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JxVyAp(z;y) (intuitionistically)
Vy3zAp(x;y) (classically)

o Tricky (and asymmetric) treatment of implication

3f, g¥z, w(Ap(x; grw) — Bp(fx;w))

o Needs decidability of atomic formulas
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L Introduction

Dialectica interpretation of pure LL

o Symmetric

o Symmetric treatment of (linear) implication

3f,
( 129 ) (Ap(x: gu) — Bo(fa:w))

Vo, w

o No need for decidability of atomic formulas

Subtlety is in the interpretation of | and 7
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L Introduction

Importance of structural rules

o Combinators
Kxy — T (weakening)

Szyz  +—  xz(yz)  (contraction)

o Herbrand theorem: if 3xA(x) then \/ A(t;)
An elimination of contractions procedure

o Cut elimination: cut rule is admissible
(A\x.tlx,z]))r — t[r,r]
(Ax.tlx,z))r — (AxoAxy.tlxg, z1))rr
Becomes an elimination of contractions procedure
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L Introduction

Contraction

Importance of structural rules

What are negative translations useful for?

Eliminate uses of classical logic (law of excluded middle)

How do they do it?

Move contractions from the conclusion to the premise

FA = -AFL
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L Introduction

Contraction

Importance of structural rules

Need to take contraction and weakening seriously

Linear Logic!
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L Introduction

Linear Logic

Linear Logic (Girard 1987)

o Explicit treatment of contraction

rAA L7474
T A T 74

o Refinement of logical connectives

conjunction disjunction

additive A \%
multiplicative ® e

o Refinement of intuitionistic implication
A—-B = |A—-B
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L Introduction

Linear Logic

Linear Logic with if-then-else

o Assume the boolean data type B
e Instead of having A and V add ¢,

e Semantics:
A Op B =if bthen A else B

o Define additive connectives as
ANB= VbB(A Op B)
AV B = EIbB(A Op B)



around the Dialectica interpretation

= Linear Logic

Embedding IL into LL

Definition (Girard 1987)

(Aat)* = Ay
(A0:B)* = A*Q. B
(A— B)* = |A* - B*
(VzA)* = VzA*
(3zA)* = dJzA* |
IfIL proves A then LL 4 (}) proves A*, where
(t) 1324 — 321A )
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L Introduction

Dialectica interpretation of LL

de Paiva (1989)
e Dialectica interpretation of LL
o interpretation of LL into CL in finite types
e focus on building a model of LL

Shirahata (2006)

e relates de Paiva's interpretation to Shoenfield's classical
variant of Godel's interpretation
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Dialectica interpretation

Definition (Godel 1958)

AN B)p(z,v;y,w) = Ap
AV B)p(z,v,z;y,w) = Ap

( z;y) A Bp(v;w)
(

(A— B)p(f,g;z,w) = Ap
(

(

z;y) O- Bp(v;w)

x; fwx) — Bp(gx;w)
fzy)

;).

vz ) (f Y,z ) = AD
3zA)p(z, z;y) =
Then define (A)P := J2VyAp(z;y).

o~ o~ o~ o~ —~

s

D
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LDialecﬂca Interpretation of LL

Relational view

Interpretation assigns
o formulas A to binary relations Ap(z;y)
o proofs m of A to winning move t,, i.e. VyAp(t.;y)

| will write binary relation Ap(z;y) as |Al].
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|—Dialectica Interpretation of LL

Relational view

o Game for formula A is (Dy, Do, |A[; € Dy x Dy)

e Two players
Eloise and Abelard

o Two domains of moves
r € Dyandy € Dy

o Adjudication of winner
Relation |A[} between players’ moves
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Interpretation

[AQ. Bl = |Al; 0. 1B,
[Ave BljS, = [AljY® |BIY
[A® Bly, = |Aff, @|Bl;,



Interpretation

1A Q. Blyy, = [Aly 0Bl
[A%® Bl = |Al)Y 9 |BIY
[A® Bly, = |Al}, ® Bl
[FzAR)" = AR

VzA(R)l. = AR



Interpretation

|A 0. Bl
A B|§z§,
|A® Bly,
[F2A(2)]77
VzA(2)]].
\?A\g

LAIS

Al O+ |BI,
Alfe 2 | B
|Alf, @ [Blg,
[ A(2)F.
A2l

7| Al

A7,
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L*Dialet:t:it:a Interpretation of LL

Interpretation of LL

Consequences

Linear negation
AL = (JA[)

Game A+ is the same as A but with roles reversed

Linear implication (A— B = Al % B)
|A —o Bl = |Alj, — [BII
Playing game B relative to game A

Intuitionistic implication (A— B =1A—B)
|A — Bl = |Alg,., — | Bl
Playing game B relative to (multiple copies of) game A
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L*Dialet:t:it:a Interpretation of LL

Interpretation of LL

Soundness

If LL = A then gfLL* proves that Eloise has winning move in
game |A[}.

IFLL = A then ofLL” & |A[! for some term t.
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Y

IL qfIL”

Dialectica interpretation

Y

LL+() qfLL®
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LDialecﬂca Interpretation of LL

Interpretation of IL

Relation to Interpretation of IL

A Ap(zy)
IL qflL”

Y

Dialectica interpretation

()" ()

Y

LL+ (1) qfLL*
A |A*[? = (Ap(z;y))"



Recent developments around the Dialectica interpretation

LDialecﬂca Interpretation of LL

Characterisation

Characterisation

o A provable in LL

=

Eloise has winning move



Recent developments around the Dialectica interpretation

LDialecﬂca Interpretation of LL

Characterisation

Characterisation

o A provable in LL = Eloise has winning move

o What about the other way around?



Recent developments around the Dialectica interpretation

LDialecﬂca Interpretation of LL

Characterisation

Characterisation

o A provable in LL = Eloise has winning move

o What about the other way around?

o For which extension of LL do we have the converse?
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LDialecﬂca Interpretation of LL

Characterisation

Characterisation

axiom cut rule

vyl Al Vydx|Aly

Jdz -
(o)1t =315
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LDialecﬂca Interpretation of LL

Characterisation

Simultaneous quantifier

AO(a07 y0)7 s >An(an7 yn)
37’;00140(1}0, yo), R ,37’;:14”(1:”, yn)

(*) y; may only appear free in the terms a;, for j # i;
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L*Dialet:t:it:a Interpretation of LL

Characterisation

New Principles

o Sequential choice
VZEV;A(x, Y, Z) - Evyf,zA(fz7 Y, Z)

o Parallel choice
7 A(x) ® FyB(v) — FI(A(fw) 2 Blgy))

o Markov principle
V%!Aqf —0 !Vquf

e Trump advantage
¥ A — JalvyA
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L*Dialet:t:it:a Interpretation of LL

Characterisation

New Principles

These principles are necessary and sufficient for deriving the
equivalence between A and its interpretation 37| A[}.
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L*Uses of LL Interpretation

Unification

Unifying Functional Interpretations

o Dialectica
|!A|§ = !\A|3€m

Pl = 2lAlf
o Diller-Nahm
|'A[% Vye fr|Af;
IPA|] = 73xzefyl|AlL

o Madified realizability
IA]® = IVylAR
7A], = 73x|Af}
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L*Uses of LL Interpretation

Hybrid Interpretations

Hybrid interpretations

e Linear logic modalities are not canonical
o Make use of multi-modal LL (7,74, 7;) with

r,7,A I 74A
F?dA ,.kA

e Hybrid interpretation
Possible to deal with proofs involving both MP and EXT

MP  : 7 32A4(x) — F2?,A4(2)
EXT : LVn(an=p0n) - Ya=Yp
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|—Uses of LL Interpretation

Usual Dialectica

Definition (Dialectica Interpretation)

(AN B)p(z,v;y,w) = Ap(x;y) A Bp(v;w)
(AV B)p(z,v,2y,w) = Ap(z;y) 0. Bp(v;w)
(A— B)p(f,g;z,w) = Ap(z; fws) — Bp(gz;w)
(Vz4)p(f:y, 2) = Ap(fzy)
(Bz4)p(z, 2;y) = Ap(z;y).
Then define (A)P := J2VyAp(z;y). |




AN B)p(x,v;y,w)

(

(AV B)p(z,v,z;y,
(A— B)p(f g;7,w)
(VzA)p(f3y,2)
(FzA)p(z, 2, y)
Then define (A)P

w)

z;y) A Bp(v;w)
z;y) O, Bp(v;w)

= JxVyAp(x;y).




(AAB)p(z,v;y,w,2) = Ap(z;y) O, Bp(v;w)
(AV B)p(z,v,2y,w) = Ap(z;y) 0. Bp(v;w)
(A— B)p(f,g;z,w) = Ap(z; fws) — Bp(gz;w)
(VzA)p(f3y,2) = Ap(fzy)
(3zA)p(x, z;y) = Ap(z;y).
Then define (A)P := JaVyAp(z;y). |




AN B)p(z,v;y,w, 2)

(

(AV B)p(x,v, z;y,w)
(A— B)p(f g;7,w)
(VzA)p(f3y,2)
(3z4)p(z, z; f)
Then define (A)P

Ap(z;y) 0. Bp(v;w)
Ap(z;y) O, Bp(v;w)
p(z; fwx) — Bp(gz;w)
(
(

SIS

p(fzy)
Ap(z; fz).

= JxVyAp(x;y).
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L*Uses of LL Interpretation

Hybrid Interpretations

Reformulation of Dialectica

Even with this reformulation we have:

If
IL“ - A
then

ILY - VyAp(t,y)

for some term t.
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