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Motivation: Games

Games: Formal Description

Game G ≡ (D1, D2, R ⊆ D1 ×D2)

Two players

Eloise and Abelard

Two domains of moves

x ∈ D1 and y ∈ D2

Adjudication of Winner

Relation R(x, y) between players’ moves

(usually |G|xy)
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x ∈ {0, 1, 2} y ∈ {0, 1, 2} x + 1 = y mod 3
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x ∈ N y ∈ N x ≥ y

f ∈ N → N y ∈ N f(y) ≥ y
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Motivation: Games

Goal

A is true (is provable)
iff

Eloise has winning move in game |A|xy
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Motivation: Games

Symmetry

Game A⊥ should be game A with roles reversed

|A⊥|xy ≡ ¬|A|yx

|(A⊥)⊥|xy ≡ |A|xy
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|A ( B|f,g
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w

|∀zA(z)|fy,z :≡ |A(z)|fz
y
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f :≡ |A(z)|xfz
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Exponential Games

One of the players plays first (break symmetry)

The other player responds with

(1) single move{
|!A|xf :≡ |A|xfx

|?A|fy :≡ |A|fy
y

(2) unlimited set of moves{
|!A|x :≡ ∀y|A|xy
|?A|y :≡ ∃x|A|xy
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The Interpretation

Soundness

Theorem
If

Γ ` A is provable in linear logic

then

Eloise wins game Γ ( A.
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New Principles

Sequential choice

∀z

Æx
y A(x, y, z) (

Æf
y,zA(fz, y, z)

Parallel choice

Æx
y A(x) O

Æv
wB(v) (

Æf,g
y,w(A(fw) O B(gy))

Trump advantage

!

Æx
y A ( ∃x!∀yA
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Characterisation

New Principles

Theorem
These principles are sufficient for deriving the
equivalence between A and its interpretation

Æx
y |A|xy .
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Summary

Modified realizability of classical linear logic

M.r. interpretation of IL derivable

Interesting use of (simple) branching quantifier

Characterisation using branching quantifier

Sound extensions of linear logic

Conservation results

Stronger disjunction and existence properties
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