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Unbounded games
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Unbounded games

f game ended

every pLag
eventually ends g‘,
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In such games we can define optimal strategies by starting
from end nodes and working our way towards the start node
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Optimat plays
OP : m{f: %_ﬂ)m(i
cwrrent play optimal extension
[ ] if s end of game
OP(s) =

m *OP(s * m) otherwise

m = optimal_move(Ax.g(s *x*OP(s *x)))

game continuation



BAr RECUrSLON



variants of bar recursion
mainly differ on the way
“end of game” is defined



Spector bar recursLown
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Spector bar recursLown

SBR mgﬁg:

cwrrent play optimaL extensLon

[ ] it w(s) < s

NBING S
a*SBR(s*a) otherwise

@ = &(g(s e SBRs ™)

selection J oame contlnuation
function



Modified bar recursion

(tmeplicit termination)
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Modified bar recursion

f infinite stream

MBR ij%ﬁi{i

cwrrent play optimal, extemsion

MBR(S) — d * MBR(S * Cl) contLULOUS

a = E(Ax

4(s*x*MBR(s%x)))

selection J game continuation

function
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Selectlon Functlons
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It can be aov\,s'wlembtg easler to meet a
request Lf You are told what it Ls needed for

Give me the heaviest object on earth! Q

Give me the heaviest object on earth! ‘
,
| need to keep this door shut.




=2/5

VAV () = f()
~

recursive? Q

V£ p3i () = f(p(i)))
~

recursive?

gBS!
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Comp utattonal | w’cerpretatiow
of tneffective theorems via
higher-order games
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cownstoer the tnfintte pigeon-hole principle:

If Yow colour the natural numbers with
ﬁwiteLg many colours thew one colour must
be wsed iv»ﬁwl’cetgj often

\V/ N=|n] - proof by induction
\n_’ ¢ and classteal Logie %‘

recurslve? _

ot Vj3k =10

colowr i Ls nsed iwﬁwl‘ceLH often
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negative translation

N—|n]

YV n,c
—VYVi<n—
Vji=Vk>j—(ck)=1)
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N-|n]

Vn,c
—Vi<n-—
Vj—=Vk>j—(c(k)=1)

dialectica interpretation

N- N—(N->N)—N
Vlfl, C [1] o ( )—
— NENW

(< n adp
pEip) > &p Acp(Eip)) =1
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selection functions = players

 9ame context

pleip) S apm(p(a p))=i

move of L-th player
L context P

game outcome of
oLvVen move
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N— N->(N->N)—N
\V/n, C [n] c ( )—

1< n =

N-N

P

p(eip) > &ip Ac(p(Eip)) =1

Higher-order tnfinite pigeon-hole principle:

quven nplayers €, 0<i<n, and an assignment

of players to numbers, ¢ : N—[n], there exists a

player i and a game context p such that the
outcome bounds the player’'s move, and the
player Ls assigned to the outcome Lndex



“In the field of analysis, it is common to make a
distinction between “hard”, "quantitative”, or
“finitary” analysis on one hand, and “soft”,
‘qualitative”, or “infinitary” analysis on the
other.... The finitary version of an infinitary
statement can be significantly more verbose and
ugly-looking than the infinitary original, and the

arrangement of quantiftiers becomes crucial.”

—Terence Tao
(https://terrytao.wordpress.com/2007/05/23/)

4/5



5/5

Bar Recurston Z.00
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SBR (Spector’62)

KBR (Kohlenbach’89)

BBC (Berardi/Bezem/Coquand’99)
MBR (Berger’01)

IPS and EPS (Escardo/Oliva’10)
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SBR =

KBR

BBC

MBR =

IPS EPS



majoriza ble

SBR = EPS

51—53 compu’cabLe

;' wow—majorizabLe

KBR

not S1-S9 compu’cabte

MBR = IPS=BBC
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Spector bar recursion (over fimite partial functions)

sBR iwéfji,{fi

ﬁ,wl’ce pa vtral fuwc’ciow op’clmaL extensLon

% if 1 e dom(p)

sBR(p) =
u ® sBR(s @ u) otherwise

n=w(p)
u = (n, EAx.q(s @ (n,x) @ sBR(s @ (n,x)))))

(o/Powell’'15)
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Herbrawd bar recursion

HBR : X* — P(X*)

finite sequence finite set of extensions

L3 if w(s) < s

HBR(s) =
la*t|ae A, t e HBR(s*a)} else

A = g(Ax.q(s*x *HBR (s *x)))

L finite set of moves

(Escardo/0’15)



Open RuUestlons

rRelation between dialectica-stack and mr-stack?
why does dialectica-stack require weaker BR?

Awny prineiple for which mr-stack would require
weakRer recursion?

How about stmultaneous games? (Hedges Php)
Mixed strategies = Stochastic proof mining?

s the rule version of MBR closed under system T2
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