))

X
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A general categorial picture?

Reflecting cuts morphisms

A morphism from N; : Yi—+—X; to Ny : Yo—+— X5 consists of a pair

f:Yr — Yo, p: X1 — Xy with:

Yi—/— Y5
Nli — sz
Xl (—p/r X2

and such that ...
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A general categorial picture?

Cut reflection

. when pasted as follows:

f, 0]
Y1 7 Y2 7 1
e
N L
2
< X:
Ny 2
X1
yields a cut, for every cut
U
Yo ——1
/ f
L
N>
Xo
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A general categorial picture?

Polarity frames as separated modules

A frame N : Y——X is a polarity frame (separated frame), if Y (seen as
a module) is the right Kan lift of N through N, and X (as a module) is

the right Kan extension of N along N:
@y <y = AINCx,y") = N(x,y)]
@ x' <x = A[N(x,y) = N(x',y)], meaning that
y

Yy Sy y M, x
W W
N N -

X X

exhibit Y as {{N, N]} and X as [N, NJ.
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A general categorial picture?

The 2-category of polarity frames
o objects - separated frames
o 1-cells - cut-reflecting morphisms

o 2-cells
(p1,) CE(p2, ) & fA<fhand pp < p;
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A general categorial picture?

The 2-category of polarity frames
o objects - separated frames
o 1-cells - cut-reflecting morphisms

o 2-cells
(plaﬂ) E (p25f2) = fi. S f2 and P2 S pP1

Examples
0 <x: X——X
0 25 : 2—+—2% where 25(u,v) = uAv
o a morphism from a frame N to 2, is precisely a cut on N.
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A general categorial picture?

The 2-category of polarity frames
o objects - separated frames
o 1-cells - cut-reflecting morphisms

o 2-cells
(plafl) E (p27f2) 54 f]_ S f2 and P2 S P1

Factorisation
o N-embeddings are order-mono
o N-separating morphisms are order-epi
o Every frame morphism has an N-separating-/N-embedding
factorisation
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The dual relation of frames and algebras

Lattices and polarity frames

The dual picture: Stone
o OB
FroP” 7 lat
Pred
Explanation:

@ Pred :F— [F,24].
The predicates on F are the cuts of I with

(LUALLU) = (LnL,U")
LUV (L, U) = (L, unl)

This is a lattice.
@ Stone: A~ (F,.7,N).
The Stone polarity frame of A is based on filters on A, ideals on

A, related by
FNI=(Fnl#0).

This is a separated frame.
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The dual relation of frames and algebras

Lattices and polarity frames

The dual picture: Stone
o SR
Frop™ 7 lat
Pred

On morphisms:
@ For (p, f) : Fo — F; define Pred(p, ) : Pred(F1) — Pred(F2) as

(L2, Up) = (p~M[La], £ H[L4])

@ For h: A — B define Stone(h) : (#g, -8, Ng) —> (Fa, Za, Na) as

p(Fg) +— h l[Fg]
f(ls) — h7[Ig]
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The dual relation of frames and algebras

Residuated lattices and residuated frames
The lifted dual picture:

Stone'
<—
RFreP ? RL
_—
Pred?

Structure of Pred? (IF):

(L U)® (L, U

) L' {y | Vx € L,X € L'.R(x,x,y)})
(LU)— (L, U) =

v)

1

{xX'|vxeLyeU.Rxx,y)}U"
{xX'|vxeLyeU.RKX,x,y)}U")
Ox, Oy)

(
(
(L', U « (L, (
(

This is a residuated lattice.
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The dual relation of frames and algebras

Residuated lattices and residuated frames

The lifted dual picture:

Stone'
<—
RFr°P ? RL
—>
Pred?

Structure of Stone™ (A):

Or = {F|leF}
O = {ll1lel}
R(F,F,I) = FxF Cl
where
FsxF ={a|3beF,becF.bab<a}

is a residuated polarity frame.
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Some frame constructions

Coproducts

inlx,inl (inrx,inr
( X,inly) F1HF2 X5 Y)

M%

Coproduct of polarity frames:

@ F ][ F2 is defined on the disjoint union of the underlying sets as

(Xl W Xo, Y1 W Ys, N) with
—xNy = Ji(x € Xi,y € Yi,~xN;y)
@ this affects the preorder N generates:

oy {EIi(xEX;,x’GX,-,XS,-x’) or
x<x' =

X is a bottom element in its component
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Some frame constructions

Coproducts

inlx,inl (inrx,inr
( X,inly) F1HF2 X5 Y)

M%

Coproduct of polarity frames:

@ F ][ F2 is defined on the disjoint union of the underlying sets as

(Xl W Xo, Y1 W Ys, N) with
—xNy = Ji(x € Xi,y € Yi,~xN;y)
@ this affects the preorder N generates:

y/<y: {Ell(yle \/I).ye )/iay/ Sl.y) or

y is a top element in its component
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Some frame constructions

Coproducts

(inlx,inly inrx,inry)

RGN § PP 2

G

Coproducts of residuated polarity frames is
(Xl WX, YiW Yo, N, R, Ox, Oy) with

/ — o / /
_'R(nyyy) = EI’(X€)<I"X GXiayGYiv_'Ri(vaay))
Ox = lHox
Oy = [Hoy,
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Some frame constructions

Coproducts
(inIX,inly) (inrx,inry)
F1 FillF2 Fa
(p1,f1) 4 (p2,f2)
G

Notice:

Pred([ | Fi) = [ J(PredFi)

i€l i€l
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Some frame constructions

Coproducts
(inIX,inly) (inrx,inry)
F1 FillF2 Fa
(p1,f1) v (p2,12)
G
Notice:
Pred? (] | Fi) = [ [(Pred®Fi)
i€l i€l
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Some frame constructions

Subframes
We say that F; is (isomorphic to) a subframe of F

3 (p,f) £

if (p, f) is an N-embedding.

Example - pair generated polarity subframes
For F and a pair (x,y) with =xNy we define the pair generated subframe
F(x,y) as the smallest subframe containing (x, y) and closed under finite

iterations of = /.

Notice:
@ (p, ) need not be injective. It is an order-mono.
@ preserves validity of sequents from F, to F;.
@ Each polarity frame is a morphic image of its pair-generated

subframes.
May 16 2014 22 / 27
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Some frame constructions

Images of frames
We say that F;, is a N-separating image of F;

3 (p,f) £

if (p,f) is an N-separating morphism.

Notice:
@ (p,f) need not be surjective. It is an order-epi.

@ preserves validity of sequents from F; to F;.
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Some frame constructions

From the dual picture:

@ If FL-PUE then PredFyr—r®®h) |, predr,

f Pred(p,f
@ If Fr"hE then Predfy —%®" o predr,

Ston
Q@ If Al—h»Ag then StoneA2>to—e(h)> StoneA;

S h
@ If A1>L> A> then StoneAgLe()»StoneAl

holds for both polarity and residuated frames (both Stone,Pred and
Stone™ ,Pred™).
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The definability theorem

Goldblatt-Thomason Theorem for classes of residuated polarity frames

Suppose C is a class of frames closed under the canonical extensions
(F € C implies that Stone™ Pred™ F € C). Then the following are
equivalent:
@ C is modally definable (by a set of sequents).
@ C has the following closure properties:
@ If Fisin C, (p,f): FL — Fy is N-separating, then F; is in C.
@ If Fpisin C, (p,f): F; — F is N-embedding, then F; is in C.
@ If Fforall i €/ arein C, then [[;., Fiisin C.
@ If Stone®Pred*(F) is in C, then F is in C.
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The definability theorem

A proof of the theorem

@ Assume F satisfies the logic of C. Then Pred(F) satisfies the
corresponding equational theory of the variety generated by the
complex algebras of C.

@ Therefore PredF is in HSP(Cm(C))
@ Pred(F) «— B——[](PredF;) = Pred || F; with all F; € C

@ StonePred(F)—— StoneB «—— StonePred || F;
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The definability theorem

A model-theoretic proof of the theorem

o Assume C is closed under ultraproducts. Assume F validates the logic
of the class. Assume w.l.o.g. that F is generated by —x/Ny.

o Put Atp = {p(L,uy | (L, U) € PredF} and generate language
Z(At)r. Consider F with the obvious valuation as the model .7 .

o Define A={a=p| 4 o, # I, B}

o Each A’ C, A is refutable in C, w.l.o.g. in a pair-generated frame
(model).

o Therefore A is refutable in C, w.l.o.g. in a pair-generated frame
(model). Consider a countably saturated ultrapower .4 of this
model, on a frame G in C.

o Show that G —— StonePred F
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