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Mathematicians are happy with proof or counter-example

Mathematics is like a game,
mathematicians are always winners
because they play both roles

View a mathematical statement as the description of a game
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Games: Formal Description
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G ≡ (D1, D2, R ⊆ D1 ×D2)
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Two domains of moves

x ∈ D1 and y ∈ D2

Adjudication of Winner

Relation R(x, y) between players’ moves

(usually |G|xy)
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Goal

A is true (is provable)
iff

Eloise has winning move in game |A|xy



Symmetry

Game ¬A should be game A with roles reversed

|¬A|xy ≡ ¬|A|yx

|¬¬A|xy ≡ |A|xy



Interpretation

|A ∧ B|x,v
f,g :≡ |A|xfv and |B|vgx

|A → B|f,g
x,w :≡ |A|xfw implies |B|gx

w

|∀zA(z)|fy,z :≡ |A(z)|fz
y

|∃zA(z)|x,z
f :≡ |A(z)|xfz
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Linear Logic: Duality

(Aat)
⊥ ≡ A⊥

at (∃zA)⊥ ≡ ∀zA⊥

(A⊥
at)

⊥ ≡ Aat (∀zA)⊥ ≡ ∃zA⊥

(A O B)⊥ ≡ A⊥ ⊗B⊥ (?A)⊥ ≡ !(A⊥)

(A⊗B)⊥ ≡ A⊥ O B⊥ (!A)⊥ ≡ ?(A⊥)
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Linear Logic: Structural

Γ ` A ∆, A ` B
(cut)

Γ, ∆ ` B
A ` A (id)

Γ, A ` B
(⊥)

Γ, B⊥ ` A⊥
Γ ` A

(per)
π{Γ} ` A



Linear Logic: Connectives and Quantifiers

Γ ` A ∆ ` B
(⊗)

Γ, ∆ ` A⊗B

Γ, A ` B
(()

Γ ` A ( B

Γ ` A
(∀)

Γ ` ∀zρA

Γ ` A[tρ/z]
(∃)

Γ ` ∃zρA



Linear Logic: Modalities

!Γ ` A
(!)

!Γ ` !A

Γ ` A
(?)

Γ ` ?A

Γ, !A, !A ` B
(con)

Γ, !A ` B

Γ ` B
(wkn)

Γ, !A ` B



Exponential Games

!A ?A

(1) |!A|x :≡ ∀y|A|xy
|?A|y :≡ ∃x|A|xy

(2) |!A|xf :≡ ∀y∈fx |A|xy
|?A|fy :≡ ∃x∈fy |A|xy

(3) |!A|xf :≡ |A|xfx

|?A|fy :≡ |A|fy
y
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LL ⇒ G

Theorem
If

Γ ` A is provable in linear logic

then

Eloise wins game Γ ( A

, i.e.

she has moves t, r such that for all v, y

|Γ|vr(y) ` |A|t(v)
y
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Parametrised Interpretation

Bounded quantifiers ∀xρ @aρ∗ A and ∃xρ @aρ∗ A

(∀x@a A)⊥ ≡ ∃x@a A⊥

(∃x@a A)⊥ ≡ ∀x@a A⊥

Parametrised interpretation:

|!A|xf :≡ ∀y@fx |A|xy
|?A|fy :≡ ∃x@fy |A|xy



Parametrised Interpretation

Γ ` B
Γ, !A ` B

cA : ρ∗

Γ, !A, !A ` B
Γ, !A ` B

εA : ρ∗ × ρ∗ ↪→ ρ∗

Γ ` A
Γ `?A

ηA : ρ ↪→ ρ∗

!Γ ` A
!Γ `!A

µA : ρ → τ ∗ ↪→ ρ∗ → τ ∗
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Characterisation (modified realizability)

|A⊗B|x,v
f,g :≡ |A|xfv ⊗ |B|vgx

|A ( B|f,g
x,w :≡ |A|xfw ( |B|gx

w

|∀zA(z)|fy,z :≡ |A(z)|fz
y

|∃zA(z)|x,z
f :≡ |A(z)|xfz

|!A|x :≡ !∀y|A|xy

|?A|y :≡ ?∃x|A|xy



Characterisation (modified realizability)

|Γ|vr[y] ` |A|
t[v]
y
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Ĵ

∃v∀w|Γ|vw ` ∀y∃x|A|xy

cut rule

?

Æv
w|Γ|vw `

Æx
y |A|xy



Characterisation (modified realizability)

|Γ|vr[y] ` |A|
t[v]
y














�

∀w∃v|Γ|vw ` ∃x∀y|A|xy

axiom

J
J

J
J

J
Ĵ
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New Principles

Sequential choice

∀z

Æx
y A(x, y, z) (

Æf
y,zA(fz, y, z)

Parallel choice

Æx
y A(x) O

Æv
wB(v) (

Æf,g
y,w(A(fw) O B(gy))

Trump advantage

!

Æx
y A ( ∃x!∀yA

Theorem
These are sufficient for deriving the equivalence
between A and its interpretation

Æx
y |A|xy .
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Summary

Functional interpretations of linear logic

Usual interpretations of IL derivable

Interesting use of (simple) branching quantifier

Characterisation using branching quantifier

Sound extensions of linear logic
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