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Sequential Payoff Games

n players {1,2,...,n} playing sequentially

each player 7 chooses his move from a set X

play of game is simply a sequence ¥ € X; x ... x X,

payoff function ¢: X; x ... x X,, = R"
play payoff
each player trying to maximise his own payoff
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Strategies and Nash Equlibrium

o strategy for player ¢ is a mapping
next; : Xl X ... X X’i*l — XZ
o strategy profile is a tuple (next;)i<i<n

o A strategy profile is in (Nash) equilibrium if no single
player has an incentive to unilaterally change his strategy



Backward Induction

Three players, payoff function ¢: X x Y x Z — R3

Each player is trying to maximise their own payoff

q(xp ¥y 2 = (0.1,2)
q(xy yp 2) = (2,1,1)
q(xp ¥ 29 = (3,0,2)
q(xp yp z,) = (1,3,0)
q(x, vy z,) = (0,1,0)
q(x, Y z) =(2,1,1)
q(x, ¥, 2) = (2.2,1)
q(x, v, z,) = (3,0,2)
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Backward Induction

Three players, payoff function ¢: X x Y x Z — R3

Each player is trying to maximise their own payoff

\/C)\O q(x, vy z,) = (2,1,1)
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Backward Induction
BI: Hjﬁin — Hj>in
Bl(s) = optimal extension of given partial play s

argmax;: (X; - R") — X
find x € X; where p: X; — R"™ has maximal ¢-value

divide-and-conquer
compute Bl(s) assuming we have Bl(s * x) for all =

fix payoff function ¢: II?" ; X; — R"

T L

cs * Bl(s * ¢5) otherwise

where ¢, = argmaxy 1 (Az.q(s * 2 % Bl(s x x)))
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Equilibrium Strategy Profile

Let

BI(s) H;'L:\SI\JAXJ { [] ifn=|s|

cs * Bl(s % ¢s) otherwise

where ¢, = argmaxy 1 (Az.q(s * 2 % Bl(s x z)))

Each player's optimal strategy can be described as

next;(s) = argmax;(Ax.q(s * x x Bl(s x x)))

~~
p: X;—Rn?
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Beki¢'s Lemma

If each space X; has a fixed point operator

then so does the product space X; X ... x X,
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fixed point over II;~;X; assuming s: II,<; X fixed
f];(z (Xz — H?:lXj> — X;

find an i-fixed point of mappings X; — II7_, X;;
divide-and-conquer

compute BL(s) assuming we have BL(s * z) for all =

given ¢: II'" | X; — I X;

BL(S) Hj>§|Xj H ifn= ’3|
cs * BL(s % ¢5) otherwise

where ¢, = f&|5|+1(>\x.q(s « x % BL(s % x)))



Beki¢'s Lemma — Construction

Let

cs % BL(s % cs) otherwise

BL(s) " { 1 fn=1s

where ¢, = fix|s41(Az.q(s * z * BL(s x )))

Hence, a fixed point of ¢ is

BL([]) = [x1, ..., )
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Interpreting Finite Choice
Finite Choice
Vi < nIaxVrA;(z,r) — 3sVi < n¥rA;(s;,r)
Consider its dialectica interpretation:
FeVi < nVpA;(e;p, p(eip)) — VqIsVi < nA;(s;, qs)
Problem

Given g;: (X — R) — X such that

Vi < nVpA;(eip, p(eip))

and q: X" — R produce s: X" such that

Vi < nAi(si,qs)
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Bar Recursion
BR(s) = good extension of s, if such exists

gir (X —R)—= X
find z € X such that r = px satisfies A;(z,r)

divide-and-conquer
compute BR(s) assuming we have BR(s x z) for all =

given “counter-example function” ¢: X* — R

BR(s) V™ { 1 fn=1s

cs * BR(s % c;) otherwise

where ¢, = €541 (Az.q(s *  * BR(s x x)))
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Problem
Given ¢;: (X — R) — X such that

Vi < nVpA;(eip, p(eip))
and q: X™ — R produce s: X" such that

Vi < nAi(si, qs)

Let

BR(S) Hj>§|Xj H ifn= |3|
cs * BR(s % ¢s) otherwise

with ¢; = €541 (Az.q(s *  * BR(s * x)))

Take
s = BR([])
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s: X* w: XN 5 N qg: X" — R €s: JpX

Define

o (1] if w(8) <|s]
BRs(w)(e)(q) = { ¢ * BRyyo(w)(g)(q) otherwise
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Spector’'s Bar Recursion

Let
s: X* w: XN > N qg: X" — R €s: JpX
Define
| ] if w(8) <|s]
EPS, (w)(e)(q) = |
¢ * EPSg(w)(e)(q) otherwise

where ¢ = g,(Ax.q(s * v * EPS..(w)(g)(q)))

This is actually the iterated product of selection functions
T-equivalent to Spector’s restricted form of bar recursion
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Product of Selection Functions BR

EPS gives direct realisers as
o Ae,q,n.EPS(n)(e)(q) realises
FC : Vn(Vi <ndzA;(z) — IsVi < nAi(s;))
o A, n.c(max(EPSyj(n)(e)(max))) realises
IPP : vnvc="3i < n(c (i) infinite)

° As,q,w.EPSH( )
AC, : VndzA,

(€)(q) realises (&, = €}4))
(x) = JavVnA,(a(n))
o Ae,q,w.EPSpj(w)(e)(q) realises

DC : VsdzAs(z) — JavVnAg,(a(n))



Spector'62 first defines general bar recursion:

6.2. Bar recursion. For ease in reading we omit showing G, H, Y as argu-
ments of ¢.

G(x,<CO0, ---,C(x — 1)) if YKCO,:--,Cx—1))< x,
H[la¢(x',<CO, - -+, C(x — 1), @) x,<CO, - -+, C(x — 1)>] otherwise.

Thus ¢(x, C) is defined outright if Y(<CO, ---,C(x — 1)) < x, and in terms of
Aag(x', <CO, -+, C(x — 1), @)) otherwise.

#(x,C) = {
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6.2. Bar recursion. For ease in reading we omit showing G, H, Y as argu-
ments of ¢.
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Spector's Two Forms of Bar Recursion

Theorem (O./Thomas Powell)

The restricted and the general forms of Spector bar recursion
are T-equivalent

Theorem (Martin Escardé/O.)

Spector’s general form is T-equivalent to product of
quantifiers, whereas restricted form is T-equivalent to product
of selection functions

Theorem (O./Thomas Powell)

Product of quantifiers and product of selection functions are
T-equivalent
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