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Plan
• Functional interpretation


• Game interpretation of functional interpretation


• Examples


✦ Logic: Drinker’s paradox


✦ Arithmetic: Infinite PHP


✦ Analysis: Countable choice



Drinker’s Paradox
∃xX (φ(x) →∀yXφ(y))

∃ε (X→X )→X∀pX→X (φ(ε p) →φ(p(ε p)))

ε(p) =
a if φ(pa)  
pa if ¬φ(pa)
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Infinite PHP
∀n∀c!→n∃i < n∀j∃k(k ≥ j ∧ c(k) = i)

∀n∀c!→n∀ε∃i < n∃p(p(ε i p) ≥ε i p ∧ c(p(ε i p)) = i)

we can produce witness i and p for this 

but can we make sense of it?!?!



The Interpretation 
(of the interpretation)

∃xX∀rRφ(x,r)    ⇒     ∃ε (X→R)→X∀pX→Rφ(ε p, p(ε p))



The Interpretation 
(of the interpretation)

∃xX∀rRφ(x,r)    ⇒     ∃ε (X→R)→X∀pX→Rφ(ε p, p(ε p))

game 
move

game 
outcome

good outcome 
given move

game continuation

player!



Games

x y z q :X ×Y × Z→ R

a game play

r
a game 

outcome

outcome function



Game Continuation

x y z rq :X ×Y × Z→ R

p :X→ R



Game Continuation

x y z rq :X ×Y × Z→ R

p :Y → R



Game Continuation

x y z rq :X ×Y × Z→ R

p :Z→ R



Game Continuation

x y z rq :X ×Y × Z→ R

p :Z→ R



Player

(X→ R)→ X

(Y → R)→Y

(Z→ R)→ Z



Game

(X→ R)→ X

(Y → R)→Y

(Z→ R)→ Z

ε X :

εY :

εZ :

q : X ×Y × Z  → R



Optimal Strategies
A strategy {ξi :Π j<iX j → Xi}i≤n ,  is optimal if
     ξi (x1,…, xi−1) = ε i (pi )
where pi (y) = q(x1,…, xi−1, y,ξi+1(x1,…, xi−1, y),...)

Optimal strategies always exist and can be calculated as
     ξi (x1,…, xi−1) = first((⊗ j=i

n ε j )(qx1,…,xi−1
))

where ⊗ j=i
n ε j  is the product of selection functions



Drinker’s Paradox
∃ε (X→X )→X∀pX→X (φ(ε p) →φ(p(ε p)))

X = rate of inflation player = central bank
continuation = X→ X

predicted 
inflation

real 
inflation

φ(x) = inflation target

Central Bank

ε(p) =
0% if φ(p(0%))
p(0%) otherwise   
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Infinite PHP
∀n∀c!→n∀ε∃i < n∃p(p(ε i p) ≥ε i p ∧ c(p(ε i p)) = i)

n players
one of the 

players

a game 
continuation

xi = ε i p      (move of the i-th player)
r = p(xi )    (game outcome)

r ≥ xi

c(r) = i



Countable Choice
∀n!∃xX∀yRAn (x, y)→∃α∀n∀yAn (αn, y)

∀ε ,q,ω (∀n∀pAn (εn p, p(εn p))→∃αAωα (α (ωα ),qα ))

unbounded 
game

play in 
the game game 

outcome
assumption about 

the players

round



Benefits
• Functional interpretation of ineffective theorems are 

themselves mathematically interesting 
(theorems about higher-order games)


• Game-theoretic intuition for the extraction process


• Extracted (higher-order) programs make more sense


• Bar recursion = calculation of optimal strategies 
(generalisation of sub-game perfect equilibrium)
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